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4- Motion of bodies
Example: A body, of mass m, falls from rest. If the drag (resisting) force of air is

assumed to be proportional to the instantaneous velocity of the body, find the
equation of motion of this body.

D
Solution:
Since the drag force D is proportional to the instantaneous T
T m.a
velocity v, g
" Dcv = D=Rwv. (R is the proportion constant) vy
>F=ma = w-D=ma = mg-Rv=ma, w
2 2
= mg- R _ m.d—zy = d_zy JRAY_ g. (reducible to 1% order DE)
dt dt dt m dt
Since y does not appear in the above DE, then this equation can be reduced to a first
2
order DE by letting z=f(t) =ﬂ = %:d—y
dt dt dt2
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R
P(t)dt —dt
g %+E.z:g (Linear DE) = yzej = y:ejm =eRt/m,
m

dt
pz=[puQdt+C =N eR”m.z:jeR”m.g.dHCl,
=3 zehum =m—F?.eR”m +C = Z :m+Cle‘R”m.
But =% = ﬂ:m+Ce‘R”m,
dt d R 1
yz%.t—m?q.e‘Rt’m +C,. (G.S)

Initial conditions (1.C);

1- v(0)=y'(0)=0 = 0:%+Cle° -~ c=_1

1 R
mC mC —m2
2- y(0)=0 = 0=0-—1e°+C, = C,=—2 = C,=—"9
R R RZ
y=gy M =My pym  —M°g
R R R R2
2
or y :mTS.t - rlzg (L—eRmy, (P.S)

5- General Applications

Example: the population growth (P) at any time in a city is governed by the equation

%—Tz(B—D.P)P, where B and D are the birth and death rate, respectively. If

B=0.1, D=1x10""(t is in year), and P, =5000 person, find P as a function of time.

What is the limiting (maximum) value of population? At what time will be the
population equal to one half of the limiting value?

Solution:
(il_lj =(B-D.P)P = (ii_I: —-BP=-DP2.  (Bernoulli's equation)
Division by P? gives P‘z.(i—f ~-BP*'=-D.
Let z=P! = %:—P‘Zd—P = P_Zd—P=—%,
dt dt dt dt
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—% -Bz=-D = %+ B.z=D, (Linear DE with respect to z)
Bdt
PN L
pz={pQdt+C =N eBt.z:jeBt.DdHcl,
C
= et =D et ¢ = z=2+—1,
B 1 B g8t
C De® +CB
put z=pt=1 -, 1.b.=m L L
P P B eBt BeBt
Be® B
= P= [C=CB] or P= (G.S)
De®' +C ! D+Ce B
Initial conditions (1.C);
0.1

At t=0, P=5000 = 5000 = ,
1x10~ 7 + Ce~ %¥®

C =£—1><1O_7 -2x107°.
5000

P- 0.1 or  p__ 1000000 s
1x107 7 +2x10" % O 1+200e” **!

Max. population P occurs after a long period of time (i.e when t — ),
max

1000000 1000000

P = — P =——"""=1000000.
X1 900e- 04 mx  1+200x0
(Note; e ===t _1_0)
e” ®
1 1
When P= EP = P= 5 x 1000000 = 500000 Person,
max
500000 — 1000000 1420000t 1000000’
1+ 200e~ % 500000
= = 227_01 ~0.1t=In(5x107°) = -0.1t~-53,
t =53 year.
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