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2- Variation of parameters method 

In this method, the particular solution is assumed by replacing the arbitrary 

constants 
n

CCC ,.....,,
21

, in the complementary solution, by functions of x, say 

n
uuu ,.....,,

21
 to be determined later, that is 

nnp
yuyuyuy  ........

2211
, 

where n is the order of the non-homogeneous linear DE to be solved. Then, the 

assumed particular solution is substituted into the DE, and imposing conditions on 

the resulting equation leads to the following equations: 

0........
2211


nn

yuyuyu , 

0........
2211
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yuyuyu ’ 

................................................  

)(........ 11
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1
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xgyuyuyu n
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nn   , 

or in matrix form: 
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The individual derivatives 
n

uuu  ,.....,,
21

 are found by solving the above matrix, then 

,by integration, the  required functions 
n

uuu ,.....,,
21

 are determined. 
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Example 1: Solve      xeyy  . 

Solution : 

0)1( 2  yD                     012 m                     1
2,1

m , 
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c
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.               ( xey 
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  and  xey 
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 ) 

Let    
xx

p
eueuy 

21
. 







































 )(

0

2

1

21

21

xgu

u

yy

yy
                






































 



xxx

xx

eu

u

ee

ee 0

2

1 . 

Using Cramer’s rule to solve the above matrix, gives 

xx

xx

xx

x

ee

ee

ee

e

u














0

1
               

2

1

2

1

11

1

))(())((

))(())(0(
1





















xxxx

xxx

eeee

eee
u ,  

   xdxu
2

1

2

1
1

  . 

Similarly,  
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CC      (G.S) 
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Example 2: Solve      xyD sec)1( 2  . 

Solution : 

012 m          12 m            im 
2,1

,         0(    and  )1  

   xCxCy
c

sincos
21

 .                  ( xy cos
1
   and  xy sin

2
  ) 

Let    xuxuy
p

sincos
21

 . 
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Using Cramer’s rule to solve the above matrix, gives 
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 .                         (G.S) 
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Solution of some linear DE with variable coefficients 

There are some important linear DE with variable coefficients which can be 

always reduced, by a suitable substitution, to linear DE with constant coefficients. 

 

1- Euler-Cauchy equation 

The general form of Euler-Cauchy equation is 

 )(..........
11

1
1

1
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dx

dy
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dx

yd
xa

on

n
n

nn

n
n

n








, 

where  
onn

aaa ,......,,
1

 are constants. 

For example, the DE  ( xyyxyxyx cos43 23  )  is an Euler-Cauchy equation. 

Euler-Cauchy equations can be always reduced to linear DE with constant 

coefficients by the suitable substitution:  xz ln   or   zex  . 

 

Example 1: Solve      xy
dx

yd
x  2

2

2
2 . 

Solution : 

Let   xz ln       (i.e. zex  )             
xdx

dz 1
 , 

dz

dy

xdx

dz
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dx
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.
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 , 

Substituting, 
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x  2](

1
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2 , 

     zey
dz

dy

dz

yd
 2

2

2

.  (Non-homogeneous linear DE with constant coefficients) 

 0)2( 2  yDD                022 mm , 

0)2)(1(  mm               1
1

m       and      2
2
m , 
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              zz

c
eCeCy 2

21
  .    
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p
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p
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.                                        (G.S) 

 

Example 2: Solve      
x

y
x

y
6

.
3

 . 

Solution : 

The given DE is linear DE with variable coefficients. Multiplying it by  3x  gives 

 223 63 xyxyx  .                 (Euler-Cauchy equation)  

Let   xz ln       (i.e. zex  )             
xdx
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Substituting, 
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  ze
dz

dy

dz

yd 2

3

3

6 .  (Non-homogeneous linear DE with constant coefficients) 

 0)( 3  yDD      03 mm      0)1( 2 mm     0
1
m  and  1

3,2
m , 

              zz

c
eCeCCy 

321
.    

Let     z

p
Aey 2                z

p
Aey 22               z

p
Aey 24             z

p
Aey 28 . 

Substituting,      zzz eAeAe 222 628                     zz eAe 22 66                    1A , 

             
z

p
ey 2 . 

           pc yyy           zzz eeCeCCy 2

321
  .           

But     xz ln          xxx eeCeCCy ln2ln

3

ln

21
  , 

                    21

321
xxCxCCy   .                                        (G.S) 

 

2- Legender equation 

The general form of Legender equation is, 

)()(..........)()(
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n








, 

where  
onn

aaa ,......,,
1

 are constants. 

For example, the DE  ( xyyxyx ln4)12(2)12( 3  )  is a Legender equation. 

Legender equations can be always reduced to linear DE with constant coefficients by 

the suitable substitution:  )ln( BAxz    or   zeBAx  . 

 

Example 1: Solve      06)2(2)2( 2  yyxyx . 

Solution : 

Let   )2ln(  xz       (i.e. zex  2 )             
2
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Substituting, 
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.   (Homogeneous linear DE with constant coefficients) 
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0)2)(3(  mm               3
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