syllabus

Volume of Solids of Revolution:

The Solid generated by rotating a plane region about an axis in its plane is called a
solid of revolution. We will use the following methods to find this volume
a. The Disk Method (The strip is perpendicular to the axis of revolution):
I. Rotation about x-axis: The volume of the solid generated by revolving the
region between the graph of continuous function y=f(x) and the x-axis from x=a

to x=b about the x-axis is

dV = z.(radius)? (thickness) = z.y?dx = z,( f (x))’ dx

Volume= jdv = T:z(radius)zdx = Tﬂ(f (X)) dx

y=f(x)" radius=y=f(x)

radius=y=f(x) Disk

]

(b)

Ii. Rotation about y-axis: If the region bounded between the continuous function
x=f(y) and y-axis is rotated about y-axis from y=c to y=d to generate a solid,
then the volume of the solid is:

dV = z.(radius)? (thickness) = z.x?dy = z.(f (y) ' dy

Volume = [dv :iﬁ(radius)zdy = j‘ﬂ'(f (y)) dy.
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dy #

radius=x=f(y) ]

P

0 radius=x=f(y)

TR x

Example 1: The region between the curvey=+/x, 0 < x < 4, and the x-axis is
revolved about the x-axis to
generate a solid. Find its volume.

Sol.: We draw figures showing the region, the

typical radius and the generated solid. The

volume of the disk is

dV = z.(radius)? (thickness) = 7.r° t
Where r=y=f(x)=+/x and t =dx y
~dV = 7(v/x)?dx = z.x.dx

So the volume of the solid is

2[4

Vv =.[dV =':f7r.x.dx=7rx?

0
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Example 2: The circle x* + y* = a? is
rotated about the x-axis
to generate a sphere.
Find its volume.

Sol.: We imagine a sphere cut into

thin  slices Dby planes
perpendicular to the x-axis.

The volume of a typical slice

at point x between a and -a is
dV = 7z.r’t = z.y’dx = 7(a® — x*)dx
Therefore the volume is
V= Idv = jn(az —x?)dx = 2_[7z(a2 —x%)dx
-a 0

3
= 27z'(a2X—X—) = ﬂ7r.a
37, 3

3

Example 3: Find the volume of the solid generated by revolving the region
bounded by y = v/x and the lines y=1, x=4 about the line y=1.
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Sol.: We draw figures showing the region,
the typical radius and the generated

solid. The volume of the disk is

dV = z.(radius)?(thickness) = z.r’ t

Where r=y-1=+x-1 and t = dx
~dV = z(v/x —1)%dx

So the volume of the solid is

Vv =[adv :jﬂ&—l)%jx:fz(x-zﬁﬂ

4

x> 2x%¥?
=rx(—- + X)
2 32
4% 4*432 12 4*192
=7rl(—- +4)—(=- +1
z[( > 3 ) (2 3 )]

7 .
- ?” cubic units

Example 4: Find the volume of the solid generated by
revolving the region between the y-axis and the
curve x=2/y, 1 <y <4, about y-axis.

Sol.: We draw figures showing the region, the typical radius

and the generated solid. The volume of the disk is

dV = 7.(radius)? (thickness) = z.r* t

Where r:x:g and t =dy
y

LV = 2(3)dy = P ay
y y

So the volume of the solid is

Mathematics
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1 y y 1
1,1 3
=4n[-=—(-= =4r*>
iy 4 v or =3-0%4 D)
1 =2 —y? G-L_:*
=3z cubic units Vil \ | a3
Example 5: Find the volume of the solid generated = e y dy
by revolving the region between the 5 ,{:_. 3 :
parabola x = y* + 1 and the line x = 3, T
R 1 T (EV)
about x = 3.
Sol.: We draw figures showing the region, the $ 1 sy .,
typical radius and the generated solid. Note ~ V2F \ -1
. ) i dy
that the cross-sections are perpendicular to
| | |
the line x = 3. The volume of the disk is o TR ? 3

dV = z.(radius)? (thickness) = z.r’.t R B
Where r=3-x=3-(y*+1)=2-y* and t =dy
S dV =7(2-y?)?dy

So the volume of the solid is
J2

V=[dv = [z(2-y*)dy
7z

V2

5
_[ (4—4y*+y*)dy = 2_[7:(4 4y? +y*)dy —27r(4y—§y +y5)
5

=27[(4\2 —%(ﬁ)s + N%)S) —(0)] = # cubic units

b. The Washer Method (The strip is perpendicular to the axis of
revolution):
If the region we revolved to generate a solid does not border on or cross the

axis of revolution, the solid has a hole in it. The cross-sections perpendicular to the
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axis of revolution are washers instead of disks. The dimensions of a typical washer

are
Outer radius: R
) —R
Inner radius: r Namnd
|
Thickness: t : lt
|
The washer's volume is: dv=z[R*-r’] t 5
a.o.r

I. Rotation about x-axis:
If a region bounded by curves with equations y=f(x), y=g(x), x=a, and x=b,
where fand g are continuous and f(x) > g(x) for a <y <5 Is rotated about x-axis then,

R=yr=f(x), r=yg=g(x) and t=dx

V = [dV = [#{R* —r*}dx = [ 2{(y;)* = (¥s) }dx = [ #{[ f ()T ~[9 ()]}

Washer

Ii. Rotation about y-axis:
If a region bounded by curves with equations x=f(y), x=g(y), y=c, and y=d,
where fand g are continuous and f(y) > g(y) for ¢ <y <d is rotated about y-axis then,
R=xr=f(y), r=x.=g(y) and t=dy;

and the volume of the solid:

