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Examples: 
Find the following limits: 

1) 
𝒙→𝟏

𝒙𝟐ା𝒙ି𝟐

𝒙𝟐ି𝒙
 

2) 
𝒙→𝟎

ඥ𝒙𝟐ା𝟏𝟎𝟎ି𝟏𝟎

𝒙𝟐  
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Example: Using the sandwich theorem and show that:  

𝐥𝐢𝐦
𝜽→𝟎

𝒔𝒊𝒏 𝜽 = 𝟎. 

Solution: by the properties of sin function we have 
 

−|𝜽| ≤ 𝒔𝒊𝒏 𝜽 ≤ |𝜽|. 
Then, 

𝐥𝐢𝐦
𝜽→𝟎

−|𝜽| ≤ 𝐥𝐢𝐦
𝜽→𝟎

𝒔𝒊𝒏 𝜽 ≤ 𝐥𝐢𝐦
𝜽→𝟎

|𝜽| 

𝟎 ≤ 𝐥𝐢𝐦
𝜽→𝟎

𝒔𝒊𝒏 𝜽 ≤ 𝟎. 

Therefore,  
𝐥𝐢𝐦
𝜽→𝟎

𝒔𝒊𝒏 𝜽 = 𝟎. 
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Exercises: 
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59. Find the following limits 

a) 𝐥𝐢𝐦
𝒙→𝟎

𝒙𝒔𝒊𝒏 ቀ
𝟏

𝒙
ቁ = 𝟎 

b)  𝐥𝐢𝐦
𝒙→𝟎

𝒙𝟐𝒄𝒐𝒔 ቀ
𝟏

𝒙𝟑ቁ = 𝟎 

More About Limits: 
Theorem 

𝐥𝐢𝐦
𝒙→𝒄

𝒇(𝒙) = 𝑳 ↔ 𝐥𝐢𝐦
𝒙→𝒄ష

𝒇(𝒙) = 𝑳 𝒂𝒏𝒅 𝐥𝐢𝐦
𝒙→𝒄శ

𝒇(𝒙) = 𝑳. 

Definition: Right-Hand, Left-Hand Limits 
We say that 𝐥𝐢𝐦

𝒙→𝒙𝟎
శ

𝒇(𝒙) = 𝑳 (right-hand limit) if 

∀𝜺 > 𝟎, ∃𝜹 > 𝟎: 𝒙𝟎 < 𝒙 < 𝒙𝟎 + 𝜹 ⟹ |𝒇(𝒙) − 𝑳| < 𝜺. 
We say that 𝐥𝐢𝐦

𝒙→𝒙𝟎
ష

𝒇(𝒙) = 𝑳 (left-hand limit) if 

∀𝜺 > 𝟎, ∃𝜹 > 𝟎: 𝒙𝟎 − 𝜹 < 𝒙 < 𝒙𝟎 ⟹ |𝒇(𝒙) − 𝑳| < 𝜺. 
 
Theorem 

𝐥𝐢𝐦
𝜽→𝟎

𝒔𝒊𝒏(𝜽)

𝜽
= 𝟏. 

Proof: 

 
 

Now, we have: 
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< < < <  

< <  

< <  

> >  

> >  

 

ఏ→଴
 

by applying the sandwich theorem. 
 
Examples: 
Find the following limits 

1) 
ఏ→଴

ୱ୧୬

ହఏ
   2) 

ఏ→଴

ୡ୭ୱ ఏିଵ

ఏ
 

 
Definition (Limit as 𝒙 → ±∞  ) 

1) We say that 𝐥𝐢𝐦
𝒙→ஶ

𝒇(𝒙) = 𝑳 if and only if 

∀𝜺 > 𝟎, ∃𝑵 > 𝟎: 𝒙 > 𝑵 ⟹ |𝒇(𝒙) − 𝑳| < 𝜺. 
2) We say that 𝐥𝐢𝐦

𝒙→ିஶ
𝒇(𝒙) = 𝑳 if and only if 

∀𝜺 > 𝟎, ∃𝑵 < 𝟎: 𝒙 < 𝑵 ⟹ |𝒇(𝒙) − 𝑳| < 𝜺. 
Example: use the definition and show that 

𝐥𝐢𝐦
𝒙→ஶ

𝒙

𝒙 + 𝟏
= 𝟏 

Note: 
Limits at infinity have properties similar to those of finite limits. 
Example: 
Find  

1) 𝐥𝐢𝐦
𝒙→ஶ

𝟐𝒙𝟑ା𝟑𝒙

𝟑𝒙𝟑ା𝒙𝟐     2) 𝐥𝐢𝐦
𝒙→ஶ

𝒔𝒊𝒏 𝒙

𝒙
 

 
Example:  
 Find the oblique asymptote (if exists) for the function 
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𝒇(𝒙) =
𝟐𝒙𝟐 − 𝟏

𝟕𝒙 + 𝟒
. 

Solution: 
𝟐𝒙𝟐 − 𝟏

𝟕𝒙 + 𝟒
= ൬

𝟕

𝟐
𝒙 −

𝟖

𝟒𝟗
൰ +

−𝟏𝟏𝟓

𝟒𝟗(𝟕𝒙 + 𝟒)
= 𝒈(𝒙) + 𝒉(𝒙) 

𝒈(𝒙) is the linear function, 𝒉(𝒙) is the remainder, we have: 

𝒉(𝒙) → 𝟎 as 𝒙 → ∞. Then 𝒚 = 𝒈(𝒙) =
𝟕

𝟐
𝒙 −

𝟖

𝟒𝟗
 is oblique 

asymptote. 

 
Example:  
Find the horizontal and vertical asymptotes of the function 

𝒚 =
𝒙 + 𝟑

𝒙 + 𝟐
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EXERCISES 2.4 P. 111 
 

 
 
Find the following limits. 

 
The following limits as 𝒙 → ∞ and 𝒙 → −∞ 


