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Continuous Functions:
DEFINITION:

- Continuity at interior points:

A function y=f(x) is continuous at an interior point c of its domain if:

im f = f(c
lem (x) = f(c) oo, o - +o0
C

a

- Continuity at end-points:
A function y=f (x) is continuous at a left end-point a of its domain if:
lim f(x)=f(a)

x—a*

A function y=f(x) is continuous at a right end-point b of its domain if:
lim f(x) = f(b)

x—b~

Continuous Functions:

A function is continuous if it is continuous at each point of its domain.

Discontinuity at a point:

If a function f (x) is not continuous at a point ¢, we say that f (x) is
discontinuous at ¢ and call ¢ a point of discontinuity of f (x).
The Continuity Test

The function y=f(x) is continuous at x=c if and only if the following

statements are true:-
1. f(c)exists (c lies in the domain of f).

2. lim f(x) exists (f has a limit as x—c).

X—C

3. lim f(x) = f(c) (the limit equals the function value).

Examplel: Discuss the continuity conditions of the function f(x) which shown in
figure at x=0, x=1, x=2, x=3, x=1.5 and x=4.
-at x=0 (left end-point) ¥
f(0)=1 v =flx)
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lim f(x)=1

x—0"

~lim ) = f(0)=1

x—0*

So it is continuous at the left end-point (x=0).
-at x=1 (interior point)

f(1)=1

lim f(x)=0

x—1"

lim f(x) =1

x—1*

- lim f(x) does not exist, because the right-hand and left-hand limits are not

x—1
equal.
So it is discontinuous at x=1.

-at x=2 (interior point)
f(2) =2
lim f(x)=1

X—2"

lim f() =1

x—2"

sdim f(x) =1

X—2

Sim F() = £(2)

X—2

So it is discontinuous at x=2.
-at x=3 (interior point)

f(3)=2

lim f(x)=2

X—3"

lim f(x)=2

x—3"

~lim f() =2

X—3

“lim f(9=1@)=2

Mathematics



syllabus

So it is continuous at x=3.
-at x=1.5 (interior point)

f(1.5) =1

lim f(x)=1

x—1.5"

lim f(x)=1

x—1.5"

~lim 0 =1

x—1.5

~lim f() = f(L5) =1

x5
So it is continuous at x=1.5.
-at x=4 (right end-point)
f(4) = 0.5
lim f(x)=1

X—>4~

Sim f(x) = f(4)

X—4"
So it is discontinuous at right-end point (x=4).

Example2: Determine weather the following

functions are continuous at x=27

@4

x?—4

1.f(x) =

X—2

Sol.: f(2) is not found (2 ¢ D, )

So the function is discontinuous at x=2.

X’ -4 5
2.f(X)= X—2 X7 4 (24
3 X=2 ; 63
Sol.: f(2)=3
2
im X =2 _im $=DE*2) 00404
x>2 X —2 x—2 X—2 x—2
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s (2 = Iin; f(X)

So the function is discontinuous at x=2.

(2,4
x?—4 5
3. f()=4%_2 *7
4 X=2
Sol.: f(2)=4
2_
im 24=4 4
X—>. X—

- 1(2)=lim £ (x)

So the function is continuous at x=2.
Examplel: Test the continuity of the following function at x=1:
x> x<1
f0=1% 21
2
1

Sol.: =7

. . 1
lim £ () = limx® =@ =1, hnqu(x)zhmfz—
x—1" x—=1" X!

x—1"
lim £ (x) Is not found (the left-hand and right-hand limits do not equal).
So the function is discontinuous at x=1.
Algebraic properties of continuous functions:

Theorem 1: If the functions f and g are continuous at c then:

a) f+g, f-g and f*g are continuous at x=c.

b) é Is continuous if g(c) = 0and is discontinuous x=c if g(c)=0.
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Theorem 2: If fis continuous at ¢ and g is continuous at f(c) then the composite g, f
IS continuous at c.
Theorem 3: Polynomials are continuous at every point.
[a X" +ax " +a,x" % +--]

Examples of continuous functions:

1. The function y =% IS continuous at every value of x except x=0.

2. The greatest integer function y=[x] is discontinuous at every integer.
3. The sine and cosine functions are continuous at every value of x.
4. Polynomials are continuous at every value of x.

For polynomials: legg f(x) = f(c)

5. Rational functions are continuous wherever they are defined.
6. The function y=|x| is continuous at every value of x.
Homework:

1. Test the continuity of the following functions at given points?

x> -1 -1<x<0
2X 0<xx<1
(@) fx= 1 x=1
-2X+4 l<x<?2
0 2<x<3

atx=-1,x=0,x=1,x=2and x = 3.

XZ

-4
(b) f(X)=matx=2andx:-3.

© { o

atx=3and x=-3
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X2+ X—2

f(x) =
(@) 100=".25

atx=1

2. Which the following statements are true or false of the function graphed here.

(a) lim f(x)=1
(c) lim f (x) =2
() lim f(x)=1
(9) lim f(x) = lim £(x)

(i) “”3'1 f(x) does not exist

(b) lim (x) does not exist ¥

(d) Iirp f(x)=2

y = f(x)

2F - ]

I
l

(f) lim £(x) does not exist \1 -

(h) |II’_T} f(x)=1

-1 0 1 2 3

() 'X"Q f(x) exists at every c in (-1,1)

(k) lim £ (x) exists at every c in (1,3)

3. Find the limits of the following functions:

(a) I|m| |

x—0" X

(d) lim[I]

(9) lim+/n®+n—-+/n’+10

(J) lim 1+sinXx
(m) Ilm[ ]
x-3" X

4. Use the sandwich theorem to find the following limits:

(a) lim smx

X—»00
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€) g 4+-x -1

x—0"

(h) lim X+SIn X
x—o X+ COS X

(k) lim X+Sin X

X—>00

(n) lim == X]

=3 X

(b) lim COS X

X—0

(c) lim[cos x]

(f) lim —5n+sinn
e 4n° +7Nn+6

X+sin X
1) lim
(1) x>0 2X+5

-5n-3
) lim=———=
(1) e 042N

(0) ILrE x—[x]



