syllabus

. Length of Plane Curves:

I. Suppose that y=f(x) is a smooth curve on the interval [a, b], then:

(Ayk )2 ]
(4%)*

L =\/(Axk)2 +(AYk)2 =\/(Axk)2[1+

- [1+[ix ] 1.(Ax,)

Whenn—->ox = Ax—0

Ax—0

So ..L=lim Z [1+£AXJ 1.(Ax,)

Remember that I|m

Ax—0 AXk

=13

L= VI (0 dx = | 1+(%) dx (1)

Ii. Suppose that x=f(y) is a continuous from y=c to y=d, then the arc-length of the

curve is:

L= [P (Fay = | 1+(j—§] dy )

iii. If the curve is represented by a parametric equations:

dy

x=x(t), y=y(t) and a < <p and if 3): t are continuous functions on a<

t <b, then the arc-length of the curve is:
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L= T\/(%j +[%j dt —@3)

Example 1: Find the length of the curve

y=¥x3/2—1; 0<x<1,

Sol.: We use equation (1) with a=0 and b=1, and

- W2 0 4
3
ﬂ=§*ﬂxy2 = 2/2x¥2
dx 2 3
2
[%) =(2\/§x]/2)2 =8X.
X

The length of the curve from x=0to x=1 is
b d 2 1
L :I 1+(_y) dx = J.«/l+8xdx
a dX 0

1

17 T8 1 (1+8x)%?
== [J1+8x8dx==. ="
8-([ 8 32

0

:é.[(1+8*1)3/2 _(1+8*0)3/2] :% unlt Iength

2/3
Example 2: Find the length of the curve y {%) from x=0 to x=2.

Sol.: The derivative:

dy _ z(zj” W 1(1)”
dx 3\2 2 3.2

Is not defined at x=0, so we can not find the curve's length with equation (1).

We therefore rewrite the equation to express x in term of y (x=f(y)):
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X 2/3
yz(z} = y¥?=2 = x=2y¥
Note that when x=0 = y=0
and x=1 = y=1 v
from this we see that the curve whose length we v @w 0=y =2
- - '

want is also the graph x =2y*? from y=0to y=1

The derivative

dX Z*EyJ/Z :3y]/2 0 ! 2
dy 2

Is continuous from y=0 to y=1. We may therefore us equation (2) to find the

curve's length:
2
L= i 1{3—;} dy = Jl‘\/1+(3yj/2)2dy
c 0

_I/1 90|_&y)3/2

9 32

0

_ 2_27[((1+9*1)3/2) —(1+9%0)**)]

_ 2_27(10\/5—1) ~2.27 unit length.

Example 3: Find the length of the circle of radius r defined parametrically by
x=rcost and y=rsint 0<t<2m
Sol.: As the curve is defined by parametric equation, we use equation (3) to find the

length of the curve

‘IJ(‘S?) [dtjz o

2
We find % =-rsint = (%) = (~rsint)’ = r’sin’t

dt
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2
dy _ rcost — (d_y) =(rcost)’ = r?cos’t
dt dt
2 2
and (%j +(ﬂ] =r?sin’t+r?cos’t
dt dt

=r?(sin*t+cos’t) = r.
2 2r
wL=[Jridt=[rdt=rt”
0 0

=r(27-0) =2z.r unit length.

Example 4: Find the length of the curve
X=C0s’t, y=sin’, 0<t<2r

Sol.: Because the curve's symmetry with respect to

.‘.

coordinate axes, its length is four times the length

of the first quadrant portion. We have

X=C0st, y=sin’t

2
(%) =[3cos* t.(-sint))*> =9cos* tsin’t

2
(%) =[3sin?t.cost]? = 9sin* tcos® t -IF

dx\? (dy)’ CTUSNCIP 2
— | +| = :\/Qsm tcos” t(sin“t+ cos”t)
dt dt

=+9sin*tcos’t =[3sintcost|
=3sintcost (because sint.cost >0 for 0 <t< #/2)

Therefore: The Length of the first quadrant portion= L”/Zscostsint.dt

7/2

= § jsin 2t.dt = —§cos 2t
2 4

72'/2_§

0
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The length of the curve is four times this: 4(3/2)= 6 unit length.

Homework: Find the length of the following curves:

1. exy=x* +3 fromx=1tox=2.

2. x=(y}/3) + 1/(4y) fromy=1toy=3. (Hint: 1 + (dx/dy)? is a perfect square.)
3. x=(¥1R) -y fromy=1toy=0. (Hint: 1 + (dx/dy)? is a perfect square.)
4. x=(y*4) + 1/8y") fromy=1toy=2.  (Hint: 1 + (dy/dx)* is a perfect square.)
5. x=(y/6) + 1/(2y) fromy=2toy=3. (Hint: 1 + (dy/dx)? is a perfect square.)
6. x=co0s20 : y=sin260 0<0< 2.

7. x=t—cost, y=1+sint -<t<nm
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