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A  three-level  ladder  QD  system  is used  to  study  Kerr  effect  in  QD  structures.  Inhomogenous  broadening
is  included  where  it is  shown  to be critical  in calculating  Kerr  effect  in  QDs.  Signal  detuning  is  shown  to
control  Kerr  dispersion.
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. Introduction

Third order nonlinear real part of susceptibility which known
s optical Kerr nonlinearity is of considerable importance due to
ts applications such as optical communications, quantum optics,
uantum computing, optical devices [1,2]. For these applications,
he desirable structure must have large nonlinear Kerr with a lin-
ar susceptibility as small as possible under low power levels [2].
hese requirements are becomes attainable in gases media but not
n the solid structures. Accordingly, different solid-state structures
re proposed to fit these requirements. For example, electromag-
etically induced transparency (EIT) from the four-level systems,
pontaneously generated coherence are used in semiconductor
tructures [3–5]. Although these structures gives a high Kerr non-
inearity compared with linear gain, but it can be enhances many
rders of magnitude by the use of nanostructures in the active
egion which makes it possible for best applications compared with
ormer structures. In these structures, additional levels are cru-
ial to obtain Kerr nonlinearity [5]. Here, a three-level ladder QD
ystem is proposed. A high Kerr nonlinearity is obtained from this
tructure. This works is organized as follows: Section 2 derives the
usceptibility from the equations of motion in the QD structure.
alculations, results and discussion are states in Section 3. Finally,
he conclusions from this work are drown in Section 4.

. Equations of motion for the QD model
Consider a three-level ladder system, see Fig. 1, with a signal
ave deriving the transition from

∣∣1〉 to
∣∣2〉 corresponds to Rabi

requency �s (of frequency ws) and a probe laser deriving the tran-
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sition from
∣∣2〉 and

∣∣3〉with a Rabi frequency �p (of frequency wp).
Due to the quantum interference between these two absorption
baths a spectral transparency window is produced. To obtain non-
linear refractive index, Kerr, coefficient began from the dynamical
equation of motion for the density matrix which is written as [6],

∂

∂t
�uv = −(iωuv + �uv)�uv − i

�
[Ĥ, �̂]uv (1)

Huv = −1
2

�uvE(ω) + c.c,

�uv is the dipole moment. The electric field E(ω) is expressed as
E(ω) = Ese−iωst + Epe−iωpt. To derive the third-order nonlinear Kerr
coefficient in a three-level system we  must derive �(3)

∼21
which is

composed of the two modes s, and p, i.e., �
∼21

(3) =
∑
s,p,q

�
21

(3)(s, p)

where

�(3)

∼21
= �(3)

21
(−ωs + ωp − ωp) + �(3)

21
(−ωp + ωp − ωs)

+ �
∼21

(3)(ωp − ωp − ωs) + �(3)

21
(ωp − ωs − ωp)]e−iωst (2)

Now define,

�21(t) = �21e−iωst ,

�32(t) = �32(t)e−iωpt ,

�31(t) = �31(t)e−i(ωs+ωp)t .

(3)

This gives for the 1st two terms in Eq. (2),
[i(ω21 − ωs) + �21] [�(3)
∼21(−ωs + ωp − ωp) + �(3)

∼21(−ωp + ωp − ωs)]e−iωs t

= − �21

2i�
[�(2)

11 (ωs − ωp)e−i(ωs−ωp)tEpe−iωpt − �(2)
22 (ωs − ωp)e−i(ωs−ωp)Epe−iωpt ]
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Fig. 1. (a) Schematic of the energy level arrangement under study. The sample with
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homogenous one is shown in Fig. 2. A considerable reduction in the
susceptibility is shown due to inhomogenous distribution. For best

Table 1
Structures parameters used in this study [6,7].
hree levels interacts with pump laser (frequency ws) and a field (frequencies wp).

he dotted line from level
∣
1
〉

to
∣
3
〉

refers to the forbidden transition between

hem.

− �21

2i�
[�(2)

11 (−ωp + ωp)e−i(ωp−ωp)tEse
−iωst − �(2)

22 (−ωp + ωp)e−i(ωp−ωp)Ese
−iωs t ].

