syllabus

Right-hand limits and left-hand limits
The notation for the right-hand limit is
lim f () "The limit of f(x) as x approaches ¢ from the right"

The (+) is there to say that x
IC <+«— X “+o0

approaches c through values "0 .
From right

4

greater than c on the line

numbers.
The notation for the left-hand limit is
lim f(X) "The limit of f(x) as x approaches c¢ from the left"

X—>C~

The (-) is there to say that x

approaches c through values -0, X —>»C o0
From left

less than ¢ on the line
numbers.
Examples: The greatest integer function f(x) = [x] has difference right-hand and left-

hand limits at each integer. As we see in figure:

L limlx]=2 but  fim[x]1=1

x—2" x—2~

2. lim [x]=-1 but  [im [x]=-2

x—>-1* X——1"

While
3. lim [x]1=1 but  |im [x]=1
x—1.5" x—1.5"

One sided vs. two sided limits:

DEFINITION:
A function f(x) has a limit as x approaches c if and only if the right-hand

and left-hand limits at c exist and are equal. In symbol:
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lim f()=L < lim f(x)=L and [im f(x)=L

X—>C x—c* X—C~

Example: Discuss the limit properties of the
function f(x) which shown in figure.

@ atx=0 |im f(x)=1 i y=f0

x—0" “r ./\
lim f (x) does not exist (because the & o—
x—0"

function is not defined to the left of x=0) o 2 3 4

@ atx=1 |im f(x) =0 even though f(1) =1

x—1"

lim f(x) =1

x—1"

lim f(x) does not exist, because the right-hand and left-hand limits are

x—1

not equal.

@ atx=2 |im f(x) =1

X—2"

lim f() =1

x—2"

lim f(x) =1 even though f(2) = 2

X—2

@ atx=3 [im f(x)=2

X—3"

lim f(x)=2

x—3"

lim f(x)=1(3)=2

X—3

@ atx=4 |im f(x) =1 even though f(4) =05

X—4~

lim f (x) does not exist, because the function is not defined to the right of

x—>4*

X=4,
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Limit Involving Infinity:

It means that the limits include x —+oo Or X — —oo and  limf(x)=s OF limf(x)=-c0

Let y =% then

¥

You can get as high
1 .. . as you want by
1. ||m — =400 the ||m|t doeS not exit. taking x close enough
x-0* X to 0. No matter how
1 B high B'is.the graph
2. fim = = the limit does not exit. goes higher.
x—0~ X
1
1 N2+
3. lim==0 ror e »x
xin X \ " No matter how
low —B is. the
4. ||m 1 =0 graph goes lower.
x—=—w0 X You can get as low as| ¢ -8
. Lo . you want by taking
Examples: Find the limits of the following: x close enough to 0.

1
1. lim (5+—)—I|m 5+I|m;—5+0 5

X—0 X—»0 X—0

2.1 X i X/ X im 1 1 1
M xva MM Txvaix N 714 740 7

Note: In rational functions when x approaches infinity divide both the numerator

and denominator by the largest bower of x in the denominator.

22X -x+3 2%/ —x/X*+3/x* . 2-1Ux+3/x* 2-0+0 2
3. lim—=Z—=Iim 7T >— = lim = =
oo 3X°45 ow 33X/ X245/x oo 3+5/X 3+0 3
4. i 2 2—3 i X i X=X 4% the limit does not exit.
el xom  3X/X xow 3 3
. 5Xx+3 5x/x*+3/x> .. 5/x+3/x* 0-0 0
5. lim- 57— =Ilim 2/ ; / Ilm/ L =_=0
X 2X° =1 szx/ -Ux* 5w 2-1x  2-0 2

Summery for Rational Functions
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1m0 ~

X—>Fo00 g

X—>too g

f(x)

0 if deg(f) < deg(g)

b) lim 8 is finite  if deg(f)=deg(q)

¢) lim fg; is infinite  if deg(f) > deg(g)

SlnX
6. I|

Sol.: Remember

.1
lim-—=0

xowo X

sm X

X—)oo

.1
7. lim xsin=
X—>%0 X

Sol.:  Let x=%

—-1<sinx <1 divide the inequality by x yield

-1 sinx 1
< <
X X X
and Iim1=0

x—0 X

=0  (sandwich theorem)

= ==
X

When x > = z—>0

~lim lsin z=1

x>0 Z

8. lim VX +6x+1—x2 +x = (00— 0)

X—>00

Sol.: lim VX2 +6x+1—/x? + X

X—>0

VX% +6x+1+Vx2 +x
*

X% +6x+1+x2 +x

(P +6x+D)—(X*+x) . £ +6X+1— ¥ — X 5x+1

X—>°°\/x XL+ VXX 50 X 4 BX+1 /X + X H°<>\/x +BX+1+X% +x

=lim

5%/X +1/x B 5+0 5 5

—=25

won X2/ X+ 6x/xE +1/ %2 + X /xE +x/x2 V1+0+0++1+0 141 2

Homework: Find the limits of the following:
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. 2X+Xsin3x _ _ (2x-1)°
1. lim—————— 2. lim Vx+~/x —=/x 3.
M e 2wt im M Xz 2x—7)(¢ —9%)
. sin x . cos(l/x) .
4, 2+ —= 5. 6. =
lemo ( X IXILTJO 1/x) IXIDJO ||
o x
7. lim it
x>0 X
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