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Inverse of Trigonometric functions:

1. The arcsine of x (sin™x) is the angle in [~ z/2, z/2] whose sine is x.

The function y=sinx is one-to-one, if we restrict its domain to the interval

—% <X s% . It has an inverse which is denoted by:

y=sin'x

and is sometimes written as y=arcsinx

and for the function y=sin™x
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Note: The graph of sin"x is symmetric about the origin because that the graph of
sin x IS symmetric about the origin this means that
sin(-x)=- sin"x
2. The arccosine of x (cosx) is the angle in [0, 7] whose cosine is x.
The function y=cosx IS one-to-one, if we restrict its domain to the interval

0<x <~ . It has an inverse which is denoted by:

y =cos ' x

and is sometimes written as y=arc cos x

and for the function y=cos™x
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D, =[-11] and R, =[0,7]

Note: The graph of y = cosx has no such symmetry

X=cosy
mr 1
. y=cos X
E = . D = = 1
¥ L‘{'S.x i Domain: [-1,1]
Domain: [0, 7] ™" R . 0
1 Range: [-1,1] 2 ange: 0. )

Note: We can see from the figures
below the following identities
1. cos ' x+cosH(—x) =7

-.C0s H(=X) = 7 —cos™ X

and form the triangle

2. sin‘1x+cos‘1x=% for

x>0
3. The arctangent of x (tanx) is the angle in (- z/2,7/2) whose tangent is x.

The function y=tan x is one-to-one, if we restrict its domain to the interval

—% <X <% . It has an inverse which is denoted by:

y=tan"x

and is sometimes written as y=arctanx

and for the function y=tan™x

D, =(-wo,0) and R, =(—z,£j.
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Note: The graph of tan™x is symmetric about the origin because that the graph of

tan x 1S symmetric about the origin, this means that
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tan*(-x)=- tan™'x

y v = tan~'x
4 Domain: (—e, e)
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4. The arctcoangent of x (cot™x) is the angle in (0,7) whose cotangent is x.

The function y=cot x is one-to-one, if we restrict its domain to the interval

0<x <~ . It has an inverse which is denoted by:

y =cot™ x

and is sometimes written as y=arccot x

and for the function y=cot™x

cotx
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5. The function y=sec x is one-to-one, if we restrict its domain to the interval

{x:0<x< n}\{%} . It has an inverse which is denoted by:

y =sec x

and is sometimes written as y = arcsec x

and for the function y=sec™x

D, =R\(-11) and sz[o,n]\{%}.

¥ y = sec”lx
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6. The function y=cscx is one-to-one, if we restrict its domain to the interval

{x: —% <x< %}\{0} . It has an inverse which is denoted by:

y=csc X

and is sometimes written as y=arccscx

and for the function y=csc™x

D, =R\(-11) and sz[—%,%]\{O}.

¥ V= csc Iy
A CsCX Domain: |x| =1
Range: [-#/2,0) U (0, 7r/2]
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Note: To find sec’x, csc™x and cot™x, use the following identities:

1. sectx= cos{lj
X

2. csctx= sin‘l(l]
X

3. cottx= % —tan™ x

Example 1: Show that sec™ x = cos‘l(ij .

Sol.: Let z = right side :cosl(lj = C0SZ :cos(cosl 1) ~ cosz=1
X X X
1
—> X=——=8S€eCZ
Cos 2

sec'x=sec’(secz) = sec'x=z= leftside o.k.

Example 2: Show that:cot™ x = % —tan x.

Sol.: Letz=rightside=%—tan’lx = tan*lx=%—z

sm(— zj
= tan(tan™ x) = tan[% - Zj = X= 2 _O95Z _ otz
s.z=cot ' x=left side o.k.
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Examples: Find the limits of the following:

. . . 1. T
1. limsin® x=sin"1 =3

x—1"

2. lim cos™t x=cos(-1") =7

x——1"

X—0

3. limtantx=tan o0 = %

4. lim tan™ x = tan (o) = — =

X—>—00 2

5. limsec™ x = lim cos™ ( ) cos’lo_E

X—0 X—>0

X—>—00 X——00

6. lim sec™ x = lim cos™(= )_cos‘lo_E

7. limesc™ x = limsin™ (= )—sm‘lo 0

X—0 X—0

8. lim cs¢™ x = lim sin™(= )_sm‘lo 0

X—>—00 X—>—00

The Derivative of Inverse Trigonometric Functions:
Example 1: If y=sin™x, then find dy/dx.
Sol.:  y=sin’x = x=siny

1=cos y.% (using implicit differentiation)

dy 1 1
dx cosy f1-sin’y \/1 X2

(remember that cosy>0 for _E <x<= )

d . 4
s —sintx=
dx 1-x?

Example 2: If y=sec™x, then find dy/dx.

Sol.:  y=sec’x = x=secy
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1=secytan y.% (using implicit differentiation)
X
&__ 1 ! = ! (remember that t for
dx secytany sec y(%/sec2 y—l) x(¢ Vx? —1) -ty <
. {x: 0<x<ﬂ}\{§}
seCt X = ——o
d IXVx* -1

Example 3: If y=tan™x, then find dy/dx.

Sol.:  y=tan’x = x=tany

1=sec? y.% (using implicit differentiation)

ﬂ 1 1 1
dx sec’y tan’y+1 x*+1
S—tanTx = 21
dx X +1

In general: If u is a function of x:

1. %sin‘lu=\71ui% uj<1
_ —du/dx

2. —costu= 1
& e M

3. Lanty- du/d;<
dx 1+u

4. icot’lu = —du/(;ix
dx 1+u

5. —sectu= du/dx ||>1
d uu® -1

6 csctu = — du/dx u[>1
dx uvu? -1

Examples: Find dy/dx of the following functions:
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1. y=sin"x*

Sol. ¥ ___2x __2X
dx  1-(x?)?  J1-x*
2. y=tan"/x+1
1
Sol- W _ 2x+1 _ 1 1 1 , 1
dx 1+(/x+1)2 2Jx+1 1+x+1 2Jx+1 2+
3. y=sec™"3x
Sol.: W _ 3 1

dX  [3xly(3x)F 1 |xVOx* 1

4. y=xsin"'3x
Sol.: Q:X*L+sin‘l3x*lz +sin™3x
dx 1—(3x)? 1-9x?
5. y?sinx+y=arctany
Sol.: 2y.y'sinx+y®cosx+y= y .
l+y
N . 1 9
y (2ysinx+1- 5) =—Y° COS X
1+y
: 2 2y
y\(2ysm X(1+y )er(1+y ) 1):—y2 05 X
1+y
L2ysinx+2y®sinx+1+y* -1
e y . Y =3y —y?cosx
1+y
—y?cosx(l+y?*)  —ycosx(L+y?)

- 2ysinx+2y3sinx+y?  2sinx+2y?sinx+y
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