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Hyperbolic Functions:

Definition and Identities:
The hyperbolic cosine and hyperbolic sine functions are defined by the
following equations:

—X

e*+e

Hyperbolic cosine of x: coshx =

Note: when x >0 = e* -0 So coshx;%

—X

e
when x > -0 = e*—>0 S0 coshx=-——

S0 D, =(-»,0) and R, =[1,)

X

Hyperbolic sine of x: sinhx = —

—X

v =sinhx

X

Note: when x >0 = e*—>0 So sinhx;%

—X

i e
when X > -0 = e*—>0 S0 sinhxx—

S0 D, =(-o,%) and R; = (—o0,)

The notation coshx is often read "kosh x" and sinh x is pronounced as if

spelled “cinch x" or "shine x".

Four additional hyperbolic functions are defined in terms Y |
v = coth x
of cosh x and sinh x as shown below: N
- sinhx _e*—e” el
Hyperbolic tangent of x: tanh x = = 2o 2
coshx e +e o ¥=-l
y = cothx

D, =(-o,) and R, =(-11)

coshx e*+e™
sinhx e*—e™

Hyperbolic cotangent of x: cothx =
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D, = (—0,0)\{0} and R, = (=o0,~1) U (1, 0)

Hyperbolic secant of x:

D, =(-o,) and R, =(0]]

Hyperbolic cosecant of x:

sech x= LI

csch x =

D, = (~o0,0)\{0} and R, = (—o0,0) \{0}

Identities:

2 y=1
coshx e*+e”* I
2-10 \| 2
v = sechx
2
sinhx e*—e™

Hyperbolic functions

Trigonometric Functions

cosh? x —sinh? x =1

cos? x+sin’ x=1

sinh 2x = 2sinh x cosh x

sin 2X = 2sin X €os X

cosh 2x = cosh? x +sinh? x

COS 2X = €S2 X —Sin® X

cosh? x — cosh2x +1 c0s? X — 1+cos 2x
2 2

sirlhzX_cosh2x—1 Sinz)(_1—(:032x
2 2

tanh? x =1—sech? x

tan® x =sec® x—1

coth? x =1+ csch? x

cot’ x =csc® x—1

Examples: Prove that:

1. cosh?x—sinh?x=1

Sol.: left side: cosh? x —sinh? x =[
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2. csch? x =coth? x-1

Sol.: right side:

3 cosh2x=&2X+1
' 2

Sol.: right side:

4. cosh x + sinh x = &*

Sol.: left side:

cosh x + sinh x=

=1=rightside o.k.

X —X 2 2x -2X
5 e"+e e +2+e
coth X-].:[ex_exj —1:W—1
_e¥ 42+ e 42—
e —2+e
(o)
2x —2X = X -X
e’ +2+e e" +e
= csch? x = left side o.k.

cosh2x+1 _ (e2x + e‘zx)/Z +1
2 2

e e P42 e 42+
4 4

X —X 2
:(e ;e j =cosh? x= left side

X —X

e"+e™ e'-e
2
=1(eX +e +ef —e‘x)z 2¢
2
=¢* = right side 0.k.

Examples: Solve the following equations:

1. 5coshx—3sinhx =5

Sol.: 5&*€ _3F

2

5 +5e -3 +3x =10 = 2*+8*=10= e*+4e* =5
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e +4
eX

= ex+ix=5 = =5 = e¥+4=5" = e¥*_5*+4=0
e

= (e"-4)E* -D)=0
-.either e¥-4)=0 = e =4 = x=In4
or (e*-1)=0 = e‘=1 = x=In1=0
2. 3cosh x —2sinh x =10
e*+e” e’ -e”

2 =10
2 2

I+ -2 +2e7=20 = e*+5*=20

Sol.: 3

— e¥+5=20e" = e>*—-20e*+5=0

(2007 J(=20)? — 4(1)(5) _ 20F/400-20 _ 20%/380
2(0) 2 2

c.either e =1974 = x=1In19.74=2.98

or e*=0.254 = x=In0.254=-1.373

Derivatives of Hyperbolic Function:

If uis any function of x, then:

