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4. Simple vibration 

Any system having mass and elasticity can vibrate when it is subjected to an 

exciting force. The study of a vibrated system requires determination of displacement 

of each point in that system. In continuous bodies, there is an infinite number of these 

points, thus the analysis is very complicated. So that, simplifications are used by 

considering only a limited number of these points, each point may have motion in 

one, two, or three directions and rotation about one, two, or three axes. Each 

component of these motions is known as the degree of freedom ‘DOF’. So that, each 

point may have one to six DOF. The DOF of the whole system is the sum of the 

degrees of freedom for all considered points. 

* Free vibration: is the vibration that occurs in the absence of exciting forces. This 

                            vibration is usually caused by an initial displacement and/or initial 

                          velocity. 

* Forced vibration: is the vibration that occurs due to the effect of an exciting force. 

* Undamped vibration: When the motion is not subjected to a counter effect, such 

                          as friction or air resistance. In this case, the kinetic energy is constant 

                        and the amplitude of motion remains unchanged.  

  * Damped vibration: When the motion is subjected to a counter effect. In this case, 

                        the kinetic energy is dissipated during motion and the amplitude is 

                        reduced with time. Actually, all systems must have some damping. 

 

Free vibration 

Undamped free vibration 

Systems having single DOF can be represented by a spring-mass system as 

shown in the figure below. 

Case I: Static; 

   A mass m is attached to a spring of stiffness k. At equilibrium: 

0 yF               0 PW                  PW                    .kW . 

  



W

k                



mg

k .  

Case II: Dynamic; 

   If the mass oscillates due to an initial displacement or velocity, then at any time t: 
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amFy .               amPW .                  ymykW .)(  , 

        ymkykW .                  0.  kyym  , 

        0 y
m

k
y . 

Let   
m

k
2                     02  yy      or   0)( 22  yD  , 

                022 r              22 r          ir 
2,1

, 

         tBtAy  sincos  .                (Simple harmonic motion)              

Initial conditions, 

   At   0t ,        oyy        and        ovyv   . 

To find the amplitude of motion, 

Let    222 CBA  . 









 t

C

B
t

C

A
Cy  sincos , 

    )sincoscos(sin ttCy           )sin(   tCy ,  

or     )sincos( t
C

B
t

C

A
Cy   , 

             )sinsincos(cos ttCy           )cos(   tCy , 

CB /cos  , 

CA/sin  , 

)/(tan 1 BA , 

)/(tan 1 AB . 

C 
A 

B 

 

 

y m 

m 

yo 

Equilibrium position 

W 

m 

 kP 

 

W 

m 

)( ykP  

Case II: Dynamic 

k 

Case I: Static 
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where,  

C  is the amplitude of motion.    (m)  

  and    are the phase angles (shifting angles)  )2/(   .    (rad)  

   is the circular or angular frequency       
m

k
 .    (rad/s)  

f  is the natural frequency       




2
f .    (cycle/s=hertz)   

T  is the period of motion (i.e. the time required to complete one circle of motion) 

        
f

T
12





.    (s)   

 

 

 

 

 

 

 

 

 

 

Example: A mass of 4 kg is attached to a spring of 1.6 kN/m stiffness. The mass is 

pulled down with a velocity of 0.6 m/s and released at 4 cm below the equilibrium 

position. Find the equation of motion, angular frequency, natural frequency, period of 

motion, and amplitude of motion (maximum displacement). Then, find the minimum 

time at which the mass passes through the equilibrium position. 

Solution: 

The case is undamped free vibration, 

    0.  kyym                 0 y
m

k
y . 

Let    
m

k
2        400

4

106.1 3
2 


        srad /20 .   (Angular frequency) 

     0400  yy        or       0)400( 2  yD , 




 

y 

yo 




 

ovtan 

 

C C 

t 

 /2T 

T 

 
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                04002 r              4002 r          ir 20
2,1

 , 

    tBtAy 20sin20cos  .                   (G.S)              

Initial conditions, 

   1. my 04.0)0(                   004.0  A                 04.0A . 

