
              Graph of Function 

𝐸𝑥:    9𝑥2 + 16𝑦2 = 144   

 1 −  𝐷𝑓   𝑎𝑛𝑑  𝑅𝑓   

Df:  16𝑦2 = 144 − 9𝑥2 ⟹ 𝑦 = ± 
144 − 9𝑥2

16
   ⟹ 𝑦 = ± 

9

16
(16 − 𝑥2)  

𝑦 = ±
3

4
 16 − 𝑥2      ⟹ 16 − 𝑥2 ≥ 0 

16 ≥ 𝑥2     ⟹ 𝑥2 ≤ 16    ⟹  𝑥 ≤ 4 

∴    𝐷f  ∶  −4 ≤ 𝑥 ≤ 4 

    𝑅𝑓 : 9𝑥2 = 144 − 16𝑦2      ⟹ 𝑥 =  
16

9
 9 − 𝑦2 ⟹ 𝑥 = 4

3
 9 −𝑦2

  

  

9 − 𝑦2 ≥ 0   ⟹ 9 ≥ 𝑦2       ⟹ 𝑦2 ≤ 9    ⟹  𝑦 ≤ 3 

∴    𝑅f  ∶  −3 ≤ 𝑦 ≤ 3 



 - :                  

𝑤𝑖𝑡ℎ  𝑥 𝑎𝑥𝑖𝑠  ⟹ 𝑦 = 0   ⟹ 9𝑥2 = 144  ⟹ 𝑥2 =
144

9
= 16 

𝑥 = ±4   ⟹  4 , 0  𝑎𝑛𝑑  −4 , 0   𝑥                           

𝑤𝑖𝑡ℎ 𝑦 − 𝑎𝑥𝑖𝑠  ⟹ 𝑥 = 0   ⟹ 16𝑦2 = 144    ⟹ 𝑦2 =
144

16
= 9 

𝑦 = ±3   ⟹  0,3  𝑎𝑛𝑑  0, −3   𝑦                       

 - :             

with 𝑥 − a𝑥is   ⟹ y = −y       ⟹ 9𝑥2 + 16(−y)2 = 144 

⟹ 9𝑥2 + 16𝑦2 = 144 = 𝑜𝑟𝑖𝑔𝑖𝑛𝑎𝑙  𝑥                        

with y − a𝑥is   ⟹ 𝑥 = −𝑥   ⟹       9(−𝑥)2 + 16y2 = 144 

⟹ 9𝑥2 + 16𝑦2 = 144 = 𝑜𝑟𝑖𝑔𝑖𝑛𝑎𝑙  𝑦                        

with origin             ⟹ 𝑥 = −𝑥 𝑎𝑛𝑑 𝑦 = −𝑦     ⟹ 9(−𝑥)2 + 16(−y)2 = 144 

⟹ 9𝑥2 + 16𝑦2 = 144 = 𝑜𝑟𝑖𝑔𝑖𝑛𝑎𝑙                               



                 Derivative and integration 

𝐹𝑖𝑛𝑑  
𝑑𝑦

𝑑𝑥
  𝑓𝑜𝑟: 

1.    y = (𝑥3 + 1)2  𝑥4 + 1 

𝑑𝑦

𝑑𝑥
= (𝑥3 + 1)2.

4𝑥3

2 𝑥4 + 1
+  𝑥4 + 1 .2 𝑥3 + 1 . 3𝑥2 

2.    𝑦 =
𝑥2 + 1

𝑥2 − 1
 

𝑑𝑦

𝑑𝑥
=

 𝑥2 − 1  2𝑥 −  𝑥2 + 1 (2𝑥)

(𝑥2 − 1)2
=

4𝑥

(𝑥2 − 1)2
 

 

3.  𝑥 = 𝑦 1 − 𝑦2 

𝑑𝑥

dy
= y.

