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Trigonometric Substitutions: 

We will concern with integrals contain expressions of the form: 

𝑎2 + 𝑥2, 𝑎2 − 𝑥2 and  𝑥2 − 𝑎2  where x is variable and a is constant. 

Expression 

in the 

integrand 

Substitution 
Restriction 

on  
Simplification  Reference triangle 

𝑎2 − 𝑥2 
𝑥 = 𝑎 sin 𝜃 

𝑑𝑥 = 𝑎 cos 𝜃𝑑𝜃 

 

−𝜋

2
≤ 𝜃 ≤

𝜋

2
 

𝑎2 − 𝑥2 = 𝑎2 − 𝑎2 sin2 𝜃 

               =𝑎2(1 − sin2 𝜃) 
               =𝑎2 cos2 𝜃 

 

 

 

𝑎2 + 𝑥2 
𝑥 = 𝑎 tan𝜃 

𝑑𝑥 = 𝑎 sec2 𝜃𝑑𝜃 

 

−𝜋

2
< 𝜃 <

𝜋

2
 
𝑎2 + 𝑥2=𝑎2 + 𝑎2 tan2 𝜃 
              =𝑎2(1 + tan2 𝜃) 
              =𝑎2 sec2 𝜃 
 

 

  𝑥2 − 𝑎2 
𝑥 = 𝑎 sec 𝜃 𝑑𝑥 
𝑑𝑥 = 𝑎 sec𝜃 tan 𝜃 𝑑𝜃 

 

0 ≤ 𝜃 <
𝜋

2
   

if  
𝑥

𝑎
≥ 1 

𝜋

2
< 𝜃 ≤ 𝜋    

if  
𝑥

𝑎
≤ −1 

𝑥2 − 𝑎2=𝑎2 sec2 𝜃 − 𝑎2 

             =𝑎2(sec2 𝜃 − 1) 
             =𝑎2 tan2 𝜃 

 

 

Examples: Evaluate the following: 

𝟏)∫
𝑑𝑥

√4 + 𝑥2
= ∫

𝑑𝑥

√22 + 𝑥2
 

Sol.: Let   𝑥 = 2 tan 𝜃  →   𝑑𝑥 = 2 sec2 𝜃 𝑑𝜃    

And 4 + 𝑥2 = 4 + 4 tan2 𝜃 =4(1 + tan2 𝜃) = 4 sec2 𝜃 

= ∫
2 sec2 𝜃 𝑑𝜃

√4 sec2 𝜃
= ∫sec 𝜃 𝑑𝜃 = ln|sec 𝜃 + tan𝜃| + 𝐶 

                            = ln|sec 𝜃 + tan𝜃| + 𝑐

= ln |
√4 + 𝑥2

2
+
𝑥

2
| + 𝐶 = ln |(√4 + 𝑥2 + 𝑥)| − ln 2 + 𝐶 

                             = ln|(√4 + 𝑥2 + 𝑥)| + 𝐶1         where           𝐶1 = 𝐶 − ln 𝑥 

a 
x 

 

 

a 

x 

 

a 

x 

 

x 

√𝑎2 + 𝑥2 

√𝑎2 − 𝑥2 

√
𝑥
2
−
𝑎
2
 

2 

 

√4 + 𝑥2 
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𝟐)∫
𝑑𝑥

𝑥2√4 − 𝑥2

√2

1

                  