Derivative of hyperbolic functions Derivative of trigonometric functions
1) d . du d . u
—sinhu =coshu.— —sinu =cosu.—
dx dx dx dx
21| d . du d . du
—coshu =sinhu.— —COoSU =-Sinu.—
dx dx dx dx
3
itanhu =sech2u.d—u itanu :seczu.d—u
dx dx dx dx
4
icothu:—csch"'u.d—u icotu=—(1sczu.d—u
dx dx dx dx
5
isechu:—sechu tanhu.d—u isecu:secutanu.d—u
dx dx dx dx
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icschu:—cschucothu.d—u icscuz—cscucotu.d—u
dx dx dx dx

Examples: Prove that:

1. isinh X = cosh x
dx

Sol.: isinhx=i e -e’|_e-(e’) e +e =cosh x 0.k.
dx dx 2 2 2

2. icsc hx = —csc hx coth x
dx

sol.: Y eschu=9 _ ——
d sinh x sinh” X

d( 1 ]_sinhx*(O)—l*coshx
X dx

_—coshx -1 coshx

=== =—cschxcoth x o.k.
sinh“x  sinhx sinhx

Examples: Find % of the following:
1. y=sinh3x
Sol.: % = cosh 3x* 3 = 3cosh 3x

2.y =tanh(l+ x°)

Sol.: %:sechz(u x*)*3x? = 3x*sech’®(1+ x°)
X
3. y=coth1
X

Sol.: dy _ —CsC hz(lj*(_—zl] = izcsc hz(lj
dx X X X X

4. y =xsechx®

Sol.: % = x(— sec hx?.tanh x2.2x)+ sec hx?
X

= —2x° sec hx?.tanh x? + sec hx?
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5. y=csch?*(x* +1)
. dy_ 2 2 2 *
Sol.: d——2csch(x +1)[—csch(x +1) coth(x* +1) 2x]
X

= —4xcsch?(x? +1) coth(x® +1)

6. y =Intanh2x
2 1
Sol.- dy _sech®2x*2 _ cosh’2x _ 2 ,cosh2x
" odx tanh 2x sinh 2x cosh? 2x  sinh 2x
cosh 2x
*
= 2 2_ =— =4csch4x
2cosh 2x.sinh2x  sinh 4x
7.y =(sinhx)*
Sol.: Iny=xInsinhx
l.ﬂzx.CQShXHnsinhx
y dx sinh x

@ y(x. COSNX | 11 sinh xj = (sinh x)*(xcoth x + Insinh x)
dx sinh x

Integrals of Hyperbolic Function:
If uis any function of x, then:
1. [sinhu.du =coshu+C
2. _[cosh u.du =sinhu+C
3. jsec h?u.du = tanhu +C
4, J.csc h?u.du = —cothu +C
5. [sechu.tanhu.du =—sechu +C
6

) _[csc hu.cothu.du =—-cschu +C

Examples: Evaluate the following integrals:

cosh 5x
sinh5x

1. jcoth 5x.dx :I
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Let u=sinh5x = du = cosh5x.5dx =>» . cosh5x.dx = d?u

l.d—uzlln|u|+C=1In|sinh5x|+C
5 5 5

In2 In2 X

2. j4e sinh x.dx = j4e

e’ dx = Inj2(2e2X - Z)dx

0

=l —2x]? = [ -2 2)- (° - 2*0)

—e"? _2In2-1=4-2In2-1=3-2In2

1 1 . 1
3. J.sinh2 x.dx = jw.dx = l{smh 2x _ x}
0

0 2 2 2 0
_1j(sinh2 ) (sinh0 )| _sinh2 1 . o,

4, J'tanh 3x.sec h?3x.dx

Sol.: let u=tanh3x = du=3sech?3x.dx - - sech23x.dx:d?u

2

2
J-u.d_uzu +C=tanh 3X+C
3 2*3 6
5, Ie°°‘“x.csch2x.dx
Sol.: let u=cothx = du=-csch®x.dx =» -.csch?xdx =—du

Ie (-du) =—e" +C =—e*"+C

6. ICSCh \/_.
Sol.:letu?=x = 2udu=dx
2
Jcscuh YU oudu= chsc h2u.du = —2cothu + C = —2coth+/x + C
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