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I-b- Solution of a set of 1% order ODEs
To solve a set of ordinary differential equations we can use the previous

methods (either Euler's or Runge-Kutta method).

Example : For the following set of ordinary differential equations, ifat x=0, y=4
and z =6, then by one step of the 2" order Runge-Kutta method, find
yand zat x=0.5.

ﬂ:x—0.5y+z, %:x—y+22-
dx dx

Solution:
Let fl(x, y,z)=Y'=x-0.5y+z (which is used to find y),

and fz(x, y,2)=2'=x—-y+2z (which is used to find z).

From the start point x=0 to the end point x=0.5, by one step, we need a step size
of h=0.5.
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By using the 2" order Runge-Kutta method,
yj+1 y] +h. (k )1 and Zj+1:Zj +h.(k2)2 Where,

h h h
(kl)l = fl(Xj’yj7zj) and (k2)1 = fl(xj +§lyj +E(k1)1azj +E(k1)z)-

h h h
k), = f,(x;,y;,2;) and (k2)2:fz(xj+§,yj+5(k1)1,zj+§(k1)2).

Xx; =0, y;=Y¥(x;)=y(0)=4, and z,=2(x;)=2(0)=6.
(k), = f,(0,4,6)=0-0.5(4) +6=4,
(k,), = 1,(0,4,6)=0—4+2(6) =8,

(k,), = f,((0+ —) (4+ 0—25 x 4), (6+0—25><8))—f(02558) 0.25-0.5(5) +8=5.75,

(k,), = f,((0+ )(4 % x 4),(6+ %xs))_f(ozsw) 0.25-5+2(8) =11.25,

S Yos =4+ (0.5)(5.75) =6.875, and
Z,, =6+ (0.5)(11.25) =11.625.

I-c- Solution of second order ODEs

To solve a 2" order ordinary differential equations we can use either the
previous methods (but first we must transform the problem into a set of two 1% order
ODEs.) or we use suitable finite differences approximations.

Example 1: Using h=0.1, find y(0.1) to O(h)? if
2
d7y dy
=y+e!, 0)=1, —=(0)=0.
" =y y(0) i 0
Solution I: By using the 2" order Runge-Kutta method which is of O(h)?.
We must first transform the problem into a set of two 1 order ODEs.
Let ﬂ:z = Q:y+et.
dt dt
Put fl(z) =y’ =z (whichis used to findy),
and fz(t, y)=z'=y+e' (which is used to find z).
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Yiu=Y;+hk,), and z,,=27,+h(k,), where,
h h h
(kl)l = fl(tj’yj’zj) and (kz)l = fl(tj +E’yj +§(k1)1’zj +E(k1)2)'

h h h
k), =f,@t,y,,z;,) and (k,),=f,(t +§’yj +§(k1)1’zj +§(k1)2).
Since h=0.1, then we need one step to move from the start point t=0 to the end

point t=0.1.

d
t =0, y,=y(t)=y(0)=1, and zj:d—i’(tj)=o.
(kl)l = f1 (0’1’0) =0,

k), =f,(01,0)=1+e’ =2,

0.1 0.1 0.1

(), = £,(0+ 7). @+ =-x0), 0+ —=x2)) = ,(0.0510.) = 0.1,

k,), =f, ((0+0_;)’(1+0_é1x O),(0+0—;'>< 2)) = f,(0.05,1,0.1) =1+e%% =2.051271,

" Yo, =1+(0.1)(0.1) =1.01, and
z,, =0+ (0.1)(2.051271) =0.205127. (Not required, representing the slope)

Solution I1: By using the finite differences approximations:

For the given ODE, using central finite differences approximations of O(h)? we get,

foo—2f +f
fr=J-2 2‘ 1= | substituting this derivative into the given ODE vyields,
J
h
yj_1—2yj+yj+l t
2 = yj te, ® ® ®
h 0 01 02
t
Y, —(@2+h%)y +y,, =h’e’.
Att, =0.1, (Note: from the first condition y, = y(0) =1)
y, —(2+0.1%)y,, +V,, =(0.1%e* = —201y,, +VY,, =-0.988948  ...... (1)

For the second condition Z—{(O) =0, using forward differences of O(h)?, we get
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—3f +4f —f
f’: ] j+1
j 2h
_SyO +4y0.1 B y0.2 :0
2h

—
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J*2  substituting into the 2™ condition yields:

40 =Y =3 (2)

Adding Egs. (1) and (2) gives: 1.99y,, =2.011052 =

Yo, =1.010579.



