Methods of Analysis

OBJECTIVES

After studying this chapter you will be
ahle to

= convert 4 voltage source into an equiva-
lent current source,

* convert 4 current source into an equiva-
lent voltage source,

* analyze circuits having two or more cur-
rent sources in parillel,

= write and solve branch equations for a
netwiork,

* write and solve mesh equations for a
network,

= write and solve nodal equations fora
network,

* convert 4 resistive delta to an equivalent
wye circuit or 2 wye to its equivalent
delta eircuit and solve the resulting $im-
plified cirewit,

* determine the voltage across or current
through any portion of a bridge network,

Sir Charles Wheatstone PUTTING IT IN

CHARLES WHEATSTONE WAS BORN IN GLOUCESTER, England, on February 6, M=t 3eai)'3
1802. Wheatstone's original interest was in the study of acoustics and musical
instruments. However, he gained fame and a knighthood as a result of inventing
the telegraph and improving the electric generator.

Although he did not invent the bridge circuit, Wheatstone used one for mea-
suring resistance very precisely. He found that when the currents in the Wheat-
stone bridge are exactly balanced, the unknown resistance can be compared to a
known standard.

Sir Charles died in Paris, France, on October 19, 1875.




8.1 Constant-Current Sources

All the circuits presented so far have used voltage sources as the means of
providing power. However, the analysis of certain circuits 15 easier if you
work with current rather than with voltage. Unlike a voltage source, a con-
stant-current source maintains the same current in its branch of the circuit
regardless of how components are connected external to the source. The
symbol for a constant-current source is shown in Figure 8-2,

The direction of the current source arrow indicates the direction of con-
ventional current in the branch, In previous chapters you learned that the
magnitude and the direction of current through a voltage source varies
according to the size of the circuit resistances and how other voltage sources
are connected in the circuit. For current sources, the voltage across the cur-
rent source depends on how the other components are connected.

FIGURE 8-2 [Ideal constant current
source.

The constant-current source determines the current in its branch of the
circuil,

The magnitude and polarity of voliage appearing across a consiani-cur-
rent source are dependent upon the network in which the source is connected.

8.2 Source Conversions

In the previous section yvou were introduced to the ideal constant-current
source. This is a source which has no internal resistance included as part of
the circuit. As vou recall. voltage sources always have some series resis-
tance, although in some cases this resistance is so small in comparison with
other circuit resistance that it may effectively be ignored when determining
the operation of the circuit. Similarly, a constant-current source will alwawys
have some shunt (or parallel) resistance. If this resistance is very large in
comparison with the other circuit resistance., the internal resistance of the
source may once again be ignored. An ideal current source has an infinite
shunt resistance.



Figure 8—6 shows equivalent voltage and current sources.
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FIGURE 5-6

If the internal resistance of a source 15 considered, the source, whether 1t
is a voltage source or a current source, 1§ easily converted to the other type.
The current source of Figure 8—6 is equivalent to the voltage source if

E
I=— -1
3 (8-1)

and the resistance in both sources is R..

Similarly, a current source may be converted to an equivalent voltage
source by letting

E = IR, (8-2)

é EXAMPLE &—4 Convert the voltage source of Figure 8-9(a) into a current
< source and verify that the current, /,, through the load is the same for each
source.
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FIGURE E-9

Solution The equivalent current source will have a current magnitude given
as
48V

I= = 4.8 A
10 02

The resulting circuit is shown in Figure 8—9(b).
For the circuit of Figure 89(a), the current through the load is found as
48 W

I, = = 0.96 A
10+ 400 =

For the equivalent circuit of Figure 8—9(b), the current through the load is

_ (4.8AN10 1)
10 {2 + 40 02

= (.96 A

L

I

= EXAMFLE &-5 Convert the current source of Figure 8—-10(a) into a volt-
< age source and verify that the voltage, V,,across the load is the same for each
source.

_w,L
L

A 4 RS R
r(Pzoma 2550 10k(li§ -




j&
A =
Re=30k1

(bl

FIGURE B-10

Selution The equivalent voltage source will have a magnitude given as
E = (30 mA)30 k{l) =900V

The resulting circuit is shown in Figure 8—10{b).
For the circuit of Figure 8—10(a), the voltage across the load is deter-
mined as

(30 k0)30 mA)
L =30k0 + 10k 22O mA

V, = LR, = (225 mAN10 k() = 225V
For the equivalent circuit of Figure 8—10(b), the voltage across the load is

Vo= 10 kO
- 10 kO + 30 k02

(200V) = 225V

Once again, we see that the circuits are equivalent.

