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3. Deflection of beam-columns 

Example 1: A simply supported beam-column of length L is subjected to a 

concentrated load Q at midspan and an axial compressive force P as shown in the 

figure below. Derive and solve the differential equation of the deflection curve. Then 

find the max. deflection and max. bending moment. 

(Neglect self weight) 
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Solution: 

xM
dx

yd
EI 

2

2

. . 

But    Pyx
Q

M x 
2

, 

 ]
2

[.
2

2

Pyx
Q

dx

yd
EI  , 

      x
EI

Q
y

EI

P

dx

yd

22

2

 . 

Let   
EI

P
2            x

EI

Q
y

dx

yd

2

2

2

2

  , 

or    x
EI

Q
yD

2
)( 22          022  m , 

               22 m          im 
2,1

, 

            xCxCy
c

 sincos
21

 .              

Let xAAy o
p

1
            1

Ay
p
            0

p
y . 

Substituting, 

 x
EI

Q
xAAo

2
)(0

1

2   , 

   02 oA         0oA , 

      
EI

Q
A

2
1

2               
P

Q

EI

Q
A

22 2
1




, 

  x
P

Q
y

p 2
 . 

pc yyy        x
P

Q
xCxCy

2
sincos

21
  .       )2/0( Lx        (G.S) 

Boundary conditions, 

   1. 0)0( y                   00
1
C              0

1
C . 

  2. 0)2/(  Ly ,        
P

Q
xCxCy

2
cossin

21
  , 

To determine xM : 

From left; 

yHxRM
AAx ..  . 

         )2/0( Lx   

0 xF , 

0 PH
A

      PH
A
 . 

0)(  BM , 

0.
2

.  LR
L

Q
A

    
2

Q
R

A
 . 

Pyx
Q

M x 
2

. 

Q 

P x 

y 

x RA RB 

y 

HA 
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           
P

Q
LC

2
2/cos00

2
                    

2/cos22 LP

Q
C


 . 

       x
P

Q
x

LP

Q
y

2
sin

2/cos2
 


     or       








 x

L

x

P

Q
y

2/cos

sin

2 


.       (P.S) 

From symmetry, max. deflection occurs at midspan (i.e. at 2/Lx  ), 

 
















 1

2/

2/tan

422/cos

2/sin

2max L

L

P

QLL

L

L

P

Q
y








. 

Since  Pyx
Q

M x 
2

  , thus max. B.M occurs at midspan (i.e. at 2/Lx  ), 

 








2

2/tan
1

2/

2/tan

442
.

2 max
max

LQ

L

L

P

QL
P

QL
Py

LQ
M 
















 . 

 

Example 2: Find the deflection equation. 

Solution : 

xM
dx

yd
EI 

2

2

. . 

Let the deflection at the free end is (d). 

2)(
2

)( xL
w

ydPM x  , 

 ])(
2

)([. 2

2

2

xL
w

ydP
dx

yd
EI  , 

    2

2

2

)(
2

xL
EI

w

EI

Pd
y

EI

P

dx

yd
 . 

Let  
EI

P
2      222

2

2

)(
2

xL
EI

w
dy

dx

yd
  , 

or          
2222 )(

2
)( xL

EI

w
dyD   , 

      022  m             22 m          im 
2,1

, 

         xCxCy
c

 sincos
21

 .              

Let    
2

21
xAxAAy o

p
        xAAy

p
21

2         2
2Ay

p
 . 

Substituting, 

To determine xM : 

From right; 

2)(
2

)( xL
w

ydPM x  . 

w 

L 
A 

P 

MA 

x 

y 
P 

L - x 

x 
RA 

y 
d 

HA 
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 )2(
2

)(2 2222

21

2

2
xLxL

EI

w
dxAxAAA o   , 

  
EI

w
A

2
2

2               
P

w

EI

w
A

22 2
2




,  

     
EI

wL
A 

1

2              
P

wL

EI

wL
A 

2
1


, 

        
EI

wL
dAA o

2
2

2
22

2
     

2

2

2

2 2

2 

A

EI

wL
dAo     

P

w

P

wL
dAo

2

2

2 
 . 

