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Example 4: Solve      018362  yyyy . 

Solution : 

0)18362( 23  yDDD                018362 23  mmm , 

 0)18()18(2 22  mmm               0)12)(18( 2  mm  , 

Either  012 m          
2

1

1
m , 

   or     0182 m          182 m         iim 231818
3,2

 , 

     )23sin23cos(
32

)0(2/

1
xCxCeeCy

xx  , 

or     xCxCeCy x 23sin23cos
32

2/

1
 .                      (G.S) 
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Example 5: Solve      05117  yyyy . 

Solution : 

0)5117( 23  yDDD                  05117 23  mmm . 

 By trial & error, if  1m , then 05)1(11)1(7)1( 23  , 

   1m   is a root       )1( m   is a factor. 

To find the other factor we use long division. 

     0)56)(1( 2  mmm , 

     0)5)(1)(1(  mmm  , 

   1
1

m ,  1
2

m ,  and  5
3

m , 

   xxx eCxeCeCy 5

321

  , 

or  xx eCexCCy 5

321
).(   .       (G.S) 

 

Example 6: Solve      08118
2

2

4

4

 y
dx

yd

dx

yd
. 

Solution : 

0)8118( 24  yDD                  08118 24  mm . 

0)9)(9( 22  mm          Either  092 m          im 39
2,1

 , 

                                                or     092 m          im 39
4,3

 , 

     )3sin3cos()3sin3cos(
43

)0(

21

)0(
xCxCxexCxCey

xx
 , 

or     xxCCxxCCy 3sin)(3cos)(
4231

 .                      (G.S) 

 

Example 7: Solve      04
4

4

 y
dx

yd
. 

Solution : 

0)4( 4  yD             044 m          44 m         im 242  . 

                  562  mm  

1m   5117 23  mmm  

             23 mm   

                    5116 2  mm  

                    mm 66 2    

                               55 m   

                               55 m  

                                    0 
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Either  im 22        im 2
2,1

       2

2,1
)1( im         )1(

2,1
im  , 

         or     im 22       im 2
4,3

      2

4,3
)1( im         )1(

4,3
im  . 

We can rearrange the roots as:   im 1
2,1

   and    im  1
4,3

, 

     )sincos()sincos(
4321

xCxCexCxCey xx   .                       (G.S) 

Note;  

2

22 












 i

aa
ai . 

 

Example 8: Solve      04
3

3

5

5


dt

zd

dt

zd
. 

Solution : 

0)4( 35  zDD            04 35  mm              0)4( 23 mm , 

either  03 m          0
3,2,1
m , 

         or     042 m          42 m           2
5,4

m , 

     
ttttt

eCeCetCteCeCz
)2(

5

)2(

4

)0(2

3

)0(

2

)0(

1


 , 

or     tt eCeCtCtCCz 2

5

2

4

2

321

 .                      (G.S) 

 

Solution of non-homogeneous linear DE with constant coefficients 

To find the general solution (complete solution) of a given non-homogeneous 

linear DE, the following steps are followed: 

1- We find a general solution for the corresponding homogeneous linear DE (i.e. 

we put 0)( xg ). This solution is called the homogeneous or complementary 

solution, usually denoted by cy , which will contain n constants (where n is the 

order of the given DE). 
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2- We find a particular solution for the given homogeneous linear DE. This 

solution is called the particular solution, usually denoted by py , which will be 

free from constants. 

3- The complete solution will be: 

pc yyy  . 

There are different methods to find the particular solution. 

 

1- Undetermined coefficients method 

In this method we assume a trial solution containing unknown constants which 

are to be determined by substitution in the given DE. The trial solution to be assumed 

in each case depends on the special form of g(x).         

