Non-Linear Vibration

If any term of the equation of motion is not linear (second or more degree), then
vibration is nonlinear

Examples:

Simple pendulum:

mite + mglsinf = 0
When 6 is small, then sin @ is approximated as = ¢

_ a3
Better approximation near 0 is given by =840

i g
ml*6 + mg!(& = E) =0

or
0+ wj(0 —16°) =0
Another example, is nonlinear spring

2 : S
F =kx+k,x”  so the equation of motion is given by:

mi +kx+k,x* =0



{a) Soft spring (b) Hard spring

Solution Methods

1. Exact Method: Only possible for few cases
2. Approximate Analytical Methods
3. Approximate Numerical Methods

Approximate Analytical Methods
Poincare Method

Given that the nonlinear terms in the equation are associated with a parameter a,
the solution may be expressed by:

X(t) = Xo(t) + axi(t) + «®Xy(t) + Ta(t) +

1) As a approaches zero, the solution reduced to linear solution
2) When a is small, the higher terms converge rapidly to zero such that few
terms yield reasonable accuracy

Solution of Pendulum problem
v L 3 T
X topx —ax =0 yih @ = —wp/0

By using only two terms of the solution:



(¥y + ak)) + of(xg + ax)) + a(xp + ax;)> =0

(Xo + wixp) + a(¥) + wix) + x3) + > (3xdx))
+ u'3(3_1'{,x?} +a*xi =0
.. 2.2 andat
If the terms containing &~ @7, and & are neglected, then:
a 7
Xn 5 wiXy = 0
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.1! = {Ll‘u.x[ —t .1[_]

Xolt) = Agsin i
The solution of the first equation is given by: o(?) o (@o ¢)

Substitute the solution in the second equation yields:
X| + wjx; = —AJ sin’(wyt + @)

= —Aﬂ{% sin (wyt + ¢) — i sin 3(wyl + q'))]

With
(1) S a3 ( d) Aq in3(wyt + ¢)
X = — A cos{wyl — = sin 3( w
I By 0 0 32.:9{} 0
Hence:
x(r) = xo(t) + ax(r)
) 3ar 4 Ada
= Apsin(wgt + ¢) + Ap cos(wgf + @) — = sin 3(wot + )

By 32wj



Lindstedt’s Perturbation Method

Assumes the angular frequency is a function of amplitude A,.

x(t) = xot) + ax(t) + axo(t) + -+

-

w? = W) + awi(Ay) + @’wr(Ay) +

2. 3
To solve pendulum problem, WX T ax

x(1) = xp(t) + axy(r)

, assume only two terms:

w? = wh + aw(Ag)

Substitutin in the equation of pendulum, we obtain:

Xo + ai) + [0 — aw(Ap)][xo + axi] + a[xo + ax;]? =0
Or:

.i'l{]. = WE.TU E I H(ﬂﬂzl' + J{% — Xy 55 .1|]

+ o (3xxf — wyx;) + 3(3x1xg) + a*(xf) =0

Neglecting terms containing o, o™ o yeilds

i )

'TU LD Lt.ihxu = ﬂ
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X| T wX = —Xp T Xy
The solutions are:

xg(r) = Agsin(wt — ¢)



X1 + o’x; = —[Agsin(wt + ¢)]* + oi[Agsin(wt + ¢)]
= —3Adsin(wt + ¢) + A} sin 3wt + )
T {ﬂIA.[] Ein({uf 3 E (.b)

The first and third term of the above equation cause secular motion (resonance
condition) which violate the truth that the motion is bounded, so the terms can be
eliminated by imposing:

Al
w) = 7Ap

Hence the solution for x; is given by:

. Ap
xi(t) = Apsin(owt + ¢y) — .

5 sin 3(wt + o)

Let the initial conditions be x(0) = 4, and x(0)=0
We force x,(t) to satisfy the initial conditions, so that

x(0) = A = Apsing, x(0) =0 = Agw cos ¢

Ap = A and b =

SHE

Which yields:

Since the initial conditions are satisfied by x,(t), then x,(t) and its derivative are
initially zero:

. Ap
x1(0) =0 = A;sind; — 5 sin 3¢
32w

i

A

X1(0) =0 = Awcosd| — (3w) cos 3d

3w’



In view of the known relations Ay, = A and ¢ = 7 /2, the above equations yield

SE S = v g

The total solution will be:

vAp
x(t) = Apsin(wf + ¢) — ; {i sin 3(wt + )

i
-

with

> 2 3 42
W™ = wj + ajAj

Ritz-Galrkin Method

The solution is found by satisfying the nonlinear equation in average. Let the
equation be given as

E[x]=0
An approximate solution is represented by
}:(I) - H]dﬁ(r) & ﬂl‘i’i(r) el {f”d)”(f)

Where ¢, are prescribed time functions and constants @, are weighting factors.
When the approximate solution is substituted in the nonlinear equation E/x/, we
obtain an approximate equation which must be minimized.

The coefficients are found by solving the equations resulting from minimization
the following integral:



, where 71is the period of motion.

Minimization gives a set of simultaneous equations:

) 7 T ﬁIE[I]
r—(f E’[t] dr) = 2/ E[t]|——dt =0
(d; 0 0o od;

Example: pendulum equation

Using a one-term approximation, find the solution of the pendulum equation

5

wy -
E[x] = ¥ + wjx — Fﬂj; =0

By using a one-lerm approximation for x(t) as

x(t) = Agsin ot

1
E[x(t)] = —w?Ag sin ot + mﬁ{ﬂu Sin wt — Esjnjwr

#)

: 1 @
= ( ﬁ — w2 _ Ew%A%)AU Sin wf + z—gﬂa 5in 3wt

The Ritz-Galerkin method requires the minimization of



T oFE b 1 we
/ .f:jﬂ; dr = / Kmﬁ — @ — Em%ﬂ%)ﬂﬂ sin wf + z—idﬂ sin 3mr}
J0 0 0

3 ks
X [(mﬁ — @~ _M%A%) sin wt + gm{jﬂﬁ sin 3&1?} dt =0

That’s lead to:

, 1 3 o
A[}(w% — w’ — Ewﬁﬂa)(wa — w’ — Emﬁﬂ%)/ sin wt dt
0

osAol 5 s B
i ~ ot Wy — W AU sin wt sin 3wt dt

1 1
—+ Smﬂﬂu(wu = E ﬂ)/ sin wf sin 3wt dt

mUA5 4
- sin“ 3wt dt = 0
192 Jy

The nonzero integrals are obtained from the first and last terms only:

4,4
y 2 wpAg
A(;{(mﬁ il gmg}ﬂ%)(mﬁ - w - Ew%ﬂﬁ) + x990 =0

The nontrival solution is given by:

ot + w mﬂ(un - 2) 3(1 — A + %Aﬂ) =0

The solution of the above equation is given by:




ol

w® = wi(1 — 0.147938A43)

[

w” = wi(l — 0.352062A43)

Only the first value satisfies minimization of E[x] while the second one causes

maximization of E[x].