   2. smyv /6.0)0()0(   ,   tBtAy 20cos2020sin20  , 

          B2006.0                03.0B . 

    tty 20sin03.020cos04.0  .                                   (P.S) 

183.3
2

20

2





f  Hz.                 (Natural frequency) 

314.0
12


f
T




s.                      (Period of motion) 

05.003.004.0 2222  BAC  m.                    (Amplitude of motion) 

The mass passes through the equilibrium position when  0y , 

9273.0)03.0/04.0(tan)/(tan 11   BA  rad, 

)9273.020sin(05.0)sin(  ttCy  .  

At     0y              )9273.020sin(05.00  t              0)9273.020sin( t , 

           either    09273.020 t            046.0t ,  (neglected) 

           or          9273.020t            1107.0t  s. 

         

Damped free vibration 

In all vibrating system there is some energy dissipation (damping). So that, the 

amplitude of motion decreases with time until vanishes. Viscous damping is assumed 

to be proportional with velocity, 

    Viscous damping vD        cvD             ycD  , 

where c is the damping constant or the damping coefficient (N.s/m).  

In the dynamic case; 

amFy .               amDPW .                ymycykW  .)(  , 

        ymyckykW  . . 

But, from static case     kW               ymycky  . , 
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  0.  kyycym         or        0)( 2  ykcDmD , 

  02  kcrmr              
m

kmcc
r

2

42

2,1


 . 

Case 1;   When    042  kmc               crckmc 2 ,           (Critical damping) 

     
m

c
rr

221


                 mctmct BteAey 2/2/   .       (No oscillations) 

Case 2;   When    042  kmc        kmc 2     (i.e. crcc  ),    (Over damping) 

     
21

rr                  
trtr

BeAey 21  .                                 (No oscillations) 

Case 3;   When    042  kmc          kmc 2     (i.e. crcc  ),      (Under damping) 

          i
m

ckm

m

c

m

ickmc
r

2

22

2,1
4

4

22

4 



 , 

    )sincos(2/ tBtAey
DD

mct    ,                   (Oscillations occur) 

         or    )sin(2/    tCey
D

mct ,           

         or    )cos(2/    tCey
D

mct ,           

y m 

m 

yo 

Equilibrium position 

W 

m 

 kP 

 

k 

Dash-pot 

W 

m 

)( ykP  ycD  
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where,    
2

22

2

2

2

2

)2(
1

4
1

44

4

km

c

km

c

m

k

m

c

m

k

m

ckm
D




   

                   
2

2

2

1
)(

1  

crc

c
, 

where,    

cr
c

c
   is the damping ratio. 

* In almost all cases, the state is under damping. 

* For structures, crcc )2.002.0(  . 

  

 

 

 

 

 

 

 

Example: A 10 kg mass is attached to a 1.5 m long spring. At equilibrium, the spring 

measures 2.481 m. If the mass is pushed up and released from rest at 0.2 m above the 

equilibrium position, find the displacement as a function of time, critical damping 

constant, natural frequency, and period of motion. (Assume the damping coefficient 

20c  N.s/m). 

Solution: 

The case is damped free vibration, 

  0.  kyycym  , 

100
)5.1481.2(

81.910













mgW
k  N/m, 

  01002010  yyy         or        0)1002010( 2  yDD , 

  01002010 2  rr              ir 31
)10(2

)100)(10(42020 2

2,1



 , 

    )3sin3cos( tBtAey t  
.           (Under damping)                       (G.S) 

 

y 

t 

Under damping 

Over damping 

Critical damping 
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Initial conditions, 

   1. my 2.0)0(                   02.0  A                 2.0A . 

   2. 0)0()0(  yv  ,   )3sin3cos()3cos33sin3( tBtAetBtAey tt   , 

          )0(300  AB               3/2.03/  AB . 

 )3sin
3

2.0
3cos2.0( ttey t      or    )3sin3cos3(

15

1
ttey t   .        (P.S) 

  25.631010022  kmccr  N.s/m.                      (Critical damping)   

477.0
2

3

2





Df  Hz.                 (Natural frequency) 

09.2
12


f
T

D



s.                        (Period of motion) 

 

 