Sol.: Let 𝑥 = 2 sin 𝜃   → 𝑑𝑥 = 2 cos 𝜃 𝑑𝜃  

     and  4 − 𝑥2 = 4 − 4 sin2 𝜃 = 4(1 − sin2 𝜃) = 4 cos2 𝜃           

so,    ∫
𝑑𝑥

𝑥2√4 − 𝑥2
= ∫

2 cos 𝜃 𝑑𝜃

4 𝑠𝑖𝑛2 𝜃 ∗ √4 cos2 𝜃
=
1

4
∫

𝑑𝜃

𝑠𝑖𝑛2 𝜃
                 

=
1

4
∫csc2 𝜃 𝑑𝜃 = −

1

4
cot 𝜃 + 𝑐 = −

1

4

√4 − 𝑥2

𝑥
+ 𝐶 

and 

∫
𝑑𝑥

𝑥2√4 − 𝑥2

√2

1

=
−1

4
 [
√4 − 𝑥2

𝑥
]
1

√2

= −
1

4
 [
√4 − 2

√2
−
√4 − 1

1
] =

√3 − 1

4
             

𝟑)∫
𝑑𝑥

√𝑥2 − 25
 

Sol.: Let 𝑥 = 5 sec 𝜃     → 𝑑𝑥 = 5 sec 𝜃 tan 𝜃  𝑑𝜃  

and 𝑥2 − 25 = 25 sec2 𝜃 − 25 = 25(sec2 𝜃 − 1) = 25 tan2 𝜃 

= ∫
5 sec 𝜃 tan 𝜃 𝑑𝜃

√25 tan2 𝜃
= ∫sec 𝜃 𝑑𝜃 = ln|sec 𝜃 + tan 𝜃| + 𝐶 

            = ln |
𝑥

5
+
√𝑥2 − 25

5
| + 𝐶 

Integrals involving 𝒂𝒙𝟐 + 𝒃𝒙 + 𝒄 = 𝟎   , 𝒂 ≠ 𝟎 

We handle these first by completing the squares 

𝟒)∫
𝑑𝑥

√2𝑥 − 𝑥2
 

Sol.: 

2𝑥 − 𝑥2 = −(𝑥2 − 2𝑥 + 1) + 1 = 1 − (𝑥 − 1)2 

Then substitute 𝑢 = (𝑥 − 1) = 𝑑𝑢 = 𝑑𝑥 

 𝑆𝑜,   ∫
𝑑𝑥

√2𝑥 − 𝑥2
= ∫

𝑑𝑢

√1 − 𝑢2
= sin−1(𝑥 − 1) + 𝐶 

2 
x 

 

 √4 − 𝑥2 

 5 

x 

 
√𝑥2 − 5 
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   𝑢 

 7 2  

 

 
7

2
− 𝑢2 

u 

𝟓)∫
𝑑𝑥

√𝑥2 + 2𝑥
= ∫

𝑑𝑥

√𝑥2 + 2𝑥 + 1 − 1
= ∫

𝑑𝑥

√(𝑥 + 1)2 − 1
 

Sol.:    Let      𝑢 = (𝑥 + 1)  → 𝑑𝑢 = 𝑑𝑥 

= ∫
𝑑𝑢

√𝑢2 − 1
                      

Let 𝑢 = sec 𝜃   →     𝑑𝑢 = sec 𝜃 tan 𝜃 𝑑𝜃 

and    𝑢2 − 1 = sec2 𝜃 − 1 = tan2 𝜃    

= ∫
sec 𝜃 tan 𝜃 𝑑𝜃

tan 𝜃 
= ∫sec 𝜃 𝑑𝜃 = ln|sec 𝜃 + tan 𝜃| + 𝐶 

                                    = ln |
𝑢

1
+
√𝑢2 − 1

1
| + 𝑐 = ln |(𝑥 + 1) + √(𝑥 + 1)2 − 1| + 𝐶 

                               = ln |(𝑥 + 1) + √𝑥2 + 2𝑥 + 1 − 1| + 𝐶 = ln |(𝑥 + 1) + √𝑥2 + 2𝑥| + 𝐶 

𝟔)∫
𝑥𝑑𝑥

𝑥2 − 4𝑥 + 8
= ∫

𝑥𝑑𝑥

𝑥2 − 4𝑥 + 4 + 4
= ∫

𝑥𝑑𝑥

(𝑥 − 2)2 + 4
 

Let 𝑢 = 𝑥 − 2  →   𝑑𝑢 = 𝑑𝑥    and  𝑥 = 𝑢 + 2 

= ∫
(𝑢 + 2)𝑑𝑢

𝑢2 + 4
= ∫

𝑢 𝑑𝑢

𝑢2 + 4
+∫

2 𝑑𝑢

𝑢2 + 4
             

                         =
1

2
ln|𝑢2 + 4| + 2 (

1

2
) tan−1 (

𝑢

2
) + 𝐶 

                         =
1

2
ln|(𝑥 − 2)2 + 4| + 2 (

1

2
) tan−1 (

𝑥 − 2

2
) + 𝐶 

𝟕)∫
𝑑𝑥

√5 − 4𝑥 − 2𝑥2
= ∫

𝑑𝑥

√5 − 2(𝑥2 + 2𝑥 + 1 − 1)
 