:;L.I EXAMFLE &-7 Reduce the circuit of Figure 815 into a single current
"~ source and solve for the current through the resistor R,.

Dowoma $ava 77 m 20




Solution The voltage source in this circuit is converted to an equivalent cur-
rent source as shown. The resulting circuit may then be simpified to a single
current source where

I =200 mA + 50 mA = 250 mA

and
R, = 400 £1f|100 2= B0 ()

The simplified circuit is shown in Figure 8—16.
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FIGURE 8B-16

The current through R; 1s now easily calculated as

_ 80 0 _
IL—(EDH +2ﬂﬂ)(25ﬂmm— 200 mA

8.4  Branch-Current Analysis

In previous chapters we used Kirchhoff’s circuit law and Kirchhotf’s voltage
law to solve equations for circuits having a single voltage source. In this sec-
tion, you will use these powerful tools to analyze circuits having more than

one source.
Branch-current analysis allows us to directly calculate the current in

each branch of a circuit. Since the method involves the analysis of several
simultaneous linear equations, you may find that a review of determinants is
in order. Appendix B has been included to provide a review of the mechanics
of solving simultaneous linear equations.



When applying branch-current analysis, yvou will find the technique
listed below useful.

1. Arbitrarily assign current directions to each branch in the network. If a
particular branch has a current source, then this step is not necessary
since you already know the magnitude and direction of the current in this
branch.

b

Using the assigned currents, label the polarities of the voltage drops
across all resistors in the circuit.

3. Apply Kirchhoff’s voltage law around each of the closed loops. Write just
enough equations to include all branches in the loop equations. If a
branch has only a current source and no series resistance, it i not neces-
sary to include it in the KVL equations.

4. Apply Kirchhoff’s current law at enough nodes to ensure that all branch

currents have been included. In the event that a branch has only a current
source, it will need to be included in this step.

5. Solve the resulting simultaneous linear equations.

% EXAMFLE 5-& Find the current in each branch in the circuit of Figure 8—18.
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FIGURE 8-18




Solution
Step 1: Assign currents as shown in Figure 8—18.

Step 2: Indicate the polarities of the voltage drops on all resistors in the cir-
cuit, using the assumed current directions.

Step 3: Write the Kirchhoff voltage law equations.
Loop abeda: 6BV — (2 + 20, — 4V =0V

Notice that the circuit still has one branch which has not been included in the
KVL equations, namely the branch cefd. This branch would be included if a
loop equation for cefdec or for abecefda were written. There 1s no reason for

choosing one loop over another, since the overall result will remain
unchanged even though the intermediate steps will not give the same resulis.
Loop cefdc: 4V — (200, — (4L, + 2V =0V

Mow that all branches have been included in the loop equations, there 1s no
need to write any more. Although more loops exist, writing more loop equa-
tions would needlessly complicate the calculations.

Step 4: Write the Kirchhoff current law equation(s).
By applying KCL at node ¢, all branch currents in the network are included.
MNode c- IL,=I+4+1I

To simplify the solution of the simultaneous linear equations we write them
as follows:

20, — 20, + Of, = 2

0f, = 21, — 4, = —6
17, + 1L, — 1I, =0

2 =2 0
D=0 -2 -4
| 1 -1

-2 -4 -2 0 -2 0

=2 -0 + 1
| =1 1 -1 -2 =4

=22+4)-0+ 1(8)=20

Mow, solving for the currents, we have the following:



2 =2 0
-6 =2 —4
5 = 0o 1 =1
D
=27 Ti-0|7] _J+o|5 ]
B 1 —1 (=€) 1 —1 -2 —4
20
_22+4H+6@)+0 _24 _ o000
20 20
2 20
0 -6 —4
| 0 -1
L= 5
‘—6 —4‘ ‘2 ﬂ‘ ‘ 2 D‘
=2 —0 +1
0 -1 0 -1 —6 —4
20
_ 2A6)+ 04+ 1(—-8) 4
= = =55 = 0.200A
2 =2 2
0 -2 —6
1 1 O
I, = 5
‘—2 —6‘ ‘—2 2‘ ‘—1 2‘
=2 —0 +1
| 0 0 -2 —6
20
20600 —0 4+ 1(12 + 4) 2K
= = 1.400 A

