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3. Deflection of beam-columns

Example 1: A simply supported beam-column of length L is subjected to a
concentrated load Q at midspan and an axial compressive force P as shown in the
figure below. Derive and solve the differential equation of the deflection curve. Then
find the max. deflection and max. bending moment. Ql

(Neglect self weight) \

"
I

- 66 -



Engineering Analysis / Civil Eng. / 3™ Class Prepared by: Dr. Ahmed Sagban Saadoon

Solution: Q
: S S
1.9 _m R
dx? R A T
Q Rale x 5% ) Re
But M, ==x+Py, y

-, d’y Q To determine M ,:
S El.d7_—[5x+ Py], From left
M, =R, x+H,.y.
2 X A A
. dy, P, Q. (0<x<L/2)
a2 El°  2El SF, =0,
2 _ —
et p=t = u+ﬂ2y:_ix’ H,-P=0 = H,=P.
El 42 2El 3 (M) =0,
Q L Q
or (D2+ﬁ2)y:—ﬁx = m’+p°=0, Q.E—RA.Lzo = RA:E'
= m’=-4> = mlzziﬁi, -'-Mx=%X+PY-

y :Clcosﬂ><+C25inﬂx.

lety =A+AX = Yy =A = Yy =0.
p p

p
Substituting,

0+ (A, + AN == 2x,
B*A,=0 = A =0,
2p __ Q ___Q _Q
PA="0 = 22761 2P
__Q
Vo= Tp "

y=y.+y, = yzclcosﬂx+C23inﬂX—%x. (0<x<L/2) (G.S)

Boundary conditions,
1. y(0)=0 = 0:C1+0 = C =0.

1

Q

2. y'(L/2)=0, y':—ﬂclsin,&wﬁczcos,BX—E,
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Q Q
0=0+ cospL/2—— C = :
- T 2~ 2PBcospL/2

y= Q sinﬂX—gx or y= Q sin X - X|. (P.S)
2PpcospL/ 2 2P 2P\ pcospL/2
From symmetry, max. deflection occurs at midspan (i.e. at x=L/2),
_Qf sinpL/2 L)_QL tanﬂL/Z_1
mx 2P\ fcospL/2 2 LLi2 '

Y

Since M, :%x+ Py , thus max. B.M occurs at midspan (i.e. at x=_L/2),

Mngk Py :QL+P{QL(tanﬂL/2_1ﬂ:QtLﬁL/2.
2°2 BLI2 23

mx 4

Example 2: Find the deflection equation.

Solution : W
P
d? "R L o
SRV
dx?
Let the deflection at the free end is (d). Ma
H
M, =—P(d ~y) - 2(L -, B e =aa
2 o X T |d
2 Ay —
~EL Y -y - Y -0, <z P
dx? 2
_ d_zerﬂ _Pd i(L 9. Todet(?rmine M,:
dx? EIy El 2EI From right; "
M, =—P(d — y) ——(L — x)?.
P d?y W x
Let B%=— =24+ B2y =% +—(L-x)?, 2
B TR Bry=prd+ - (L=x)
or + d+—(L-x
(D*+B%)y=p5° 2EI( )%,

= m+4°=0 = m=—p* = m =41fi,

1,2
y :Clcos,b’x+Czsin,Bx.
C

Let vy =A +AX+AX = y =A+2AXx = Yy =2A.
p p p
Substituting,
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2A, + B2(A, + Ax+ AX%) = B +2—VI;|(L2 “2Lx+ x2),

.,BZAZ:i ~ A= woo_w

2El 2,82E| 2P’
wL wL
pa-—tr = A= T
p*El P
2 2 2A 2
2A, + BPA, = BPd + £:>AO g+ W T = A = Jm_w
2El 2ﬂ2E| ﬁZ 2P ,BZP
whr w o owkx wx?
y =d+ — — +
p 2P ,BZP P 2P
—d 2 2Lx+x)———d+—(L x)2 -
2P 5P 2P [P
y=Y.+y, = y= Ccosﬂx+C sm,8x+d+—(L x)? - (G.9)
B*P
Boundary conditions,
2 2
1Ly0®=0 = 0=C L W, W
ﬂZP 1 2P ﬂP
2. y'(0)=0, y’:—ﬁclsinp’)(JrﬁC cos,BX—g(L—x),
wL wL
= 0=0+ ,BC - = CZ—E.
2
yo|_g_We W cos,Bx+( Ljsmﬂx+d+—(L 0 -2 ()
2P p?p PP B2P
To find the max. deflection (i.e. deflection at the free end):
2
y(L)=d = d= wL cosﬂL+( jsm,BL+d+0—
2P p2p PP pP

wL

= dcospL= —Z—PZJCOS,BL+('B PJ(COS,BL 1)+ (ﬂ:;jsinﬂL,

= d= [ﬂ I:J(l sec L)+ (,BPJ ﬂL—W—L2

N d:WLZ(l—sec,BLthan,BL_lj
(AL)? pL 2)
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Example 3: For the shown beam-column, derive and solve the differential equation

of the deflection curve. (Neglect self weight)

q
Solution: l
P v
d?y ]
El.=—"=-M,. i C
dx? 7 Z
3
Bt M, =9 _p, & o
6 6L K |
2 3 P ¥ . Hs
dy _ gLx qx —F—xX g IR
EI . = —[ — -], A\\ . y T
dx’ o RA<—>‘(\—>} """"" Rs
d’y P _ @ _gx Yy
dx H oLEL 6El To determine M :
2 .
Let ﬂzzi — __ﬂ qx Q_LX’ From left;
El dx? 6LEI 6ElI M, =R,x—Py——q X.é.
’ 3
or (02— pty= I X g, | T (M), =0,
6LEI 6El
1 L q|_
2 2 _qL__RAL:O :>RA:_
= m Zﬂ = m12=iﬂ, 2 3 6
| q_9% _ . ax
YICGﬂXJrCe_ﬂX. L_X qx_L-
- 2 qL 10X _ X
2 3 M == X-Py—-=."=x—
Let y =A +AXFTAX +AX, 6 2L "3
p
3
=y =A +2Ax+3AX% = y" =2A +6AX. :%X _%
P p
Substituting,
qx gLx
2A +6A.X— +AX+AXE+AX3) = -
& . ,B(AO AX Ay & ) 6LElI 6El
_ _ _ qa __ 9
Y e oL
_,62A2=0 — A2=0,
6A
65°El 5 Lp?P
2A
2A, - B*A,=0 = A =—2=0.
ﬁ2
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y = . q w__d 3
p 6P Lﬁ'ZP 6LP

X ~ L q q .3
=y + = =Ce” +Ce + 9 X———X". G.S
Y=Y +VYp y . ) (6P ] ZP] 6LP (G.S)

Boundary conditions,
1. y(0)=0 = O:C1+C2+O = C =-C.

2 2
2.y(L)=0 = ozcleﬁL+cze—ﬂL+q" _9 _4at

6P pB°P 6P
= C (" -e ™M)= g = C = g :

1 B°P LopPpEe?* —e M)

= g o _ q o A L. q w__d 3
IBZP(eﬂL_e—ﬂL) ,BZP(G’BL—G_'BL) 6P LﬁZP 6LP

X _ o P

_a@* - o a | q s

BPPE™ —e M) 6P LB%P 6LP

_q sinhﬁ><+,82Lx_§_,82x3 (P.S)
B*P|sinhpL 6 L 6L | '
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