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Reducible to homogeneous DE 

Consider the DE       0)()( 222111  dycybxadxcybxa . 

If   021  cc ,  then the given DE is homogeneous. 

If   01 c   or  02 c ,  the given DE is nonhomogeneous, then consider the lines: 

0111  cybxa        and     0222  cybxa . 
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, then the two lines intersect at a point such as ),( khp , and the given 

   DE can be reduced to a homogeneous DE by the two substitutions: 

  hxx  *            and          kyy  * .    
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1 , then the two lines are parallel, and the given DE becomes 

0])[(])([ 222122  dycybxadxcybxar , 

   and the given DE can be reduced to a separable variables DE by the substitution: 

  ybxaz 22  . 

 

Example 1: Solve   0)56()34(  dyyxdxyx . 

Solution : 
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Since  
2
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a
 , then the two lines intersect. To find the point of intersection, 

  034  yx ,          …………..                (1) 

  056  yx .          …………..                (2) 

Subtracting Eq.2 from Eq.1 gives  022 y      1y      1x .  

Thus the point of intersection ),( khp   is   )1,1( p . 

  Let      1**  xhxx                         *dxdx  , 

and          1**  ykyy                         *dydy  , 
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          0]5)1(6)1[(]3)1(4)1[( ******  dyyxdxyx , 

          0)6()4( ******  dyyxdxyx .         (Homogeneous DE) 

Let    ** uxy                          duxdxudy .. ***  , 

          0)..)]((6[)](4[ *******  duxdxuuxxdxuxx , 

            0)61()651( **2  duuxdxuu ,             (Separable DE) 
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        )23()12( 2  xyCxy .        (G.S) 

 

Example 2: Solve   0)164()432(  dyyxdxyx . 

Solution : 
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Since  
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 , then the two lines are parallel. 

0]1)32(2[)432(  dyyxdxyx , 

Let    yxz 32                  dydxdz 32                        )2(
3

1
dxdzdy  , 

           0)]2(
3

1
)[12()4(  dxdzzdxz , 

          0)12()2(7  dzzdxz ,                 (Separable DE) 
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3- Exact differential equations 

Theorem: The differential equation  0),(),(  dyyxNdxyxM   is exact if and only if 
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Proof: Let  Cyxf ),(   be any function, then the total differentiation (exact 

differential) of ),( yxf  is given by; 
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0).,().,(  dyyxNdxyxM . 
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To solve an exact DE we use the following procedure; 
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Since  Cyxf ),(                 CygdxyxM  )().,( . 
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Example 1: Solve   0)2()23( 232  dyyxxdxxyyx . 

Solution : 
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y

M
23 2 




, 

yxxyxN 2),( 23                   xx
x

N
23 2 




. 

Since  
x

N

y

M









,   then the given DE is an exact DE. 

 

* Solution I; 

xyyx
x

f
yxM 23),( 2 




                  )(),( 23 ygyxyxyxf  , 

)(23 ygxx
y

f





,            but         ),( yxN

y

f





, 



Engineering Analysis / Civil Eng. / 3
rd

 Class                                                      Prepared by: Dr. Ahmed Sagban Saadoon              

- 02 - 

 

yxxyxNygxx 2),()( 2323          yyg 2)(          
2)( yyg  , 

223),( yyxyxyxf  ,               but         Cyxf ),( , 

           Cyyxyx  223 .                         (G.S) 

 

* Solution II; 
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xyyxyxMxqxyyx 23),()(23 22          0)(  xq         
1
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1
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2

),( Cyxf  , 

        21
223 CCyyxyx       Cyyxyx  223 .      [ 12 CCC  ]      (G.S) 

 

* Solution III; 
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                )(),( 223 xqyyxyxyxf  , 

Comparing the above two expressions of ),( yxf  yields, 

2)( yyg            and             0)( xq , 

223),( yyxyxyxf  ,               but         Cyxf ),( , 

          Cyyxyx  223 .                      (G.S) 

 

Example 2: Solve   0)sincos()cos( 2  dxxyxyxydyexyx y
. 

Solution : 

xyxyxyyxM sincos),(            )(cos]cos)sin([ xxyxyxxyyx
y
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                          xyxxyyx cos2sin2  , 

yexyxyxN  cos),( 2
                  0)2(cos)sin(2 
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                          xyxxyyx cos2sin2  . 
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xyxyxyMxgxyxyxy sincos)(sincos          0)(  xg         
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1
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2
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        21sin CCexyx y       Cexyx y sin .      [ 12 CCC  ]      (G.S) 

 