 

)(xg  Assumed trial solution 
p

y  

a  A  

nax  (n a positive integer) 
n

no xAxAxAA  ...2

21
 

mxae  (m either real or complex) mxAe  

xa cos    or    xa sin  xBxA  sincos   

xa cosh    or    xa sinh  xBxA  sinhcosh   

mxneax  
mxn

no exAxAA )...(
1

  

cosnax   or  sinnax  
xxAxAA n

no cos)...(
1

  

xxBxBB n
no sin)...(

1
  

cosmxae   or  sinmxae  
mxexBxA )sincos(    

cosmxneax   or  sinmxneax  
xxAxAA n

no cos)...[(
1

  
mxn

no exxBxBB ]sin)...(
1

  

 

Note, 

 If any term of the assumed trial solution does appear in the complementary solution 

(linearly dependent), we must multiply the trial solution by the smallest positive 

integer power of x which is large enough so that none of the terms, which are then 

present, appear in the complementary solution.         
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Example 1: Solve      225102 xyyy  . 

Solution : 

Step 1: Find the complementary solution cy , 

  0)102( 2  yDD                       01022  mm , 

  i
i

m 31
2

62

2

362

)1(2

)10)(1(422 2

2,1









 , 

     )3sin3cos(
21

xCxCey x

c
  .   

Step 2: Find the particular solution py , 

  Let  2

21
xAxAAy o

p
               xAAy

p
21

2                
2

2Ay
p
 , 

  Substituting py  and its derivatives in the given DE, yields 

   22

21212
25)(10)2(22 xxAxAAxAAA o  , 

  22
21212 25)10()104()1022( xxAxAAAAA o   

                22
2 2510 xxA             2510 2 A                 

2

5
2
A  , 

             0)104( 12  xAA        0104 12  AA        1
2

5

10

4

10

4
2

1


A
A , 

             01022
12

 oAAA         
10

3

10

)1(2
2

5
2

10

22
12 















AA

Ao . 

                2

2

5

10

3
xxy

p
 . 

Step 3: Find the complete solution y , 

              pc yyy           2

21 2

5

10

3
)3sin3cos( xxAxCxCey o

x   .    (G.S) 

 

Example 2: Solve      92cos532  xyyy . 

Solution : 

To find the complementary solution cy , 

  0)32( 2  yDD                   0322  mm , 

  0)3)(1(  mm               1
1

m       and      3
2
m , 
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                xx

c
eCeCy 3

21
  .    

To find the particular solution py , 

  Let  CxBxAy
p

 2sin2cos                xBxAy
p

2cos22sin2  , 

          xBxAy
p

2sin42cos4  , 

  Substituting, 

92cos5)2sin2cos(3)2cos22sin2(2)2sin42cos4(  xCxBxAxBxAxBxA

   92cos532sin)74(2cos)47(  xCxBAxBA , 

      xxBA 2cos52cos)47(         547  BA  ….. (1), 

    02sin)74(  xBA        02sin)74(  xBA  ……(2)     
13

7
A  & 

13

4
B . 

             93  C              3C . 

               32sin
13

4
2cos

13

7
 xxy

p
 

To find the complete solution y , 

              pc yyy           32sin
13

4
2cos

13

73

21
  xxeCeCy xx .          (G.S) 

 

Example 3: Solve      xeyyy x sin2  . 

Solution : 

  0)12( 2  yDD                      0122  mm , 

  0)1)(1(  mm                    1
21

mm , 

                xx

c
xeCeCy  

21
         or          x

c
exCCy  )(

21
. 

  Let  
x

p
exBxAy )sincos(  , 

         
xx

p
exBxAexBxAy )cossin()sincos(  , 

              xeABxeBA xx sin)(cos)(  , 

         )sincos)(()cossin)(( xexeABxexeBAy xxxx

p
 , 

               xAexBe xx sin2cos2   

  Substituting, 
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xeexBxAxeABxeBAxAexBe xxxxxx sin)sincos(]sin)(cos)[(2)sin2cos2( 

   xexeBAxeAB xxx sinsin)34(cos)34(  , 

             0cos)34(  xeAB x           034  AB  ….(1), 

          xexeBA xx sinsin)34(       143  AB  ….(2)      
25

4
A  & 

25

3
B  

                x

p
exxy )sin

25

3
cos

25

4
(  . 

              pc yyy           xx exxexCCy )sin
25

3
cos

25

4
()(

21
  .          (G.S) 

 

Example 4: Solve      xxeyDDD 323 )2425(  . 

