Vectors & Scalars

Vectors
. i Physical . )
Scalars quantities Vectors
L A scalar can be completely ! A vector needs both magnitude
defined by magnitude. and direction to be defined.

U Examples: mass, density,

volume, and energy.

U Tts value is independent
of any chosen coordinates,

U Mathematically, scalars obey
the normal algebraic rules of
addition, multiplication .._etc.

! Its value is coordinate
system dependent.

! Examples: displacement,
velocity, acceleration, and force.

! Mathematically, vectors need
a special treatment known as
Vectors Algebra.

Basic method to describe vector is Cartesian coordinate system.

Vector Algebra
A given vector A can be specified by:

Its magnitude (A) and its direction (4)

relative to some chosen coordinate system.

The set of its components, or projections onto the

coordinate axes ; Sinece

and

A=|d= 4+ 4+ 4]

The magnitude

The direction




Vector Addition:

The addition of two vectors 15 defined by the equation:

A+B=[0A+58, A, + By, A: + By)

Mote that:
A+E = B+A Commutative Law

A+(B+C) = (A+B)+C Associative Law

The Unit Vectors:

A unit vector is a vector whose magnitude is unity.
Unit vectors are often assigned by the symbol e, The
three unit vectors

e, ~ (1001 e ={0.10) e, = (00,1}

for Cartesian coordinates
e, =i e, =] e, =k




The Scalar Product:

Given two vectors A and B, the scalar or ™ dot © product,
A.B is the scalar defined by the equation

AB=A.B, +AB, + A.B.

Main properties of the scalar product:
J Itis commutative, AB=RB.A
d It is distributive, A.B+Ci=A.B+A.C

d It is a scalar. If vector A is expressed as (4,, 0, 0) and the
vector B as (8, 8,,0) or (8 cosl, 8 sinf, 0], then,

AB=AB, = A(B cos 0) = |A| [B| cos &

d Hence, The geometrical interpretation of A . B is that it
is the projection of B onto A times the length of A.

J If A. B =0, and neither A nor B is null,
then (costh =0} and Ais Lio B,

Similarly; A= ] = hk= |
Li=jk=ki=0

= ]



The Vector Product

Given two vectors A and B, the vector or “cross " product ,
A x B is a vector whose components are given by the equation

AxB=(AB.-AB,, AB.~AB., AB,-AB8,)
which is equal to the determinant,
SR B |
7 A A A .
AxB=|4, A A =1 ? ‘+1|A" A‘|+k

B, B, B B B B B

A A,
B B,

=i(AB,-AB)Y+j(AB —AB)+k(AB -AB,)

Main properties of the vector product:
Q Itis anti-commutative, AxB=~-Bx A

Q Itis distributive, Ax(B+C)=AxB+AxC

Q the resultant is a vector . Its magnitude is given by;

|A % B|=A| |B| sin0

where 0 is the smallest angle between A and B.



The Vector Product

b
U The direction of the resultant vector is L to the plane 0
containing A and B.

C
Hence,

Ax*xB = (ABsinO)n

a

where n is a unit vector normal to the plane containing A and B. The
sense of n is given by the right —hand rule.
Therefore, AxB

N ixizjxj=k=k=0
ixj=k, jxk=i, kxi=j

eyelie

The cross product A = B has

1- A magnitude of A B sinf which is equal to the area
of the parallelogram with sides A and B shown by
the shaded area in the Figure.

2- A direction | to the plane containing A and B.

Derivative of a vector

Previously we were concerned mainly with vector algebra. Now,
we will begin to study the caleulus of vectors and its use in the
description of the motion of particles.

Consider a vector A, whose components are functions of a
single variable u which is usually the time t, i.e,

Afu) =i Afu) + j A(u) + k A(u)

The derivative of A with respect to u is defined by

The rules for differentiating vector products

—(A+B}=ﬂ+ﬁ 4 A=A pin B
du  du du du du
dn dA o dA 4B
— (A =—A+n— —(AxB)=—xB+ Ax—
{ = M A B =B A

Nutlce that it is necessary to maintain the order of the terms in the derivative of the cross
product.



The position vector
Velocity & Acceleration In rectangular coordinates

In a given reference system, the position of a particle can be
specified by a single vector. This vector is called the position vector

of the particle.
In rectangular coordinates (cartesian coordinates), the position vector
is simply

r=ix+jyvt+tkz

The velocity vector

For a moving particle, these components are functions of the time.
The time derivative of r is called the velocity, (v), which is given bv:
(x-=dx/dt, y-=dy/dt and z-=dz/dt).

v=—=ix+jy+k:z
'|'iII'|DEI'IEIE!‘.DC

The vector dr/dt expresses both the direction and the rate
of motion. As At approaches zero, the point P' approaches
P, and the direction of the vector Ar/At approaches the
direction of the tangent to the path at P, which is dr/dt.




The magnitude of the velocity is called the speed (v). In rectangular
components the speed is just

"=§=Ivl=(f+f+f}”

where s is the distance.

The acceleration vector

The time derivative of the velocity is called the acceleration
(a). Hence;

dv dr

a=—=—=iX+jy+kZ
df ':#1 ]']"r




EXAMPLE 1.10.1

Projectile Motion

Let us examine the motion represented by the equation
gt2
r(t) = ibt+j[ct——é—J+k0

This represents motion in the xy plane, because the z component is constant and equal
to zero. The velocity v is obtained by differentiating with respect to ¢, namely,

v=%:-=ib+j(c—gt)

The acceleration, likewise, is given by

a= E%}: = —1
dt J8

Thus, a is in the negative y direction and has the constant magnitude g. The path of
motion is a parabola, as shown in Figure 1.10.3. The speed v varies with ¢ according to
the equation

]1/2

1>=[192+(c—gt)2




Exp(1-10-1):Projectile Motion  pyamples of Velocity & Acceleration
In rectangular coordinates

Y

=y
=i

-}

Parabola

path

Ao _ B

The position vector F=ibr+j(ct- %)

The velocity v=ib+j(c-27)

The acceleration d=-jg

The path Parabola




EXAMPLE 1.10.2

Circular Motion

Suppose the position vector of a particle is given by

r=ib sin @t + jb cos wt

where @is a constant.
Let us analyze the motion. The distance from the origin remains constant:

Ir|=r= @ sin® @t +b” cos” wt)*>=b

So the path is a circle of radius b centered at the origin. Differentiating r, we find the
velocity vector

dr _. I
v=—= ibo coswt - jbo sinwt

The particle traverses its path with constant speed:
v =|v|= B’ cos® wt +b°af sin® wt)"* =bw

The acceleration is

dv _ . .

a=—=-ibo’sinwt - jbw’ cos wt

dt
In this case the acceleration is perpendicular to the velocity, because the dot product of
v and a vanishes:

v.a=(bocos ot)(-ba’ sin ®t) + (-b®sin wt)(—bco2 cos wt) =0

Comparing the two expressions for a and r, we see that we can write

2
a=—-or



Exp(i-10-2):
Circular Motion

The position vector r=ibcoswi+jbsinwi
The velocity v=—ibwsine!+jbocoswr
The acceleration a=—ibw' cosmi—jbw’ sinwr
a=—ar'r
The path Circle

H.W. Please make sure that v.a=0