−2y

2 1 − y2
+  1 − y2 .1 =

−y2

 1 − y2
+  1 − y2 

𝑑𝑥

𝑑𝑦
=

−𝑦2 + 1 − 𝑦2

 1 − 𝑦2
=

1 − 2𝑦2

 1 − 𝑦2
 

∴    
𝑑𝑦

𝑑𝑥
=

 1 − 𝑦2

1 − 2𝑦2
 



                                                                      :(𝑦 = 𝑥2 + 2) 

              (−1,3). 

𝑑𝑦

𝑑𝑥
= 2𝑥    , 𝑎𝑡   𝑥 = −1   →    

𝑑𝑦

𝑑𝑥
= −2 = 𝑚 

𝑦 − 𝑦1 = 𝑚 𝑥 − 𝑥1  →   𝑦 − 3 = −2(𝑥 + 1) 

𝑦 − 3 = −2𝑥 − 2    →   𝑦 + 2𝑥 − 1 = 0                             

𝑦 − 𝑦1 = −
1

𝑚
 𝑥 − 𝑥1  →   𝑦 − 3 = −

1

−2
(𝑥 + 1) 

2𝑦 − 6 = 𝑥 + 1    →   2𝑦 − 𝑥 − 7 = 0                                     



𝐸𝑥:  𝑖𝑓  𝑦 = 𝑡 − 𝑡3   𝑎𝑛𝑑    𝑥 = 𝑡 − 𝑡2   𝐹𝑖𝑛𝑑  
𝑑2𝑦

𝑑𝑥2
   

𝑦 = 
𝑑𝑦

𝑑𝑥
=

𝑑𝑦
𝑑𝑡
𝑑𝑥
𝑑𝑡

=  
1 − 3𝑡2

1 − 2𝑡
     

→  
𝑑𝑦 

𝑑𝑡
=

 1 − 2t  −6t −  1 − 3t2 (−2)

(1 − 2t)2
   

 

→  
𝑑𝑦 

𝑑𝑡
=

6t2 + 6t + 2

(1 − 2t)2
   

∴  
𝑑2𝑦

𝑑𝑥2
=  

𝑑𝑦 
𝑑𝑡
𝑑𝑥
𝑑𝑡

=

6t2 + 6t + 2
(1 − 2t)2  

1 − 2𝑡
=

6t2 + 6t + 2

(1 − 2t)3
 



𝐸𝑥:  
𝑥2

 𝑥3 + 1
𝑑𝑥 

  

 𝑥2(𝑥3 + 1)−
1
2 𝑑𝑥    , 𝑚 = −

1

2
 

1

3
 3𝑥2(𝑥3 + 1)−

1
2 𝑑𝑥         , 𝑢 = 𝑥3 + 1  , du = 3𝑥2 

⟹   
1

3
 
 𝑥3 + 1 −

1
2

+1

−
1
2

+ 1
+ 𝑐   ⟹   

1

3
 
(𝑥3 + 1)

1
2

1
2

+ 𝑐   ⟹  
2

3
 𝑥3 + 1 + 𝑐 

 



𝑫𝒊𝒇𝒇𝒆𝒓𝒆𝒏𝒕𝒊𝒂𝒍 𝑬𝒒𝒖𝒂𝒕𝒊𝒐𝒏  𝑫. 𝑬                     

(                                         
𝑑𝑦

𝑑𝑥
) (1st D.E)(                    

𝑑2𝑦

𝑑𝑥 2
 ) (2nd D.E )            

 .         