Solution : 

02425 23  mmm , 

By trial & error, if  2m , then 024)2(2)2(5)2( 23  , 

   2m   is a root       )2( m   is a factor. 

Use long division to find the other factor, 

     0)127)(2( 2  mmm , 

     0)4)(3)(2(  mmm  , 

    2
1

m ,  3
2
m ,  and  4

3
m , 

  xxx

c
eCeCeCy 4

3

3

2

2

1
  .   

Let     x
o

x
op

exAxAexAAy 32
1

3
1 )(.)(  x , 

x
o

x
o

p
exAAexAxAy 3

1

32

1
)2()(3  , 

     x
oo exAxAAA 32

11
]3)23([  , 

x
o

x
oo

p
exAAAexAxAAAy 3

11

32

11
]623[]3)23([3  , 

     x
oo exAxAAAA 32

111
]9)129()26[(  , 

x
o

x
oo

p
exAAAexAxAAAAy 3

11

32

111
)18129(]9)129()26[(3  , 

     x
oo exAxAAAA 32

111
]27)5427()1827[(   

Substituting, 

                  1272  mm  

2m   2425 23  mmm  

              23 2mm   

                   2427 2  mm  

                   mm 147 2    

                               2412 m   

                               2412 m  

                                    0 
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x
oo

x
oo exAxAAAAexAxAAAA 32

111

32

111
]9)129()26[(5]27)5427()1827[( 

   
xx

o
x

oo xeexAxAexAxAAA 332

1

32

11
)(24]3)23([2  , 

   xx
o xeexAAA 33

11 ])10()85[(  , 

              xx xexeA 33
110          110 1  A              

10

1
1

A , 

                 085
1
 AAo            

25

4

10

1

5

8

5

8
1 









A
Ao  

             x

p
exxy 32 )

10

1

25

4
(  . 

           pc yyy           xxxx exxeCeCeCy 324

3

3

2

2

1
)

10

1

25

4
(   , 

or       xxxx eCexxexxCeCy 4

3

3232

2

2

1
)

16

1

10

1
)

10

1

25

4
(   .          (G.S) 

 

Example 5: Solve      xxxyy cossin  . 

Solution : 

0)1( 2  yD                012 m                12 m               im 
2,1

, 

   xCxCxCxCey
x

c
sincos)sincos(

2121

)0(
 . 

Let   xDxDxxBBxxAAy oop sincos].sin)[(].cos)[( 2111  xx , 

    xxBxxAxxBxxA oo sincossincos 2

1

2

1
 , 

xxBxxBxxAxxAxBxxBxAxxAy oooop sin2coscos2sinsincoscossin
1

2

11

2

1
  

xxAxxBxxBAxxBAxBxA oooo sincossin)2(cos)2(sincos 2

1

2

111
 , 

xxBAxBAxxBAxBxAy ooooop cos)2(cos)2(sin)2(cossin
111

  

                                xxAxxAxxBxxBxBAo sin2coscos2sinsin)2(
1

2

11

2

11
 , 

xxBxxAxxBAxxBAxBAxBA oooo sincossin)4(cos)4(sin)22(cos)22( 2

1

2

11111


Substituting,  

xxBxxAxxBAxxBAxBAxBA oooo sincossin)4(cos)4(sin)22(cos)22( 2

1

2

11111


                           xxxxxBxxAxxBxxA oo cossinsincossincos 2

1

2

1
 , 

xxxxxAxxBxBAxBA oo cossinsin4cos4sin)22(cos)22(
1111

 , 

                0cos4
1

xxB               0
1
B , 
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              0sin)22(
1

 xBAo              1BAo           0oA , 

              xxxxA sinsin4
1

             14
1
 A             

4

1
1

A , 

         xxBA o coscos)22(
1

      122
1

 oBA         
 

4

3

2

4/121

2

21
1 







A
Bo , 

              xxxxy p cos
4

1
sin

4

3 2 . 

              pc yyy           xxxxxCxCy cos
4

1
sin

4

3
sincos 2

21
 .         (G.S) 

 


