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2- First-Order Ordinary Differential Equations 

 

 

 

 

 

 

Introduction 

A differential equation of the first order and first degree may be written in one 

of the following two forms 

1-    ),( yxf
dx

dy
                           (The slope form) 

2-    0),(),(  dyyxNdxyxM      (The exact form) 

For example, the following DE 

xy

yx

dx

dy

3

2




        may be rewritten as      0)3()2(  dyxydxyx , 

where,     
xy

yx
yxf

3

2
),(




 ,      yxyxM  2),( ,     and      )3(),( xyyxN  . 

 

1- Separable variables differential equations 

If we can separate the dependent variable and its differential from the 

independent variable and its differential in a DE, then this DE is called "separable 

variables DE". For example, if a given first-order DE can be reduced to 

),( yxf
dx

dy
                     )().( yhxg

dx

dy
                dxxgdy

yh
).(.

)(

1
 . 

Or     0),(),(  dyyxNdxyxM                0).().().().(
2211

 dyyhxgdxyhxg , 

           0.
)(

)(
.

)(

)(

1

2

2

1  dy
yh

yh
dx

xg

xg
, 

then such equation is called "separable variables DE" which can be solved by 

integrating both sides. 
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Example 1: Solve the following first-order differential equation 

       
y

x

dx

dy 
 . 

Solution : 

y

x

dx

dy 
         (separable variables DE)                     dxxdyy ..  , 

     xdxdyy.                                   
1

22

22
C

xy



 , 

or             
1

22 2Cxy                                   
1

22 2Cxy            

   Cxy  22 .             [
1

2CC  ]                (General solution G.S) 

Notes: 

* The previous DE may be given in different forms, like 

y

x
y


              or             

y

x
Dy


              or             0..  dxxdyy . 

* As a check, we try to find dy/dx by differentiating the general solution, 

Cxy  22               02.2  xdxdyy                
y

x

dx

dy 
 .         O.K 

 

Example 2: Solve       0.).1( 23  dxyxdyx . 

Solution: 

0.).1( 23  dxyxdyx    (separable variables DE)           0.
1 3

2




 dx
x

x

y

dy
, 

     


 0.
1 3

2

dx
x

x

y

dy
                               1

3)1ln(
3

1
ln Cxy  , 

or     1
3 3)1ln(ln3 Cxy                         2

33 )1ln(ln Cxy  ,       [ 1
2

3CC  ] 

         2
3

3

1
ln C

x

y



              2

3

3

1

C
e

x

y



          C

x

y


 3

3

1
      [ 2C

eC  ] 

 

   )1( 33 xCy  .                            (G.S) 
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Example 3: Solve       xxyy  ,              3)0( y . 

Solution: 

xxy
dx

dy
                  )1(  yx

dx

dy
        (separable variables DE) 

   xdx
y

dy


1
                     


xdx

y

dy

1
              

1

2

2
)1ln( C

x
y  , 

or     1

2
2/

1
Cx

ey


           1

2

.1 2/
C

x eey           2/
2

1 xCey  ,        [ 1

C

eC  ] 

   2/
2

1 xCey  .                            (G.S) 

Apply the given condition, at   0x ,   3y             2/0
2

13 Ce          2C . 

   2/
2

21 xey  .                             (P.S) 

 

Example 4: Solve       
12

2



yx

e
dx

dy
. 

Solution: 

Let      12  yxz                      dydxdz  2                       2
dx

dz

dx

dy
, 

   ze
dx

dz
 22                     ze

dx

dz
 ,      (separable variables DE) 

dx
e

dz

z
                                   dx

e

dz

z
                         

1
Cxe z   , 

or      
1

Cex z                   Cex
yx


 12

.          [
1

CC  ]              (G.S) 

 

Example 5: Solve       0)21()12( 33  dxyxxyydyxyx . 

Solution: 

Let      xyz           ydxxdydz           
x

ydxdz
dy


           

x

dx
x

z
dz

dy



 , 

 0)21()12( 3 



 dxzz
x

z

x

dx
x

z
dz

zx    0.).12(
4

 dx
x

z
dzz , (separable) 
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0.
12

4




x

dx
dz

z

z
      


0.

12

4 x

dx
dz

z

z
      













 0.

12

43 x

dx
dz

zz
, 

132
ln

3

11
Cx

zz
       Cx

xyxy
 ln

)(3

1

)(

1

32
.      [

1
CC  ]        (G.S) 

 

2- Homogeneous differential equations (reducible to separable DE) 

A function ),( yxf  is said to be homogeneous of degree n if; 

),(),( yxfttytxf n . 

For example, 

* If    2242),( yxyyxf  ,   then 

),()2()()()(2),( 42244224 yxftyxyttytxtytytxf  , 

  ),( yxf   is homogeneous of degree 4. 

 

* If    
y

x
e

x

y
yxf yx sin3),( /  ,   then 

),()sin3(sin3),( 0/0/ yxft
y

x
e

x

y
t

ty

tx
e

tx

ty
tytxf yxtytx  , 

  ),( yxf   is homogeneous of degree 0. 

The differential equation 0),(),(  dyyxNdxyxM  is called homogeneous if 

),( yxM  and ),( yxN  are homogeneous and of the same degree (i.e. all terms of the 

DE are of the same total degree in the variables x and y).  

For example, 

*  dyydxxyx 2)(  ,                       is homogeneous of degree 2. 

*  dyxydxxxy )()( 22  ,         is non-homogeneous. 

*  0)1ln(ln  xdydxxyy ,    is homogeneous of degree 1. 

*  0)1(ln  xdydxyy ,             is non-homogeneous. 

The homogeneous DE can be always reduced to separable variables DE by the 

substitution   uxy       or     uyx  . 
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Example 1: Solve   0)2(2 22  xydydxyx . 

Solution : 

The given DE is homogeneous of degree 2. 

Let    uxy                          xduudxdy  , 

 0))(())(2(2 22  xduudxuxxdxuxx  

 0)24( 322222  duuxdxxudxxux , 

    0)4( 3222  duuxdxxux          0)4( 2  uxdudxu ,       (Separable DE) 

0
4 2




 du
u

u

x

dx
                             

1
)

24ln(
2

1
ln Cux  ,          

or       
1

)
2 24ln(ln2 Cux                 

12

2

2
4

ln C
u

x



              1

2

2

2

4

C

e
u

x



, 

   C
u

x


 2

2

4
      [ 1

2C

eC  ]       )4( 22 uCx           ))(4( 22

x

y
Cx  ,     

     )
224 4( yxCx  .                             (G.S) 

Note: 

* The given DE can also be solved by letting   uyx  . 

 

Example 2: Solve   0cos2 
















 dyx

y

x
yydx . 

Solution : 

The given DE is homogeneous of degree 1. 

Let    uyx                          yduudydx  , 

 0cos)( 2 
















 dyuy

y

uy
yyduudyy      0cos22  uydyudyyduyyudy , 

    0cos22  udyyduy          0cos2  udyydu ,       (Separable DE) 

0
cos2


y

dy

u

du
                  0sec2 

y

dy
udu                    Cyu  lntan , 

              Cy
y

x









lntan .                     (G.S) 