                       :    
dy

d𝑥
= 𝑥 𝑦 

                                    (𝑥)    𝑑𝑥               (𝑦)    (𝑑𝑦)                               

.        

dy

d𝑥
= 𝑥𝑦

1
2   ⇒        𝑦−

1
2  𝑑𝑦 =  𝑥 𝑑𝑥 

𝑦
1
2

1
2

+ 𝑐1 =
𝑥2

2
+ 𝑐2 ⇒   2 𝑦 −

1

2
𝑥2 = 𝑐              G. S ,   𝑐 = 𝑐2 − 𝑐1      



                                     

𝐹𝑖𝑛𝑑 
𝑑𝑦

𝑑𝑥
 𝑓𝑜𝑟: 

𝑬𝒙:  𝒍𝒏 𝒙 + 𝒚 = 𝒆𝒙𝒚 

 1 + 𝑦  

𝑥 + y
= 𝑒𝑥𝑦 (𝑥𝑦 + 𝑦. 1) 

 1 + 𝑦  = 𝑥𝑦 ( 𝑥 + y) 𝑒𝑥𝑦 + 𝑦(𝑥 + y)𝑒𝑥𝑦  

y − 𝑥𝑦 ( 𝑥 + y) 𝑒𝑥𝑦 = 𝑦 𝑥 + y 𝑒𝑥𝑦 − 1 

𝑦   1 − 𝑥(𝑥 + y) 𝑒𝑥𝑦  = 𝑦 𝑥 + y 𝑒𝑥𝑦 − 1 

𝑑𝑦

𝑑𝑥
=

𝑦 𝑥 + y 𝑒𝑥𝑦 − 1

1 − 𝑥(𝑥 + y) 𝑒𝑥𝑦
 



𝑬𝒙:      𝒚
𝟐
𝟑 =

 𝒙𝟐 + 𝟏  𝟑𝒙 + 𝟒 
𝟏
𝟐

  𝟐𝒙 − 𝟑  𝒙𝟐 − 𝟒 
𝟓

  ⇒ 𝑙𝑛𝑦
2
3 = 𝑙𝑛

 𝑥2 + 1  3𝑥 + 4 
1
2

  2𝑥 − 3  𝑥2 − 4 
5

 

 

2

3
ln 𝑦 = 𝑙𝑛 𝑥2 + 1 +

1

2
𝑙𝑛  3𝑥 + 4 −

1

5
 𝑙𝑛 2𝑥 − 3 + 𝑙𝑛 𝑥2 − 4   

2

3
.
1

𝑦

𝑑𝑦

𝑑𝑥
=

2x

𝑥2 + 1
+

3

2 3𝑥 + 4 
−

2

5 2𝑥 − 3 
−

2𝑥

5 𝑥2 − 4 
 

 

dy

d𝑥
=

3𝑦

2
 

2𝑥

𝑥2 + 1
+

3

2 3𝑥 + 4 
−

2

5 2𝑥 − 3 
−

2𝑥

5 𝑥2 − 4 
  



𝑬𝒙:   
𝒙

𝒙 + 𝟏
𝒅𝒙 

 
𝑥 + 1 − 1

𝑥 + 1
𝑑𝑥   ⇒    

𝑥 + 1

𝑥 + 1
𝑑𝑥 −  

1

𝑥 + 1
𝑑𝑥 

⇒    𝑑𝑥 −  
1

𝑥 + 1
𝑑𝑥  ⇒ 𝑥 − 𝑙𝑛 𝑥 + 1 + 𝑐 

𝐸𝑥:    
ln 𝑥

𝑥
𝑑𝑥 

  ln 𝑥 1.
1

𝑥
𝑑𝑥   ⇒  

 ln 𝑥 2

2
+ 𝑐 



:                             

Integral Derivative  

 𝑐𝑜𝑠𝑢 𝑑𝑢 = 𝑠𝑖𝑛 𝑢 + 𝑐 
𝑑(𝑠𝑖𝑛 𝑢)

𝑑𝑥
= 𝑐𝑜𝑠 𝑢.

𝑑𝑢

𝑑𝑥
 

1 

 𝑠𝑖𝑛 𝑢 𝑑𝑢 = −𝑐𝑜𝑠 𝑢 + 𝑐 
𝑑(𝑐𝑜𝑠 𝑢)

𝑑𝑥
= −𝑠𝑖𝑛 𝑢.