(4)

fter some mathematical manipulations, one obtains,

(3)
21 (s, p, p) =

∣∣�21

∣∣2E∗
p

2i�2

˝s(�
(0)
11 − �(0)

22 )Ep

( �̃21)2[1 + (|˝p|2/ �̃31�̃21)]

[
1

i(ωp − ωs) + �

−
(

�32Es

�̃23

){
˝∗

p(�(0)
33 − �(0)

22 ) − |˝s|2˝∗
p(�(0)

11 − �

�̃13�̃12[1 − (|˝p|2/ �̃

Note that the signal and pump detunings are defined by
s = ω21 − ωs and �p = ω32 − ωp, respectively. The complex detun-

ngs are �̃12, �̃13, �̃23, they are defined as �̃ij = �ij − i�m for i, j = 1, 2,
 and m represents the corresponding field mode (m or p). �̃21, �̃31
re their complex conjugates. The Rabi frequency is defined as

 = �E/2�. The homogeneous broadening linewidth is assumed to
e is dephasing dominated and related, through the uncertainty
rinciple, to the dephasing linewidth by [7]

�H = 2�� = 2�
T2

, (6)

here T2 is the dephasing time. Collecting the three terms of �(3)
21 ,

q. (2), one obtains the third-order susceptibility in the three-level
ystem, which is written as

0
(3)(ωs) =
∣∣�21

∣∣2�

2i�2V

∣∣EP

∣∣2
1 + ısp

∫
D(ω)

{ ∣∣�21

∣∣2(�(0)
11 − �(0)

22 )

�( �̃21)2[1 + (
∣∣˝p

∣∣2/ �̃31�̃21

−
(

�32

�̃23

)⎡⎢⎣�∗
32

2�
(�(0)

33 − �(0)
22 ) −

∣∣˝s

∣∣2�∗
32(�(0)

11 − �

2�
∼

�̃13�̃12[1 − (
∣∣˝p

∣∣2/ �̃

here D(ω) is the energetic inhomogeneous broadening function,
hich is given by [8]

(ω) = D√
2�
2

e−([�(ω−ωs)]2/2
2) (8)

ith D is the total number of states, 
 is the spectral width of the

aussian function, � is the optical confinement factor and ısp = 1 for

 = p and ısp = 0 for s /= p. Note that QD gain is obtained from imag-
nary part of susceptibility while nonlinear optical Kerr coefficient
s obtained from its real part.
1
�11

]
+ �21Ep

2i�2�̃21

[
�21˝s(�

(0)
11 − �(0)

22 )E∗
p

�̃21[1 + (|˝p|2/ �̃31�̃21)]

)]

}]
×
[

1
[i(ωp − ωs) + �22]

+ 1
�22

]
(5)

1
i(ωp − ωs) + �11

+ 1
�11

]
+ 2

�̃21

( ∣∣�21

∣∣2(�(0)
11 − �(0)

22 )

2�  �̃21[1 + (
∣∣˝p

∣∣2/ �̃31�̃21)]

)

2)]

(
1

i(ωp − ωs) + �22
+ 1

�22

)⎤⎥⎦
⎫⎪⎬
⎪⎭dw (7)

Fig. 2. Real part of nonlinear susceptibility with (blue) and without (red) inhomoge-
nous broadening. (For interpretation of the references to color in this figure legend,
the reader is referred to the web version of the article.)

3. Calculations, results and discussion

The QD structure used in this theoretical study is a tenfold InAs
QD layer with 5 × 1010 cm−2 QD density layer which was grown by
molecular beam epitaxy at NanoSemiconductor GmbH in Germany

[9,10]. The QDs are in a form of quantum discs with 14 nm height
and 4 nm radius. Each QD array is covered with InGaAs WL and
33 nm thick GaAs barrier layer. Each QD active layer is sandwiched
between 1.5 �m thick AlGaAs cladding layer. A maximum coupling
between the pump beam and the

∣∣3〉 to
∣∣2〉 transition is obtained

by choosing the polarization of the pump light parallel to the QD
plane [6]. Due to this, the transition between

∣∣1〉 and
∣∣2〉 is forbid-

den, see Fig. 1. Unless states otherwise, the parameters used in the
calculations were stated in Table 1.