   
P

wx

P

wLx

P

w

P

wL
dy

p 22

2

2

2




 

           
P

w
xL

P

w
d

P

w
xLxL

P

w
d

2

2

2

22 )(
2

)2(
2 

 . 

pc yyy        
P

w
xL

P

w
dxCxCy

2

2

21
)(

2
sincos


  .        (G.S) 

Boundary conditions, 

   1. 0)0( y               
P

w

P

wL
dC

2

2

1 2
00


       

P

w

P

wL
dC

2

2

1 2 
 . 

   2. 0)0( y ,      )(cossin
21

xL
P

w
xCxCy   , 

                                   
P

wL
C 

2
00                

P

wL
C




2
. 

     
P

w
xL

P

w
dx

P

wL
x

P

w

P

wL
dy

2

2

2

2

)(
2

sincos
2 






























 .     (P.S) 

To find the max. deflection (i.e. deflection at the free end): 

   dLy )(         
P

w
dL

P

wL
L

P

w

P

wL
dd

22

2

0sincos
2 






























 , 

      L
P

wL
L

P

w
L

P

wL
Ld 





 sin1coscos

2
cos

2

2







































 , 

     
P

wL
L

P

wL
L

P

w
d

2
tansec1

2

2
























 





, 

    












2

1tan

)(

sec1
2

2

L

L

L

L

P

wL
d








. 
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Example 3: For the shown beam-column, derive and solve the differential equation 

of the deflection curve. (Neglect self weight) 

Solution: 

xM
dx

yd
EI 

2

2

. . 

But    
L

qx
Py

qLx
M x

66

3

 , 

 ]
66

[.
3

2

2

L

qx
Py

qLx

dx

yd
EI  , 

      
EI

qLx

LEI

qx
y

EI

P

dx

yd

66

3

2

2

 . 

Let   
EI

P
2            

EI

qLx

LEI

qx
y

dx

yd

66

3
2

2

2

  , 

or    
EI

qLx

LEI

qx
yD

66
)(

3
22          022  m , 

               22 m          
2,1

m , 

            xx

c
eCeCy

 


21
.              

Let    
3

3

2

21
xAxAxAAy o

p
 , 

     
2

321
32 xAxAAy

p
    xAAy

p
32

62  . 

Substituting, 

 
EI

qLx

LEI

qx
xAxAxAAxAA o

66
)(62

3
3

3

2

21

2

32
  , 

  
LEI

q
A

6
3

2                
LP

q

EIL

q
A

66 2
3




,  

     0
2

2  A              0
2
A , 

     
EI

qL
AA

6
6

1

2

3
               

PL

q

P

qLA

EI

qL
A

22

3

2
1

6

6

6 
 , 

              02 2

2
 oAA               0

2

2

2 


A
Ao . 

To determine xM : 

From left; 

3
..

2

1 x
xqPyxRM

x
Ax  . 

0)(  BM , 

0.
32

1
 LR

L
qL

A
 

6

qL
R

A
 . 

x

q

L

q x       
L

xq
qx

.
 . 

3
..

.
.

2

1
.

6

x
x

L

xq
Pyx

qL
M x   

          
L

qx
Py

qLx

66

3

 . 

L 

q 

B 

P 

A 

P x 

y 

x RA RB 

y 

HB 

q 

qx 
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   3

2 66
x

LP

q
x

PL

q

P

qL
y

p


















. 

 pc yyy         3

221 66
x

LP

q
x

PL

q

P

qL
eCeCy

xx






















.        (G.S) 

Boundary conditions, 

   1. 0)0( y                   00
21
 CC              

12
CC  . 

  2. 0)( Ly          
P

qL

P

q

P

qL
eCeC

LL

66
0

2

2

2

21







, 

           
P

q
eeC

LL

2
1

)(






                  

)(21 LL
eeP

q
C

 


 . 

       3

222 66)()(
x

LP

q
x

PL

q

P

qL
e

eeP

q
e

eeP

q
y

x

LL

x

LL

























 








 

             3

22 66)(

)(
x

LP

q
x

PL

q

P

qL

eeP

eeq

LL

xx


























 



 

             















L

x

L

xLx

L

x

P

q

66sinh

sinh 322

2








.                                 (P.S) 

 

 

 

 

 

 

 

 

 

 

 

 

 


