Engineering Analysis / Civil Eng. / 3™ Class Prepared by: Dr. Ahmed Sagban Saadoon

Reducible to exact differential equations

The differential equation M (X, y)dx+ N(x,y)dy =0 which is not exact (i.e.

ﬂ?&ﬂ) can be reduced to exact DE by multiplying it by a suitable function

oy oX
(X, y) which is called integrating factor (I.F),

LMdx + £Ndy =0.
: . O 0
The above new DE is exact if —(xM)=—(uN),
oy OX

yaMnL M G_y:ﬂG_NJr Na—’u.
oy oy OX OX
The integrating factor x(x,y) may be a function of x only, function of y only , or a

function of both x and y.

There are two methods to find the integrating factor:
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1) By equations

- If —(ﬂ — ﬁJ Is a function of x only («(x,y) is a function of x only),

N{ oy ox
. a—”zo and a—ﬂ:d—ﬂ,then Eq.(1) becomes
oy ox  dx
oM oN d,u oM ON du
= i — " |=N-EX,
ﬂay ﬂ@x dx = ﬂ[ay 5Xj dx
u_1foM NV o (M _aN)
Y7, N oy OX N\ oy Ox

oM oN
J’ﬁ{ay B ax]dx
u=e .

Example 1: Solve (x +3y?)dx + 2xydy =0.

Solution :
M (X, y) = X + 3y? = aM=6y,
oy
N(x,y)=2xy = N =2
ox
Since M 7&@, then the given DE is not exact.
oy OX
Check, M _ N L (6y —2y)= 2 (function of x only)
N oy OX 2xy X
Iﬁ[%_%}jx _[ dx 2
su=e oy — 2Inx: Inx =X2.

Multiplying the given DE by the above integrating factor (1.F) gives

X2 (X +3y2)dx+ x2(2xy)dy=0 = (x*+3x%y?)dx + 2x%ydy =0.

Check,  M(X,y)=x>+3x2y? =N aﬂ=6X2y,
oy

N(x,y)=2xy = a—N:6x2y.
OX
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Since %VI = 2—N then the given DE is reduced to exact one.
X

4
T erayr = =X aeyragy),
OX 4

=2x°y+g'(y), but

2% =

23y +g'(Y)=N=2xy = g¢d'(y)=0 = g(y)=C,,
4

R SELINCIV IOl but  f=C,
4 1

2

4 4

.'.Xj+x3y2+C1=Cz = XZ+X3y2=C3, [C;=C, —C]

or x* +4x3y? =C. [C=4C,] (G.S)

Example 2: Solve (siny + x? + 2x)dx = cosydy .
Solution :

(siny + x? + 2x)dx = cos ydy = (siny + x? + 2x)dx —cosydy =0.
M (X, y) =siny + x* + 2x = w:cosy,

oN

—=0.
OX

N(X,y)=-cosy

Since oM # 8—N then the given DE is not exact.
oy oX

Check, ifoM _oN)_ 1 (cosy—0)=-1  (function of x only)
N\ oy oOx) —cosy

1{oM ©ON
Jﬁ[—-;}“
¥ = u=e

Multiplying the given DE by the above integrating factor (I.F) gives

ﬁ4mx

SuU=¢e =e ",

e *(siny + x? + 2x)dx —e™ *cosydy =0.
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N=—=-e "cosy = f =—e *siny+g(x),
oy

=e~ *siny +g'(x), but Q:M,
OX

e *siny+g'(X)=M=e *(siny+x*+2x) = g'(X)=x% *+2xe %,
Lg(X)=—x% F—2xe ¥ —2e ¥ —2xe ¥ -2 % = g(X)=—x% ¥ —4xe ¥ —4e ¥,
s f=—e"siny—x% ¥ —4xe ¥ —4e ¥, but f=C,

S — *siny—x%e ¥ —4xe” ¥ —4e ¥ =C,

or  x?+4x+4+siny=Ce*. [C=-C/] (G.S)

Note;

=2x(-e ) -2 *
=x°(—e ") —2xe" ¥ +2(-e *) | | =—2xe ¥ —2¢
=—Xe ¥ —-2xe ¥ -2 *

- If LfoM_ N is a function of y only (u(x,y) is a function of y only),
M\ oy ox
oH

=0 and a—’Ll:t]l—#, then Eq.(1) becomes
OX oy dy
oy dy OX oy oOXx dy

du_=3M NV M N
u Moy ox M ay ox

R
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Example 1: Solve (y+ 2x)dx + x(y + x+1)dy =0.

Solution :
M(X,y) =Y+ 2X = le,
oy
NOXY) =Xy +Xx2+X = %—N:y+2x+1.
X
Since ﬂ;ﬁ%—s, then the given DE is not exact.
Check, i(ﬁM _8N]:1—(y+2x+l) _—(y*29 (is not function of x only)
N{ oy ox Xy + X2 + X X(y+Xx+1)
Check, LM _ON) 1=(y+2x+D) —(y+29)_ 4 (function of y only)
M OX y + 2X Y + 2X
i{aﬂ a_NJy
- - —((vad
su=e MY — y:eI gy

Multiplying the given DE by the above integrating factor (1.F) gives

e’ (y +2x)dx + xe¥ (y + x +1)dy =0.

X
q:xyey +xe’ +x% +g'(y), but %: N,

xye’ +xe’ +x%e’ +g'(y)=N=xye” +x%’ +xe’ = g'(y)=0 = g(y)=C,
o f=xye¥ + x%e? +C,, but f=C,

2

~xye’ +x%€Y +C,=C, = xy+x*=Ce’. [C=C,-C,] (G.S)

Example 2: Solve cosy.dx + (2xsin y —cos® y).dy =0.

Solution :

oM )
M =cosy = E:—smy,
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N=2xsiny—cos’y = (Z—N=25iny.
X

Since oM # ﬁ, then the given DE is not exact.
oy OX

Check, i

N (is not function of x only)

oM ON)_ —siny—2siny _ —3siny
oy OX

Check. 1(oM ON :—5|ny—23|ny:—35|ny’
oy  oX cosy cosy

1(oM  oN ~ 3siny
_Iﬁ oy @ _J W 3In 3
— ﬂ:e cosy :e— cosy :COS— y:

2xsiny —cos’y  2xsiny—cos®y

(function of y only)

Hu=e .
cos’y

Multiplying the given DE by the above integrating factor (1.F) gives

(cosy).dx + ! (2xsiny —cos® y).dy =0 = adx + (2xsm y -1).dy=0
cos’y cos®y cos’y cos’y
M=o 1 = =% g,
X cos?y cos’y
oA =-2xC0s .(-siny) + g'(y) = 2xsiny a'(y), but LY ,
oy cos’y oy
2Xsin , 2Xsin ,
Mgy =N=2 o o g(y)=1 = g =y,
cos’y cos’y
Lf=—X _y, but  f=C,
cos’y
X _y-c, or x=(y+C)cos’y. (G.S)
cos’y

ii- If u(x,y) is afunction of x and y, then a partial DE should be used.
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