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I-b- Solution of a set of 1
st
 order ODEs 

To solve a set of ordinary differential equations we can use the previous 

methods (either Euler's or Runge-Kutta method).   

 

Example : For the following set of ordinary differential equations, if at 0x , 4y  

                   and 6z , then by one step of the 2
nd

 order Runge-Kutta method, find 

                   y and z at 5.0x . 

zyx
dx

dy
 5.0 ,                      zyx

dx

dz
2 . 

Solution: 

Let zyxyzyxf  5.0),,(
1

   (which is used to find y), 

and zyxzzyxf 2),,(
2

     (which is used to find z). 

From the start point 0x  to the end point 5.0x , by one step, we need a step size 

of 5.0h . 
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By using the 2
nd

 order Runge-Kutta method, 

121 ).(khyy jj           and      221 ).(khzz jj        where, 

),,()( 111 jjj zyxfk        and      ))(
2

,)(
2

,
2

()( 2111112 k
h

zk
h

y
h

xfk jjj  . 

),,()( 221 jjj zyxfk        and     ))(
2

,)(
2

,
2

()( 2111222 k
h

zk
h

y
h

xfk jjj  . 

   0jx ,       4)0()(  yxyy jj ,   and      6)0()(  zxzz jj . 

     46)4(5.00)6,4,0()( 111  fk , 

     8)6(240)6,4,0()( 221  fk , 

     75.58)5(5.025.0)8,5,25.0())8
2

5.0
6(),4

2

5.0
4(),

2

5.0
0(()( 1112  ffk , 

     25.11)8(2525.0)8,5,25.0())8
2

5.0
6(),4

2

5.0
4(),

2

5.0
0(()( 2222  ffk , 

875.6)75.5)(5.0(45.0 y ,  and 

   625.11)25.11)(5.0(6
5.0

z . 

 

I-c- Solution of second order ODEs 

To solve a 2
nd

 order ordinary differential equations we can use either the 

previous methods (but first we must transform the problem into a set of two 1
st
 order 

ODEs.) or we use suitable finite differences approximations.    

 

Example 1: Using 1.0h , find )1.0(y  to 2)(hO  if 

tey
dt

yd


2

2

,                      1)0( y ,  0)0( 
dt

dy
. 

Solution I: By using the 2
nd

 order Runge-Kutta method which is of 2)(hO . 

We must first transform the problem into a set of two 1
st
 order ODEs. 

Let     z
dt

dy
                  tey

dt

dz
 . 

Put zyzf )(
1

   (which is used to find y), 

and teyzytf ),(
2

   (which is used to find z). 
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121 ).(khyy jj          and     221 ).(khzz jj        where, 

),,()(
111 jjj

zytfk        and      ))(
2

,)(
2

,
2

()(
2111112

k
h

zk
h

y
h

tfk
jjj
 . 

),,()(
221 jjj

zytfk        and     ))(
2

,)(
2

,
2

()(
2111222

k
h

zk
h

y
h

tfk
jjj
 . 

Since 1.0h , then we need one step to move from the start point 0t  to the end 

point 1.0t . 

0jt ,       1)0()(  ytyy jj ,   and      0)(  jj t
dt

dy
z . 

        0)0,1,0()( 111  fk , 

        21)0,1,0()( 0
221  efk , 

        1.0)1.0,1,05.0())2
2

1.0
0(),0

2

1.0
1(),

2

1.0
0(()(

1112
 ffk , 

        051271.21)1.0,1,05.0())2
2

1.0
0(),0

2

1.0
1(),

2

1.0
0(()( 05.0

2222
 effk , 

01.1)1.0)(1.0(11.0 y , and 

    205127.0)051271.2)(1.0(0
1.0

z . (Not required, representing the slope) 

 

Solution II: By using the finite differences approximations: 

For the given ODE, using central finite differences approximations of 2)(hO  we get, 

2

11
2

h

fff
f

jjj

j




 , substituting this derivative into the given ODE yields, 

j
t

ey
h

yyy

j

jjj





2

11
2

, 

j
t

ehyyhy
jjj

.)2( 2

1

2

1



. 

At 1.0jt ,                    (Note: from the first condition 1)0(
0

 yy )   

1.0.)1.0()1.02( 2

2.01.0

2

0
eyyy       988948.001.2

2.01.0
 yy        ……(1) 

For the second condition 0)0( 
dt

dy
, using forward differences of 2)(hO , we get  

0 0.2 0.1 



 Numerical Analysis / Civil Eng. / 3
rd

 Class                                                       Prepared by: Dr. Ahmed Sagban Saadoon               

- 55 - 

 

h

fff
f

jjj

j 2

43
21 


 , substituting into the 2

nd
 condition yields: 

0
2

43
2.01.00 



h

yyy
                     34

2.01.0
 yy                    ……(2) 

Adding Eqs. (1) and (2) gives:   011052.299.1 1.0 y              010579.11.0 y . 

 


