syllabus

INTEGRATION

Integration process is the reverse of differentiation process.

1. Indefinite Integrals:

If % F)=f(x) or Fx)=f(x) then dF(x) = f (X).dx
Note: If f(x) is any function then F(x) is called the antiderivative of f(x).
j dF(x) = j f (x).dx
Butsince: d(F(X)+C)=dF(x) = f(x).dx
Hence: j f(x).dx = j d(F(x)+C)
J‘f(x).dx =F(x)+C
Where C: is called constant of integration,

and j f(x).dx: isindefinite integral of the function f(x) with respect to x.

Rules for indefinite integrals:

1. jdz)((x) dx=F(x)+C

N

d
. &Jf(x).dx: f(x)

n+l

w

. _[x”.dx= X

+C where n+-1
n+1

4, j k. f (x).dx =kj f (k).dx where k is constant (Does not work if k varies with x)

5. j[f (X)F g(x)].dx:j f (x).derjg(x).dx
6. jsin xdx=—cosx+C  or jsin u.du = —cosu +C where u is function of x.
1. Icosx.dx=sinx+C or .fcosu.du =sinu+C

8. J'secz xdx=tanx+C or Iseczu.du =tanu+C
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9. _[cscz xdx=—-cotx+C oOr .[QSCZu.dU =—cotu+C
10. Isecxtanx.dx:secx+Cor Isecutanu.du =secu+C

11. fcscxcotx.dx:—cscx+C or Icscucotu.du:—cscu+C

Examples: Evaluate the following integrals.

6

l.ij.dx=X—+C
6
2. Isin 2x.dx
Sol.: let u=2x = du=2dx = dx=du/2
jsin 2x.0dx = Isinu.d—u =1(—cosu)+C _TO0S2X ¢
2 2
3. J'cosﬁ.dx
2
) X dx
SOI Iet UZE = dU=7 jd dX:2dU

fcosg.dx = jcos u.(2du) = ZIcosu.du =2sinu+C = 25in§+c

4, _[(x +5)°.dx

Sol.: let Uu=x+5 = du=dx

6

6
Jus.du :%+C _ Y o

6
5. J'\/4x—1.dx
Sol.: let u=4x-1 = du=4dx = dx:c{Tu
32
ju”z.d—u=1u—+c=£u3/2+C=1u3/2+C:1(4x_1)3/2+C
4 432 12 6 6

6. jcos(7x+5).dx

Sol.: let u=7x+5 = du=7dx = dx:dTu
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Icosu.d—u = 1sinu +C= 1sin(7x+5)+C
7 7 7

7. fxz sin x®.dx

Sol.: let u=x* = du=3x%dx = xzdxzd?”
3
sinu.d—u _ZC0SU o _ZCOSX ¢
3 3 3
1
8. .ax
-[cos2 2X
1
Sol.: dx = | sec? 2x.dx
J.c0522x I
du
let u=2x = du=2dx = dx:7

jseczu.d—u =ltanu +C =1tan2x+C
2 2 2
Q. I(xz +2x—3)%(x+1).dx

Sol.:let u=x*+2x-3 = du=(2x+2)dx=2(x+1)dx = (x+1)dx=d?u

3

3
qu.d—u LU c-Yc
2 3 6

2 _m\3
_(x +26x 3) L

10. jsin“ X cos X.dx

Sol.:let u=sinx = du=cosx.dx

sin® x
5

+C

5
Iu“.du Y ic-=
5

2zdz
Y22 +1

Sol.:let u=z*+1 = du=2zdz

11 |

23

J.d—us =J'u*]/3.du LS NEEIV =§(z2 +1)%*+C
u¥ 2/3 2 2

Another solution:
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let u=Vz2’+1 = u*=7>+1 = 3u’du=2zdz

3u?

IZZdZ ISu du '|.3u.du:7+C (22+1)2/3+C

3\’/2 +1 u

12. I tan xsec? x.dx

Sol.:let u=tanx = du=sec? x.dx

2 2
Iu.du:u—+C:tan X+C
2 2

Another solution:
let u=secx = du=secxtanx.dx

sec’ X
2

2
jtan xsec? x.dx = jsec x(sec x tan xdx) = J'u.du = u? +C=

13. I3X2\/ x® +1.dx

Sol.:let u=x*+1 = du=23x%dx

+C

jfﬂu—55+c_.(x+nw+c

Another solution:

let u’=x*+1 = 2udu=3x%dx

3
Iu*Zudu = '|.2u2.du 2% ¢ :E(x3’+1)3/2 +C
3 3
2
14, [X22X gy
X~ +2Xx+1
Sol.: When the degree of numerator is equal or greater than the

degree of denominator, use long division to simplify the

problem.
J‘ X2+2X J‘( j I
x2+2x+1 X2 +2x+1 (x+1)
__[1 (x+1)~ )dx X— (X+1) sz+i+c_x+—x+1 C
X+1 X+1
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1+ x)?

15. | N
I(1+x) dx _J.1+2x+x

.dx

X2 4 2x¥2 + x3/2)1|x

1 2x x°
dx :I(ﬁ+ﬁ+ﬁjdxzj(

12 32 5/2
DS S ST P LIS EE VNG
V2 32 52 3" 5

The Integrals of sin’x and cos®x:

N ... . 1-cos 2x 1+ cos 2x
use the following identities:  |sin®x = — cos? x = 5

16. jsm x.dx = _[1 COSZXd —j dx —jcoszxd

+C

_ X _1{sin2x LCo X sin2x
2 20 2 2 4

1+cos4xOI _I dx J-cos4xdx

17. Icos 2x.dx = J'

:§+1 sin4x +Czz_sm4x+c
2 2 4 2 8

Solving Initial Value Problems with Indefinite Integrals

The problem of finding a function y of x when we know its derivative

% = f(x) and its value y, at a particular point x, is called initial value problem.