20 20



|
= EXAMFLE &—2 Find the currents in each branch of the circuit shown in
< Figure 819, Solve for the voltage V.
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FIGURE 8-19

Solution Notice that although the above circuit has four currents, there are
only three unkmown currents: /., f;, and .. The current I, 15 given by the
value of the constant-current source. In order to solve this network we will
need three linear equations. As before, the equations are determined by
Kirchhotf’s voltage and current laws.

Step 1: The currents are indicated in the given circuit.
Step 2: The polarities of the voltages across all resistors are shown.
Step 3: Kirchhoff's voltage law is applied at the indicated loops:
Loop badb: —(20)L)+ B3ONL)—BV=0V
Loop bachk: —(20)L)+ (1 O —6 V=0V
Step 4: Kirchhoff’s current law is applied as follows:
Node a: L+L+1,=35A
Rewriting the linear equations,

—2L, + 3L, + 01, =8

2L, + 0L+ 1, =6

1L+ 1,4+ 1, =5

The determinant of the denominator i1s evaluated as

=2 3 0
D=|(=2 0 1
1 1 1




MNow solving for the currents, we have

8 3 0
6 0 1
L=15 U 1 _ 1 a0
D 11
—2 8 0
—2 6 1
=115 11=22_-5p0a
i
—2 3 8§
-2 0 6
=111 5/_-3%_ 4404
D 11

The current I; 15 negative, which simply means that the actual direction of the

current is o

pposite to the chosen direction.

R3=1ﬂ

o Es—6V

L=1.00 A
L=2.00A
I, =4.00 A
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FIGURE 8=20

Using the actual direction for /.,

Homework:

V= +(20)] A)= +2.00V



8.5 Mesh (Loop) Analysis

In the previous section you used Kirchhoff’s laws to solve for the current in
each branch of a given network. While the methods used were relatively sim-
ple, branch-current analysis is awkward to use because it generally involves
solving several simultaneous linear equations. It is not difficult to see that
the number of equations may be prohibitively large even for a relatively sim-
ple circuit.

A better approach and one which is used extensively in analyzing linear
bilateral networks is called mesh (or loop) analysis. While the technigue is
similar to branch-current analysis, the number of simultaneous linear equa-
tions tends to be less. The principal difference between mesh analysis and
branch-current analysis is that we simply need to apply Kirchhoff’s voltage
law around closed loops without the need for applying Kirchhoff’s current
law.

I. Arbitrarily assign a clockwise current to each interior closed loop in the
network. Although the assigned current may be in any direction, a clock-
wise direction is used to make later work simpler.

b3

Using the assigned loop currents, indicate the voltage polarities across all
resistors in the circuit. For a resistor which is common to two loops, the
polarities of the voltage drop due to each loop current should be indicated
on the appropriate side of the component.

3. Applying Kirchhoff’s voltage law, write the loop equations for each loop
in the network. Do not forget that resistors which are common to two
loops will have two voltage drops, one due to each loop.

Solve the resultant simultaneous linear equations.

5. Branch currents are determined by algebraically combining the loop cur-
rents which are common to the branch.



\—

= EXAMFLE &—-10 Find the current in each branch for the circuit of Figure
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FIGURE §-22

Solution

Step 1: Loop currents are assigned as shown in Figure 8-22, These currents
are designated [, and I..

Step 2: Voltage polarities are assigned according to the loop currents. Notice
that the resistor R, has two different voltage polarities due to the different
loop currents.

Step 3: The loop equations are written by applyving Kirchhoft's voltage law in
each of the loops. The equations are as follows:

Loop I: 6V — (20, — (20, + 2L —4V =0

Loop 2: 4V — (2L + 20O, — (4L +2V =0

MNote that the voltage across R, due to the currents [, and [, 1s indicated as two
separated terms, where one term represents a voltage drop in the direction of
I, and the other term represents a voltage rise in the same direction. The mag-
nitude and polarity of the voltage across R, 15 determined by the actual size
and directions of the loop currents. The above loop eguations may be simpli-
hed as follows:

Loop I: (40, — (20, =2V

Loop 2: — (200, 4+ (6L =6V



Using determinants, the loop equations are easily solved as

2 —1
12 4+ 12 24
i, =6 6 =—=T = =2 — 1 20A
: = 24 — 4 20
—2 6
and
‘ . ﬂ
-2 6
A=< 9 2444 28
I, = = — = 1.40 A
= ‘ 4 -—1‘ 24 — 4 20
. 6

From the above results, we see that the currents through resistors R, and R,
are I, and I, respectively.