𝑑𝑢

𝑑𝑥
 

2 

 𝑠𝑒𝑐2𝑢 𝑑𝑢 = 𝑡𝑎𝑛 𝑢 + 𝑐 
𝑑(𝑡𝑎𝑛 𝑢)

𝑑𝑥
= 𝑠𝑒𝑐2𝑢.

𝑑𝑢

𝑑𝑥
 

3 

 𝑐𝑠𝑐2𝑢 𝑑𝑢 = −𝑐𝑜𝑡 𝑢 + 𝑐 
𝑑(𝑐𝑜𝑡 𝑢)

𝑑𝑥
= −𝑐𝑠𝑐2𝑢.

𝑑𝑢

𝑑𝑥
 

4 

 𝑠𝑒𝑐 𝑢. 𝑡𝑎𝑛 𝑢 𝑑𝑢 = 𝑠𝑒𝑐 𝑢 + 𝑐 
𝑑(𝑠𝑒𝑐 𝑢)

𝑑𝑥
= 𝑠𝑒𝑐 𝑢. 𝑡𝑎𝑛 𝑢.

𝑑𝑢

𝑑𝑥
 

5 

 𝑐𝑠𝑐 𝑢. 𝑐𝑜𝑡 𝑢 𝑑𝑢 = −𝑐𝑠𝑐 𝑢 + 𝑐 
𝑑(𝑐𝑠𝑐 𝑢)

𝑑𝑥
= −𝑐𝑠𝑐 𝑢. 𝑐𝑜𝑡 𝑢.

𝑑𝑢

𝑑𝑥
 

6 

 

 



𝐹𝑖𝑛𝑑 
𝑑𝑦

𝑑𝑥
 𝑓𝑜𝑟 

𝑬𝒙: 𝟏.   𝑦 = 𝑠𝑖𝑛 3𝑥   ⟹
dy

d𝑥
= cos  3𝑥.

3

2 3𝑥
 

𝑬𝒙: 𝟐.  𝑦 = 3sec 𝑥  

ln 𝑦 = ln 3sec 𝑥    ⇒    ln 𝑦 = sec 𝑥 ln 3  

1

𝑦

𝑑𝑦

𝑑𝑥
= ln 3 sec 𝑥. tan 𝑥   ⟹   

𝑑𝑦

𝑑𝑥
= 𝑦(ln 3 sec 𝑥. tan 𝑥 ) 

𝑬𝒙: 𝟑.  𝑦 = 𝑒1+tan 2𝑥  

𝑑𝑦

𝑑𝑥
= 𝑒1+tan 2𝑥  𝑠𝑒𝑐2(2𝑥).2  



𝟏.   e2𝑥  cos e2𝑥d𝑥   

 
1

2
 2e2𝑥  cos e2𝑥d𝑥   ⟹  

1

2
sin e2𝑥 + c   

𝟐.   𝑥 𝑠𝑒𝑐2 𝑥2  𝑡𝑎𝑛3 𝑥2  𝑑𝑥 

1

2
 2𝑥 𝑠𝑒𝑐2 𝑥2   𝑡𝑎𝑛 𝑥2  3 𝑑𝑥  ⟹

1

2
.
 𝑡𝑎𝑛 𝑥2  4

4
+ 𝑐   

𝟑.  
𝑐𝑜𝑠 𝑥

 𝑥
 𝑑𝑥 

2  
𝑐𝑜𝑠 𝑥

2 𝑥
 𝑑𝑥  ⟹   2 𝑠𝑖𝑛 𝑥 + 𝑐 



 

𝟒.  
𝑠𝑒𝑐2𝑥

 1 + 2 tan 𝑥
 𝑑𝑥  

1

2
 2𝑠𝑒𝑐2𝑥 1 + 2 tan 𝑥 −

1
2 𝑑𝑥   ⟹   

1

2
.
 1 + 2 tan 𝑥 −

1
2

+1

−
1
2

+ 1
+ 𝑐 

⟹    
1

2
.
 1 + 2 tan 𝑥 

1
2

1
2

+ c ⟹    1 + 2 tan 𝑥 + c   

 