Inhomogenous distribution of QDs is assumed and thus a
Gaussian function is used to describe QD dispersion in its suscepti-
bility. The effect of inhomogenous distribution in comparison with
Parameter Description The value

� Optical confinement factor 0.02
�11, �22, �21, �23 Linewidths (meV) 9.36, 3.29,5.54, 0.33
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Fig. 3. Nonlinear susceptibility (real and imaginary parts) with inhomogenous
broadening at different levels of power density.

1505 151 0 151 5 152 0 152 5 1530
-500

-40 0

-30 0

-20 0

-10 0

0

100

200

300

Wavelength (nm)

χ(3
) hγ

21
=0.002

hγ
21

=0.005

hγ
21

=0.01

hγ
21

=0.002

hγ
21

=0.005

hγ
21

=0.01

I
p
=5  W.m-2

Inhomo. Broad.

Reχ(3)

Imχ(3)

F
b

o
i
Q
F
o
1
e
t
p
p

e
i
f
t
I
(
i
m
s
b
a
a

1460 148 0 150 0 152 0 154 0 1560
-35

-30

-25

-20

-15

-10

-5

0

5

10

15

Wavelength (nm)

χ(3
)

Re(χ(3))  Ω
s
=0.00 1

Re(χ(3))  Ω
s
=0.12

Im(χ(3))  Ω
s
=0.001

Im(χ(3))  Ω
s
=0.12

I
p
=5  W.m-2

Inhomo. Broad

[

ig. 4. Nonlinear susceptibility (real and imaginary parts) with inhomogenous
roadening at different relaxation energies.

f our knowledge, this is the first work takes QD inhomogeneity
nto account in the study of Kerr effect. Depending on this result,
D inhomogeneity is critical in the calculation of Kerr effect in QDs.
ig. 3 shows the effect of power level on the real and imaginary parts
f nonlinear susceptibility. Different powers are studied (5, 10, and
5 W/m2). Increasing power level (IP) increases the Kerr nonlin-
arity and reduces the absorption. When IP increases by 5 W/m2,
he Kerr peak is approximately shifted twice above the absorption
eak. Increasing power level is shown not to shifts the frequency
eaks of dispersion and absorption.

Fig. 4 shows the effect of relaxation energies ��21. Small broad-
ning is shown to give high Kerr dispersion. The peak wavelength
s blue shifts with larger broadening. The Kerr dispersion is reduced
rom 268 (at 1516 nm peak wavelength) to 43 (1514 nm)  when
he relaxation broadening is increased from 0.002 eV to 0.005 eV.
ncreasing broadening by order of magnitude (0.01 eV) gives 11
1510 nm)  Kerr dispersion. The Kerr peak is blue shifted with
ncreasing broadening but the transition from anomalous to nor-

al  dispersion is still the same. Additionally, shorter linewidth is

hown to give high Kerr dispersion. For example, the separation
etween the peaks of Kerr dispersion and the absorption spectrum
t ��21 = 0.002 eV, is increased by 6 times compared with their sep-
ration at ��21 = 0.005eV. For shorter linewidth the Kerr peak is red

[

Fig. 5. Real part of nonlinear susceptibility with inhomogenous broadening at dif-
ferent signal detunings.

shifts while the separation between peak Kerr and peak absorption
is reduced.

Fig. 5 shows the effect of signal detuning on Kerr dispersion.
Signal with very few detuning is shown to give the possibility of
slow light. Signal detuning is shown to controls both the peak and
strength of Kerr dispersion. This is also seen in double QD structure
[11].

4. Conclusions

Using dynamical equation of motion, the third-order nonlinear
refractive index (Kerr) dispersion relation is derived. It is shown
that inhomogenous broadening is critical in calculating Kerr effect
in QDs. Smaller linewidth can reduce the peak absorption and
increases Kerr dispersion which can also be controlled by Signal
detuning.
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