The branch current for R, is found by combining the loop currents
through this resistor:

I, =140A — 1.20A =020A (upward)

The results obtained by using mesh analysis are exactly the same as those
obtained by branch-current analvsis. Whereas branch-current analysis
required three equations, this approach requires the solution of only two
simultaneous linear equations. Mesh analysis also requires that only Kirch-
hoft’s voltage law be applied and clearly illustrates why mesh analysis is pre-
ferred to branch-current analysis.

:IQ EXAMFLE &-12 Determine the current through R, for the circuit shown in
+ Figure 825,

r(Psa

FIGURE 8-25

Solution By inspection, we see that the loop current [, = —35 A, The mesh
equations for the other two loops are as follows:
Loop 2: —(20) L+ 2L - 3L+ 30, —8V =0

Loop 3: BV — 3L+ 3ML - (1ML, -6V =20



Although 1t 1s possible to analyze the circuit by solving three linear equations,
it is easier to substitute the known value f, = — 35V into the mesh equation for
loop 2, which may now be written as

Loop 2: (2L - 10V —CBML+ B30, -8V =0
The loop equations may now be simplified as

Loop 2: (5L, — (34, = —18V

Loop 3: -3, + (40, =2V

The simultaneous linear equations are solved as follows:

—18 —3‘
n=l_2 4--2-_co0a
-3 4
‘ 5 —13‘
L=.—3 2| = _44 i ooA
5 —3 11
‘—3 4

The calculated values of the assumed reference currents allow us to determine
the actual current through the various resistors as follows:

Ly =L-=1I==-5A—-(-6A)=100A downward
ly=L—-—1,=-4A - (—-6A)=200A upward
L, ==L=400A left

i

Format Approach for Mesh Analysis

The method used in applying the format approach of mesh analysis is as
follows:

1. Convert current sources into equivalent voltage sources.

[-d

. Assign clockwise currents to each independent closed loop in the net-
work.

3. Write the simultaneous linear equations in the format outlined.

4, Solve the resulting simultaneous linear equations.



:% EXAMFLE &-13 Solve for the currents through R, and R; in the circuit of
< Figure 8-26.

FIGURE B-26

Solution

Step 1: Although we see that the circuit has a current source, it may not be
mmediately evident how the source can be converted into an equivalent volt-
age source. Redrawing the circuit into a more recognizable form, as shown in
Figure 8-27, we see that the 2-mA current source is in parallel with a 6-k({}
resistor. The source conversion is also illustrated in Figure 827,
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FIGURE 8-27

Step 2: Redrawing the circuit is further simplified by labelling some of the

nodes, in this case a and b. After performing a source conversion, we have the
two-loop circuit shown in Figure 828, The current directions for I, and 71, are

also i1llustrated.
R;=10k1) Ry=12 ki)

[r]

AN
6 k) /—v Rz%ﬁkﬂ E
I ,
12V El—[ - Es = 8V

L

FIGURE 8-28



Step 3: The loop equations are

Loop 1: (6 k€ + 10k} + Sk, — (Skd), =—12V — 10V
Loop 2: —(S5kOM, +(5kf} + 12k} + 4L =10V + 8V
In loop 1, both voltages are negative since they appear as voltage drops when
following the direction of the loop current.
These equations are rewritten as
(21 kO, — (5k), = —22V
—(S kN, + 21 kDL, = 18V

Step 4: In order to simplify the solution of the previous linear equations, we
may eliminate the units (k{} and V) from our calculations. By inspection,
we see that the units for current must be in milliamps. Using determinants, we
solve for the currents f, and I as follows:

—22 —5‘
—462 + 90 _ —372
—| 18 21| = _ — _

h = 441 — 25 416 0894 ma
~5 21
‘EI —21

L= |—5 18 _378+110 268 _ o ..
ST—=sSt 441 — 25 416
-5 21

The current through resistor R, is easily determined to be
L — 1 =064 mA — (—0.894d mA) = 1.54 mA

The current through R, 1s not found as easily. A common mistake i1s to say that
the current in R, is the same as the current through the 6-k{} resistor of the cir-
cuit in Figure 828, This is not the case. Since this resistor was part of the
source conversion it is no longer in the same location as 1n the original circuit.