V=[dv =["HR ¥y = [ #{(x.)* — (x )3y = [ #{[ f ()] ~[g(¥)*}dy
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,_
A1)
LA N

| r=x=9() % R=xz=f(y)
R=xr=1(y) ‘ /
U —
- r:yT "{ _d
5 =9(y) /
£
=T Y
:
- » X
0

Example 6: The region bounded by the curve y =x* + 1 and the line y = x + 3 is
revolved about the x-axis to generate a solid. Find its volume.
Sol.:
1. Draw the region and sketch a strip across it 25
perpendicular to the axis of revolution. F£=—~:% % J 43
2. Find the outer and the inner radii of the washer ‘ rT=1+1>\ Sa1.2
that would be swept out by the strip if it were _7L.. Sy=x+l

Interval of
integration

revolved about the x-axis along with the region.
These radii are the distance of the ends of the strip from the axis of
revolution.

Outer radius: R=yr=-x + 3

Inner radius: r=yg=x*+ 1
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3. Find the limits of integration by finding the x-coordinate of the intersection
points of the curve and line (PUt Yeurve = Yiine)-

X +1=-x+3

X +x-2=0
x+2)(x-1)=0
Either X=-2 = y=5
or x=1 = y=2 y

4. Find the washer's volume
dv =z [R* -] t
where R=y; = -x + 3, r=yg = x* + 1 and t=dx
S.dV= z[(x + 3)? — (% + 1)7] dx
= 7 [X*-6x + 9— (x* + 2x% + 1)] dx

= [ 8-6x-x*x"] dx

1 Washer cross section
5. Evaluate the volume integral e
Inner radius: . = x2 + |

Y, =IdV = Jl.71(8—6x—x2 —x*)dx
)

2 3 5
= ex =2 X X0 1T G bic units.
2 3 5 5

-2

Example 7: Repeat Example 6 but here rotate about the line y=1

Sol.:
1. Draw the region and sketch a strip across it e il A
perpendicular to the axis of revolution. - y¢ | z>/@5) R=Y nctnes ine-Yhorzonat e
2. Find the outer and the inner radii of the Lt Fo=t

washer that would be swept out by the strip.
These radii are the distance of the ends of the

strip from the axis of revolution.

OUter radius: R:y inclined line~Y horizontal line

1’2) R:y inclined line=Yhorizontal line

vy=1

l‘=y curve‘yhorizomal line

\4=

I
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=(-x + 3)-(1) = -x + 3-1=-x+2
Inner radius: r=yeyrve Y horizontal line
=(x*+1) (1) =x°
3. Find the limits of integration: from previous example the limit of
integration are fromx=-2tox=1
4. Find the washer's volume
dv = z[R* -] t
where R= 2- x, r= x* and t=dx
SdV= z[(2-x )% = (k)] dx
= 7[4 - 4x - X*- x*)] dx
5. Evaluate the volume integral

\Y :Idv = _l[iz(4—4x—x2—x4)dx
22

2 3 5 |
=7r(4x—4i—x——x—) _ e cubic units.
2 3 5 5

-2

Example 8: The region bounded by the parabola y =x* and the line y = 2x is

revolved about the y-axis to generate a solid. Find the volume of the

solid.
. v
Sol.: First we draw the 1
region and draw a strip T Ry
. . 24
across it perpendicular 4
- . ¥
to the axis of revolution = | | =3
(the y-axis). The radii 2 |} dy
g _ y=12xar
E =3
Mathematics A y=xtor
x= \«f\_
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of washer swept out by the strip are R=x; :\/V and r=x_=y/2 but its

thickness is t=dy
The line and parabola intersect at y = 0 and y = 4, so the limits of integration

are c = 0and d = 4. We integrate to find the volume:

dV = 2[R? — ]t = 2[(\Jy)? - (y/ 2)1dy = #[y —VT]dy

4
Y =jdv =£n[y——]dy_ [y?_ﬁ] =§7z cubic units

Homework:
1. use the disk method to find the volumes of the solids generated by revolving

the given lines and curves about the given axis of rotation (a.0.r)
a. The region bounded by:y =+9-x* and y=0 about x-axis.

b. The region bounded by: y=x*, y=0and x=2 about x-axis.

c. The region bounded by:y=+/cosx, 0<x s% , y=0 and x=0 about x-axis.

d. The region bounded by:y —secx, y=0 x = —% ,and x = % about x-axis.

e. The region bounded by:x=,/4—-y , x=0, and y=0 about y-axis.

f. The region bounded by:x=1-y? and x=0 about y-axis.

g. The region bounded by:y x=0, y=0 and x=3 about y-axis.

2
S Ux+1'
2. Use the washer method to find the volume of the solids generated by
revolving about the given axis of rotation the regions bounded by the lines

and curves in the following exercises.
a. The region bounded by:y = x* + 3and y=4 about x-axis.

b. The region bounded by:y = x* + 3and y=x+3 about x-axis.
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c. The region bounded by:y =secx, —% < X s% and y =2 about x-axis.

d. The region bounded by:y = /x , and y=x about y-axis.
e. The region bounded by:y = x*, y=0 and x=2 about y-axis.
f. The region bounded by:y = v/x , y=2 and x=0 about y=4.

g. The region bounded by:y = /x , y=2 and x=0 about x=4.

1
J2

about y:i.

h. The region bounded by:y =sinx, 0<x<zandy = 7
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