                                       = ∫
𝑑𝑥

√5 − 2(𝑥 + 1)2 + 2
= ∫

𝑑𝑥

√7 − 2(𝑥 + 1)2
 

Let  𝑢 = 𝑥 + 1  →   𝑑𝑢 = 𝑑𝑥     

 

= ∫
𝑑𝑢

√7 − 2𝑢2
= ∫

𝑑𝑢

 2(
7
2 − 𝑢

2)

=
1

√2
∫

𝑑𝑢

 7
2 − 𝑢

2

 

∴   𝑢 =  
7

2
sin 𝜃  → 𝑑𝑢 =  

7

2
  cos 𝜃 𝑑𝜃 →

7

2
− 𝑢2 =

7

2
−
7

2
sin2 𝜃 =

7

2
cos2 𝜃 

 1 

u 

 
√𝑢2 − 1 
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=
1

√2
∫

( 
7
2) cos 𝜃 𝑑𝜃

 7
2 cos

2 𝜃

=
1

√2
∫𝑑𝜃 =

1

√2
𝜃 + 𝐶 =

1

√2
sin−1( 

2

7
𝑢) + 𝐶 

=
1

√2
sin−1( 

2

7
(𝑥 + 1)) + 𝐶 

   

Homework: Evaluate the following integrals; 

𝟏)∫√4 − 𝑥2 𝑑𝑥            𝟐)∫√1 − 4𝑥2 𝑑𝑥           𝟑)∫
𝑥2𝑑𝑥

√9 − 𝑥2
                 𝟒)∫

𝑑𝑥

𝑥2√16 − 𝑥2
  

𝟓)∫
𝑑𝑥

(4 − 𝑥2)2
               𝟔)∫

𝑥2𝑑𝑥

√5 + 𝑥2
                  𝟕)∫

√𝑥2 − 9 𝑑𝑥

𝑥
           𝟖)∫𝑥3√5 − 𝑥2 𝑑𝑥            

𝟗)∫
𝑑𝑥

(1 − 𝑥2)3 2⁄
           𝟏𝟎)∫

𝑥3𝑑𝑥

√2 − 𝑥2
               𝟏𝟏)∫𝑒𝑥√1 − 𝑒2𝑥 𝑑𝑥  𝟏𝟐)∫

cos 𝜃  𝑑𝜃

√2 − sin2 𝜃
 

𝟏𝟑)∫𝑥3√16 − 𝑥2 𝑑𝑥    𝟏𝟒)∫
𝑑𝑥

(4 − 9𝑥2)2

1
3 

0

   𝟏𝟓)∫
𝑥3𝑑𝑥

(3 + 𝑥2)5 2⁄

3

0

      𝟏𝟔)∫
𝑑𝑥

1 + 2𝑥2 + 𝑥4
 

𝟏𝟕)∫
𝑑𝑥

𝑥2 − 4𝑥 + 13
      𝟏𝟖)∫

𝑑𝑥

√2𝑥 − 𝑥2
         𝟏𝟗)∫

𝑒𝑥𝑑𝑥

√1 + 𝑒𝑥 + 𝑒2𝑥
     𝟐𝟎)∫ √𝑥(4 − 𝑥) 𝑑𝑥

1

0

       

𝟐𝟏)∫(𝑥 cos 𝑥 + sin 𝑥)√1 + 𝑥2 sin2 𝑥 𝑑𝑥      𝑙𝑒𝑡 𝑢 = 𝑥 sin 𝑥    

𝟐𝟐)∫sin 𝑥 cos 𝑥 √1 − sin4 𝑥 𝑑𝑥                     𝑙𝑒𝑡 𝑢 = sin2 𝑥    
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