Ve, = —(6k{, — 12V = —(6 k{2 —0.894d mA) — 12V = —6.64V

The above calculation mndicates that the current through R, 1s upward (since
point a is negative with respect to point ). The current has a value of

_ 664V

— bl
BT 6 KAl "



8.6 Nodal Analysis

In the previous section we applied Kirchhoff’s voltage law to arrive at loop
currents in a network. In this section we will apply Kirchhoff’s current law
to determine the potential difference (voltage) at any node with respect to
some arbitrary reference point in a network. Once the potentials of all nodes
are known, it is a simple matter to determine other quantities such as current
and power within the network.

The steps used in solving a circuit using nodal analysis are as follows:

1. Arbitrarily assign a reference node within the circuit and indicate this
node as ground. The reference node is usually located at the bottom of
the circuit, although it may be located anywhere.

b

Convert each voltage source in the network to its equivalent current
source. This step, although not absolutely necessary, makes further calcu-
lations easier to understand.

3. Arbitrarily assign voltages (V,, V., . . ., V,) to the remaining nodes in
the circuit. (Remember that you have already assigned a reference node,
so these voltages will all be with respect to the chosen reference.)

4, Arbitrarily assign a current direction to each branch in which there is no
current source. Using the assigned current directions, indicate the corre-
sponding polarities of the voltage drops on all resistors.

5. With the exception of the reference node (ground), apply Kirchhoff’s cur-
rent law at each of the nodes. If a circuit has a total of n + 1 nodes (includ-
ing the reference node), there will be n simultaneous linear equations.

6. Rewrite each of the arbitrarily assigned currents in terms of the potential
difference across a known resistance.

7. Solve the resulting simultaneous linear equations for the voltages (V,, Vi,
V)
.



:é EXAMFLE &—14 Given the circuit of Figure 830, use nodal analysis to
T solve for the voltage V_,.
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FIGURE 8—-30

Solution
Step 1: Select a convenient reference node.

Step 2: Convert the voltage sources into eguivalent current sources. The
equivalent circuit is shown in Figure 83 1.

"rll,ﬁﬂmA ) J,‘r3

C) RS0 C) Rs g 300
200 mA  — 200 mA  —
- i .

— ( Reference)

FIGURE 8-31

Steps 3 and 4: Arbitrarily assign node voltages and branch currents. Indicate
the voltage polarities across all resistors according to the assumed current

directions.
Step 5: We now apply Kirchhoff's current law at the nodes labelled as V, and
|




Node V: D g = 2 Dieing
200mA +50mA =1+ L,

Node Vi 2 g = 2 Fing
200mA + L, =30 mA + I,

Step 6: The currents are rewritten in terms of the voltages across the resistors

as follows:
1""'
L =300
L=
2
40 0
v
j — 2
300

The nodal equations become

v V, -V
200 mA + S0 mA = m'ﬂ + __'mﬂ"'
V, — V v
200 mA + ——= = 50 mA + —=
40 Q) 300

Substituting the voltage expressions into the original nodal equations, we
have the following simultaneous linear equations:

[x 2El|ﬂ . mlﬂ\wl _ (ﬁ\ﬂ;}_ = 250 mA

() + (s + ) 0

These may be further simplified as

(0.075 8V, — (0.025 5)V, = 250 mA

—(0.025 S)V, + [fﬂl.ﬂlﬁ.‘:ﬁj V¥, = 150 mA

Step 7: Use determinants to solve for the nodal voltages as
0.250 —0.025
_|0.150  0.0583
' 0,075 —0.025
‘{_‘.I.EIES 0.0583
(0.250)(0.05 E._Ej — (0.150) — 0.025)
(0.075)0.0583) — (—0.025) —0.025)

_ 00 183
0.00375

=489V



and

0.075 0.250
_|—0.025 0.150

—0.025 0.0583

_ (0.075)(0.150) — (—0.025)(0.250)
0.00375

: ‘ 0.075 GJ]ES‘

_ _0.0175
0.00375

If we go back to the original circuit of Figure 830, we see that the voltage V.,
is the same as the voltage V,, namely

V, =467V =60V + V,,

= 467V

Theretfore, the voltage V,, 15 simply found as

V, =467V —60V =—133V

:‘_% EXAMFLE &-15 Determine the nodal voltages for the circuit shown in
< Figure 8-32.

