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Reducible to exact differential equations 

The differential equation  0),(),(  dyyxNdxyxM   which is not exact (i.e. 

x

N

y

M









) can be reduced to exact DE by multiplying it by a suitable function 

),( yx  which is called integrating factor (I.F), 

0 NdyMdx  . 

The above new DE is exact if   )()( N
x

M
y










, 

x
N

x

N

y
M

y

M

























 .            …………..   (1) 

The integrating factor ),( yx  may be a function of x only, function of y only , or a 

function of both x and y. 

 

There are two methods to find the integrating factor: 
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I) By equations 

i-   If  

















x

N

y

M

N

1
  is a function of x only ( ),( yx  is a function of x only), 

       0




y


  and   

dx

d

x







, then Eq.(1) becomes 

      
dx

d
N

x

N

y

M 
 








             

dx

d
N

x

N

y

M 
 

















, 

              dx
x

N

y

M

N

d



















1




                

















 dx

x

N

y

M

N

1
ln   

             
 
























dx

x

N

y

M

N
e

1

 . 

 

Example 1: Solve   02)3( 2  xydydxyx . 

Solution : 

23),( yxyxM                     y
y

M
6




, 

xyyxN 2),(                             y
x

N
2




. 

Since  
x

N

y

M









,   then the given DE is not exact. 

Check,            
x

yy
xyx

N

y

M

N

2
26

2

11


















         (function of x only) 

 























dx

x

N

y

M

N
e

1

              2lnln2

2

2

xeee xx
dx

x 


 . 

Multiplying the given DE by the above integrating factor (I.F) gives 

0)2()3( 222  dyxyxdxyxx           02)3( 3223  ydyxdxyxx . 

Check,       223 3),( yxxyxM                     yx
y

M 26



, 

        yxyxN 32),(                                 yx
x

N 26



. 
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Since  
x

N

y

M









,   then the given DE is reduced to exact one. 

223 3 yxx
x

f
M 




                  )(

4

23
4

ygyx
x

f  , 

)(2 3 ygyx
y

f





,            but         N

y

f





, 

yxNygyx 33 2)(2                 0)(  yg              
1

)( Cyg  , 

1

23
4

4
Cyx

x
f  ,               but         

2
Cf  , 

          21
23

4

4
CCyx

x
             3

23
4

4
Cyx

x
 ,         [ 123 CCC  ]  

or        Cyxx  2344 .           [ 34CC  ]                          (G.S) 

 

 

Example 2: Solve   ydydxxxy cos)2(sin 2  . 

Solution : 

ydydxxxy cos)2(sin 2                      0cos)2(sin 2  ydydxxxy .      

xxyyxM 2sin),( 2                     y
y

M
cos




, 

yyxN cos),(                                     0




x

N
. 

Since  
x

N

y

M









,   then the given DE is not exact. 

Check,             10cos
cos

11





















y

yx

N

y

M

N
        (function of x only) 

 























dx

x

N

y

M

N
e

1

              x
dx

ee 


  )1(

 . 

Multiplying the given DE by the above integrating factor (I.F) gives 

0cos)2(sin 2   ydyedxxxye xx . 
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ye
y

f
N x cos




                  )(sin xgyef x   , 

)(sin xgye
x

f x 


  ,            but         M
x

f





, 

)2(sin)(sin 2 xxyeMxgye xx           
xx xeexxg   2)( 2 , 

xxxxx exeexeexxg   2222)( 2
  

xxx exeexxg   44)( 2 , 

xxxx exeexyef   44sin 2 ,               but         Cf  , 

          1
2 44sin Cexeexye xxxx   , 

or       xCeyxx  sin442 .             [ 1CC  ]                (G.S) 

 

Note; 

 

 

 

 

 

 

 

 

 

ii-   If  

















x

N

y

M

M

1
  is a function of y only ( ),( yx  is a function of y only), 

       0




x


  and   

dy

d

y







, then Eq.(1) becomes 

      
x

N

dy

d
M

y

M












                              

dy

d
M

x

N

y

M 
 

















, 

              dy
x

N

y

M

M

d



















1




                

















 dy

x

N

y

M

M

1
ln   

             
 

























dy

x

N

y

M

M
e

1

 .  

   u                     dv  

  
2x                       

xe   

 x2                     
xe   

  2                        
xe   

  0                       
xe  

)(22)(2 xxx exeex    

xxx exeex   222
 

 

   u                     dv  

 x2                       
xe   

  2                     
xe   

  0                         
xe  

xx eex   2)(2  

xx exe   22  

 

+ 

+ 

+ 

- - 
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Example 1: Solve   0)1()2(  dyxyxdxxy . 

Solution : 

xyyxM 2),(                       1




y

M
, 

xxxyyxN  2),(              12 



xy

x

N
. 

Since  
x

N

y

M









,   then the given DE is not exact. 

Check, 
)1(

)2()12(11

2 


























xyx

xy

xxxy

xy

x

N

y

M

N
    (is not function of x only) 

Check, 1
2

)2(

2

)12(11





























xy

xy

xy

xy

x

N

y

M

M
    (function of y only) 

 
























dy

x

N

y

M

M
e

1

              y
dy

ee    )1(

 . 

Multiplying the given DE by the above integrating factor (I.F) gives 

0)1()2(  dyxyxedxxye yy
. 

yy xeye
x

f
M 2




                           )(2 ygexxyef yy  , 

)(2 ygexxexye
y

f yyy 



,            but         N

y

f





, 

 
yyyyyy xeexxyeNygexxexye  22 )(      0)(  yg     

1
)( Cyg  , 

1

2 Cexxyef yy  ,               but         
2

Cf  , 

          21
2 CCexxye yy              

yCexxy  2
.       [ 12 CCC  ]      (G.S) 

 

Example 2: Solve   0).cossin2(.cos 3  dyyyxdxy . 

Solution : 

yM cos                                    y
y

M
sin




, 
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yyxN 3cossin2                 y
x

N
sin2




. 

Since  
x

N

y

M









,   then the given DE is not exact. 

Check,
yyx

y

yyx

yy

x

N

y

M

N 33 cossin2

sin3

cossin2

sin2sin1



























(is not function of x only) 

Check,    
y

y

y

yy

x

N

y

M

M cos

sin3

cos

sin2sin1 





















,           (function of y only) 

 
























dy

x

N

y

M

M
e

1

            
y

yee y
dy

y

y

3

3cosln3cos

sin3

cos

1
cos  




 . 

Multiplying the given DE by the above integrating factor (I.F) gives 

0).cossin2(
cos

1
).(cos

cos

1 3

33
 dyyyx

y
dxy

y
 0).1

cos

sin2
(.

cos

1

32
 dy

y

yx
dx

y
 

yx

f
M

2cos

1





                           )(

cos2
yg

y

x
f  , 

)(
cos

sin2
)()sin.(cos2

3

3 yg
y

yx
ygyx

y

f




  ,            but         N
y

f





, 

1
cos

sin2
)(

cos

sin2

33


y

yx
Nyg

y

yx
              1)(  yg            yyg )( , 

y
y

x
f 

2cos
,              but         Cf  , 

          Cy
y

x


2cos
,               or           yCyx 2cos)(  .                  (G.S) 

 

iii- If  ),( yx  is a function of x and y, then a partial DE should be used. 

 


