syllabus

Inverse of Hyperbolic Functions:

All hyperbolic functions have inverses, they are:

Inverse of hyperbolic functions

Their domains

sinh ™ x = In(x + vx* +1) (—00,00)
cosh™ x = In(x + vx* —1) [1, )
tanh x = = In(“—x) (-1D)
2 \1-x
coth™ x = 1 In(x—ﬂj (—00,0) \[-11]
2 (x-1
| 2
sech™x = In(1+ )1(_ X J (01]
2
csch™'x = In{% fYAHX ] (—o0, 0) \ {0}

Example: Prove that: sinh™ x = In(x +vx* +1) .

Sol.: let y=sinh™x = x=sinhy = x=
=

=

e? —2xe¥ —-1=0>

e’ —2x—e”Y =0 multiply both sides by ¢’

ey —_ e’y

— (192
ey :wzxi,lxz_kl

Since ¢’ is never negative, we must discard the minus sign.
sy =In(x+vx2+1)
That is sinh™ x = In(x +v/x* +1)

Derivatives and Integrals:

a. Derivatives

If uis any function of x, then
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. du/dx
1. —sinh™u=
X V1+u?
2. —cosh™u= du/dx u>1
X 2_1
3. —tanh™u= du/d;< uj <1
X 1-u
4. 4 cothty = JWK u/>1
X 1-u?
g —du/dx
5. —sech™u= O<u<1
X uvl-u?
d § —du/dx
6. —cschu= u=0
dx uvl+u?
b. Integrals:

If u is any function of x, then

1.[ du =sinh?u+C

V1+u?

Z.I du =cosh?u+C
u®-1

1 .
3.] du {tanh x+C if |u<1

1-u®  |coth™x+C if |u>1
4.J' du =—sech|u/+C
uvl—-u?®
5.I du =—csch™ju/+C

uvl+u?

Useful identities

1. sech™x = cosh‘lilj
X

2. csch™x = sinhl(lj
X

3. coth? x = tanhl(lj
X
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1
x?—1

Example: Show that %cosh‘1 X =

Sol.: Let y=cosh™x = ..x=coshy

And by implicit differentiation:

. dy

l=sinhy.—

ydx
Sdy 1 1 1 ok

Cdx o sinhy  Jeosh?y -1 W/x2-1

Examples: Find dy/dx of the following functions:
1. y=sinh™3x

Sol. &¥___3 3

dX  1+(3%)? V1+9x

2. y=cosh™e*

X

ﬂ_e

Sol.: =
dx e2x -1

3. y= 2tanh‘1(tan gj
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Sol: ¥ V¥’ _3/)( _ L
X 1-Ux* x*-1 x -1 1-x
X2

5. y=sech™(cos x)

Sol.- dy ~ —(=sinx) _ sinx 1

dx COS X+/1— cos? X © cosXxsinX  Cos X

=SecX

Examples: Evaluate the following integrals:

2.dx 2.dx
1. =
I!.\/1+ 4x? '([\/1+(2x)2

Letu=2x = du=2dx,at x=0 = u=0

at x=1 = u=2

2
| du = [sinh*uf =[sinh 2—sinh 0]=1.4436
0 1+u
.[ dx dx 1 ax
T o 2
x> - 25 25[9)(2_] 257 (3x)"_,
25 5
Letu=— = du:3'—dx = dx:w

_—1tanh’lu+C :_—1tanh’l 3 +C
15 15 5

_—1coth‘lu+C =_—1coth‘1 3 +C
15 15 5

50du/3_ 1 du _-1¢ du

25 u2-1 159 u2-1 159102
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4'I sin x.dx

vJ1+ cos? x
Let u=cosx = du=-sinxdx

= sinxdx=-du

| —du =—sinh?u+C = —sinh(cos x)+ C

v1+u?

4tanh™ x
R Rt
a dx
Letu=tanh~ x = du= 5
1-x

j4u.du :4—;2+C =2u’+C= 2(tanh‘1 x)2 +C

coth™ x

6. Ii—xz ax

dx
1-x

Let u=coth®*x = du=

2

—1
je“.du =e'+C=e""*4C

7. .[ oS X.dx

sin xv/1+sin? x

Let u=sinx = du=cos x.dx
jd—u = —CSC h‘1|u| +C =-csc h‘1|sin x| +C
uvl+u?
Homework:
1. Find dy/dx of the following:

a. y=sinh™5x b. y=sinh"e* C. y=cosh™+/x

d. y=tanh™(x*-1) e. y =tanh"sin3x f.y= xsinhl(%]

g.y= ! h. y =Incosh™ 4x I. y=cosh™(In 4x)
' sinh ™ x? ' '
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2. Evaluate the following integrals:

dx dx dx
2] J81+16x° b ] J16x2 -9 c ] 49 - 4x?

*d 2d d
d |22 *[5-3e B s
gJ- dx hJ- X.dx iJ- dx
Y5 - J25x% 136 - J25x% 136
JJ. dx kJ- X.dx |I dx
9 ax? Y Jo—ax? Y xJ9—ax?

n |
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