-

DEEN

FIGURE 8§-32

Seolution By following the steps outlined, the circuit may be redrawn as
shown in Figure B33,

Vi Ry=30 Va
- AT - -
lf'_ T lf:» lf-t
wEsn Dra mFen 0z A
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Applyving Kirchhoff's current law to the nodes corresponding to ¥, and V.,
the following nodal eguations are obtained:

E“r'h:u.:i:rg = E“rﬂﬂ:ﬂi:’@
MNode V,: I+ I, =2 A
Node V.: L+ I.=05n + 3 A

The currents may once again be written in terms of the voltages across the
resistors:

—_ 1""rl
h=3a
Lo Yi— v
= 30
_ ¥
5= 30
— Vz
A= %a
The nodal equations become
Node V,: LA Tl £ SN
) g 50 30
Vs Vs (v, = V)
Node V;: + = + 3 A
: 40 60 300
These equations may now be simplified as
Node Vi: = +L)‘Iﬂfr = ;L)V =2A
: : Lﬁn 30/ Lsn; :
Node V: —;—I—)V+F I + I + I )‘I—*’ =3A
i = [%3{1}. ' [4{1 60 30/ °

5

The solutions for V, and V, are found using determinants:

‘E —0.333
vV, = 3 0.750 _ 2300 _ 265V
C =1 0.289
—0.333 0.750
‘ 0.533 2‘
v, = —0.333 3 _ 2267 _ S eswy;

[ 0533 —0.333] 0.289
—0.333 0.750

Format Approach



The method used in applying the format approach of nodal analysis is as
follows:

I. Convert voltage sources into equivalent current sources.

2. Label the reference node as +. Label the remainingnodes as Vi, Vi,. . ., V.
3. Write the linear equation for each node using the format outlined.
4. Solve the resulting simultaneous linear equations for Vi, V,,. . ., V.

The next examples illustrate how the format approach is used to solve
circuit problems,

L

= EXAMFLE &-16 Determine the nodal voltages for the circuit shown in
< Fi B34
gure .

R2= .5 ﬂ
hTATA"
Vi Iy Va

FIGURE §-34

Selutien The circuit has a total of three nodes: the reference node (at a
potential of zero volts) and two other nodes, V|, and V..

By applying the format approach for writing the nodal equations, we get
two equations:

Node V,: (L + L)u - (L)Vz =—6A+1A

Node Vi: —(L)‘Lﬂ + (L+ : )‘I.-’g= —1A—2A




On the right-hand sides of the above, those currents that are leaving the nodes
are given a negative sign.
These equations may be rewritten as

Node Vi: (0.533 5)V, — (0.2008)V, = =5 A
Node Vi —(0.200 5)V, + (0450 5)V, = -3 A
Using determinants to solve these equations, we have
=5 —=0.200
— |—3 0450 _ —2.85
v, = =——= =143V
' U533 —0.200] 0.200
—0.200 0.450
‘ 0.533 —5‘
v,=_|=0200 -3 _—=00__ 53,y

0.533 —0.200 0.200
—0.200 0.450

= EXAMPLE &—17 Use nodal analysis to find the nodal voltages for the cir-
< cuit of Figure 8-35. Use the answers to solve for the current through R,.

R:=4k0
AAA
R,
5 kO I R:S3KkO0 Iy Ry §2k0
IOV_l_ 3 mA 2 mA

CD2mA. §5 k2
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FIGURE 8-36

Labelling the nodes and writing the nodal equations, we obtain the following:

(] | | ) (] )
Node V.: + + V.= [——IV. =2mA — 3mA
e [5}:{1 3k 4k [41_.;{1 : " "

i i
% F % &

f1 S | 1
Node V. ——\,‘If+ + )‘Iﬁ’=2mﬁ
. [}Ikﬂ; ' [4}:{1 2k )’

[}
% &