So, if %=f(x) ~ dy = f(x).dx

and [dy = [ f(x).dx
~y=F®x)+C where F(x) is the antiderivative of f(x)

In this case y,=F(x,)+C = C=y,-F(x) and y=F(X)+(y,-F(x,))

Mathematics



syllabus

Note: An equation Iike%: f(x), that has a derivative in it, is called Differential
X

Equation (D.E.).

A more complicated differential equation might involve y as well as x:

dy = 2xy? first order D.E.
dx
d’y , dy

-2 4+5y®=3 second order D.E.
dx? dx

dg OIy+y =x* third order D.E.
dx*  dx

Example 1: The velocity v(t) of a body falling from rest in a vacuum near the
surface of the earth satisfies

Differential equation: % =9.8 (the acceleration is 9.8 m/sec?)

Initial condition: v=0 when t=0 (the velocity is zero at start)

Find v as a function of t.

Sol.: We find the general D.E. by integrating both sides of it with respect to t:

—%—98 (D.E.)

jﬂdt =[98 dt  (integral equation)

v+C, =9.8t+C,

v=9.8t+C,-C,

v=9.8t+C (where C=C,-C,) (general solution)
To find C use the boundary conditions: v=0 when t=0.

0=98*0+C = C=0

~v=98t+0 = v=938t

Example 2: Solve the following initial value problem for y as a function of x:
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d’y

Differential equation: —- =6x—2
X

Initial conditions (or boundary conditions): % =0 and y=10 when x=1

d’y

Sol.:D.E. <Y =6x-2

Integrate both sides:

2 2
J.zxzdx:_[(6x—2)dx > %:%—2x+q:3x2—2x+q

We apply the first initial condition to find C; [% =0when x=1]
0=31)*-2)+C, = C,=-1

This completes the formula forj—i ;

% =3x*-2x-1  also integrate both sides:

j%dx=j(3x2—2x—1)jx > y=x"-x*-x+C,

We apply the second initial condition to find c, [y=10 when x=1]
10=1)°-1)?-0+C, = C,=11

This completes the formula for y as a function of x.
y=x-x*—x+11

Example 3: Evaluate the general solution of the following differential equations:

dy
L dx_X\N

Sol.: Separate the variables:

1d -
L Integrate both sides.
Jy dx

'[ L dy dx ='[x2dx

Jy dx
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X3 2 C
y={—+c} where C=—2
6 2
2 ﬂ X+1
dx y—-1

Sol.: y-1ldy=+x+Ldx
.f,/y —1ldy= j«/x+1.dx

(=" _ (c+)*

+C
3/2 3/2 '

(y—1)3/2 _ (X+1)3/2 +2C1 = y= [(X+1)3/2 +C]2/3 +1 where C zg(:l

d
=1+ X+y+xy

3 %
" dx

Sol.: dy JI+x+yl+x) = %: L+x)1+y) = %=\/1+x.,/1+y
X

&:

dy =J1+xdX = f dy =J.\/1+x.dx — zﬂzg(ler)s/erCl
Ji+y 1+y 3
2

2
1+y:{%(1+x)3/2+%} = y=[%(1+x)3/2+c} -1 where C:%

Homework:
I. Evaluate the following integrals:

1. x X—3] 2. or'dr 3. _
I(2+3 > I\/l—rS Izﬁ(uﬁ)z

x.dx Y 2
4, J'm 5. I(1+y) 2dy 6. _[sec (X +2)dx
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7. _[\/tanxsecz x.dx 8. Isecz(zjdx 9. jﬂdt

v5—4cost
10, [—25% g« 11. |3cos?® xsin x.dx 12. | (L—sin 2t)*? cos 2t.dt
-[\/2 +5sin X I I( )
13. I S':]/_;/; dx 14. jtanz xsec? x.dx 15. I csc? 26 cot 20.d0

16 dex 17 1+sin?(x—1).sin(x —1) cos(x —1)dx
Vo - [1+sin® (x—1).sin(x 1) cos(x~1)

I1. Solve the following initial value problems:

Differential equation Initial conditions
d
1. d—i =3Jx y=4 when x=9
d .
2. d—i = —m sin 7x y=0 when x=0
dy 1
— ==secxtanx = =
3. 2 y=1 when x=0
d?y 2 dy
R A -~ =1 and y=1 when x=1
4 dx*  x° dx y "
3 2
5. d—¥:6 dzy:—8,ﬂ=0 and y=5 when x=0
dx d“x dx

I1l. A particle moves along a coordinate line with acceleration (

2
a= % =15+t —3/4/t), subject to conditions that % =4 and s=0 when t=1.

Find (a) the velocity (v = %) in terms of t.

(b) the position (s) in terms of t.

IVV.  The standard equation for free fall near the surface of every planet

s(t) = % gt® +Vv t+s,
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Where s(t) is the body's position on the line of fall, g is the planet (constant)

acceleration of gravity, v, is the body's initial velocity and s, is the body's

Initial position.

Derive this equation by solving the following initial value problem:

2
Differential equation: % =g,
Initial conditions: % =v, and s=s, when t=0.
V.  Show that:
1. I(cosx—sinx)zdx:x+COSZX+C 2. I ox :l_(_:OSBX
1+cos3x  3sin3x
6
3. jtan5 x.sec? xdx = X | ¢ 4, j a__ 2(tanl +sec£) +C
t 2 2

1-sin—
2

VI.  Evaluate the indefinite integrals:

1. J' sec2x.tan 2x.dx

3. I 3/tan x.sec’ x.dx

2. Isecz(xz +2).2x.dx

4, Isin“ X.C0s X.dx
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