syllabus

Area of Surface of Revolution:

If the function y=f(x) > 0 is continuously differentiable on [a, b], the area of
the surface generated by revolving the curve y=f(x) about the x-axis is calculated as
following:

The surface area of typical cylinder is dS=2ar.dL

dL will be calculated from one of the following three relations:
2
. szJlJ{ﬂ} .ax
dx
2
i dL= 1+(—Xj dy
dy

2 2
ii. dL = (ﬂj +(%j dt
dt dt

r or p is the radius of the typical cylinder: (As in this case when the curve is rotated

o

about x-axis), then

r=y=f(x)

b
So the surface area: S = jds - j 27.rdL

If we represent dL by the first equation, then:

S :Z[Zn.y.‘/H(%) .dx:ijmf(x). 1+[f (X)) .dx ----(1)

When the same area is rotated about y-axis then:
r=x

The surface area is

S= jb[27r.x. 1+[ (X)) .dx ----(2)

Note: We can use this expression instead of equation (1) in case of the curve is
expressed as x=f(y)
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S= jz;zy /1{ de jZﬁy1/1+[f (y)I dy --(3)

and this expression instead of equation (2) in case of the curve is expressed as x=f(y)

S= jznx /1+[ jdy jz;zf(y),/1+[f (Y)I dy ----(4)

If the curve is expressed as parametric equation such:
X=X(t), y=y(t) a<t<bh

and % dx are both continuous in above interval then the area of surface area

dt ' dt
generated by revolving this curve

I.about x-axis is

S= izn.y(t)\/(g—i’jz + (%)2 dt ----(5)

i. about y-axis is

szizn.x(t)\/(%j [3:) dt ----(6)

Or in general from short differential form

S =[ds =[2r.pdL

Where dL = /dx® + dy?

and p: is the radius from axis of revolution to an

A
\"

element of arc-length dL. If axis of rotation is
e x=kthen p=x-k -

o y=kthen p=y-k
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Example 1: Find the area of the surface generated by revolving the curve y=2Vx,
1< x <2 about x-axis.
Sol.: dS=2zr.dL
where r=y=2Vx
and dL = y/1+[ f (x)]>.dx

£(x) = 2*%x”2 1

Ix

dS = 27(2vX)1+[ f ()] .dx

_4nvx 1+[%]2 dx = 4zvx 1+%.dx
X

(x+1)%[

/ 2
= 47+Jx \);irl.dx:4m/x+1.dx > .-.3=jd3=j4m/x+1.dx=4n
X 1

:8?”[(2“)3/2 —(1+1)**1~19.836 square units

32 |,

Example 2: Find the area of the surface generated by revolving the portion of the

curve y=x? between x=1 and x=2 about y-

y
axis. s @9
Sol.: dS=2zr.dL 3t
where r=x Al
and dL = 1+[f (x)]* .dx it
y=x* = F(x)=2x N -

s 0L = (/14 (2x)%.dx = V1 + 4x°.dx

2 2432 |2
~8 =[5 = [27x/1+ 4x% ok = 2af> LX)
1 8 32

1

2
=%(1+ 4x2)¥*

= %[(1+ 4%2%)92 _ (14 4*12)%?]

1
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= %[173/2 —5¥2]1~30.85square units.

Another solution: Use x=f(y)

1
y=X*= x=.y = dy =

2 2
_ (%j I O
dy 2y | 4y
/4
dL = /1+ dx dy— /1+—dy 41; dy= y+

The limits of integration:

When x=1 = y=(1)’=1  and when x=2 = y=(2)*=4
~s=[ds= jz xV Lay- jz[“jﬁl

4 32|t
= [z.Jay +1dy= n*% (43’3;21) = %[(4*4+1)3/2 —(4*1+2)%]
1

= %[173/2 —5%21~30.58 square units.

Example 3: The line segment x =1-y, 0 <y < 1, is revolve about x = -1 to generate

truncated cone. Find its lateral surface area

y
(which excludes the top and base areas). 1
Sol.: dS=2zrdL

r=x-k =x-(-1) = x+1

> x=1-y
dL = 1+(d—yj .ax
dx
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2
= 1+(ﬂj —14(-1)? =141=2
dx

y
cdL =+2.dx RN
r=x+1
S0 dS = 27rdL = 272(x +1)v/2dx )
g
Wheny=0 = x=1-0=1 >//$\
y=1 = x=1-1=0 -1 SRR RN
. . -2 ' =
, — |
.'.S=IdS=2\/§7r_[(x+1).dx=2\/§7{%+x} L pleX
0 0 29 '1“

= Zﬁﬂ{(z +1j - [0—2 + oﬂ = 2«/@{% = 32z square units
2 2 2

Example 4: Find the area of the surface generated by revolving the parametric

curve x=cos’t, y=sin’t, 0 <t < /2 about y-axis.
Sol.: dS=27p.dL

where p=x=cos’t

2 2
and dL = \/dx? + dy? =\/(—Xj +(d—yj dt dL

dt dt

2
X =Cos’t = %z—Zcostsint = (%) = 4cos’tsin’t il

2
y=sin’t = %:Zsintcost = (%) =4sin®*tcos’t

dL = +/8sin® cos®t.dt = 2+/2 sint cost.dt

7/2 z/2
S :IdS = IZﬂcoszt(Zﬁsintcost)dt = I4J§ﬂcos3tsint.dt
0 0

/2

=—4/2r = —/27[cos* % —cos* 0] =—/27{(0) 1] = /27 square units.

cos*t
4

0
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Homework:

1. Find the area of surfaces generated by revolving the curves indicated below

about x-axis.

3
a. y:% 0<x<2 b. y=v2x-x° 0<x<2
C. yzg 0<x<4 d. y=+/x+1 1<x<5

2. Find the area of surfaces generated by revolving the curves indicated below

about y-axis:
y’ 1

a Xx=-= 0<y<1 b. x=42y-1 —<y<1
3 2

C. x=2y-1 1<y<3

3. Find the area of surfaces generated by revolving the curves indicated below

about the stated axis:

a. y=7x, 0 <x <1 about y=2. b.y= Jx , 1 £x <4 about x-axis.

C. y=v4-x* -1<x<I1aboutx-axis. d.x=3/y,1<y<8 aboutx-axis.

e. X=9y+1,0<y<2 about x=-1. f. Xx=4/9-Yy%, -2 <y <2 about y-axis.
g x=Yy>, 0<y<1 about y-axis. h. x=2,1-y,-1<y <0 about y-axis.
i. x=t%, y=2t, 0 < t < 4 about x-axis. J. X=r cost, y=r sint, 0 <t < zrabout x-axis.

k. x=ag-a sing, y=a-a cose, 0 < ¢ <27 about x-axis.
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