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Composition of Functions: 

Definition: If f and g are functions, the composite f o g "f composed with g"       or g 

o f  "g composed with f" are defined by: 

  (f o g)(x) =f (g(x))  and (g o f)(x) =g (f(x))  respectively.  

 

Examples 1: Find the formula for f(g(x)) and g(f(x)) if g(x) = x
2
 and f(x) =x-7, then find 

the value of f(g(2)) and g(f(2)) 

Sol.: a: For  f(g(x))=?, f(x) = x-7 

        f(g(x)) = (g(x))-7 = x
2
-7     f(g(2)) = 2

2
-7 = 4-7 = -3 

       b: For g(f(x))=?, g(x) = x
2
 

        g(f(x)) = (f(x))
2
 = (x-7)

2 
    g(f(2)) = (2-7)

2
= (-5)

2
= 25

 

Examples 2: If  f(x) =x
2
+1 and , find  

 a: (f o g)(x) and (g o f)(x)? 

 b: the domains of (f o g)(x) and (g o f)(x)? 

Sol.:    (f o g)(x)= f(g(x))    

  (go f)(x)=g(f(x))     

Examples 3: Finding formulas for composites: 

If   

(a) (f o g)(x)   (b) (g o f)(x)   (c) (f o f)(x)   (d) (g o g)(x) 

Sol.: 

     Composite Domain 

(a) (f o g)(x)  [-1, ) 

(b) (g o f)(x)  [0, ) 

(c) (f o f)(x)  [0, ) 

(d) (g o g)(x)  (-, ) 

Example 4: If  and , find each function and its domain 





xxg )(

  11)( 
2

 xxxf  }0:{  xxDD ggfo

1)1( 22  xxg  RDD ffgo


findxxgandxxf ,1)()( 

1)())((  xxgxgf

11)())((  xxfxfg

4
1

)())(( xxxfxff 

21)1(1)())((  xxxgxgg

xxf )( xxg  2)(



syllabus  

Mathematics 

(a) fog  (b) gof   c) fof  (d) gog 

Sol.:  

(a)   

The domain of  fog  ={x: 2-x ≥ 0}={x :x ≤ 2}=(-∞,2]. 

 (b)  

For  to be defined we must have x ≥ 0. For  to be defined we must have 

, that is, , or . Thus, we have 0 ≤ x ≤ 4, so the domain of  gof  

is the closed interval [0,4]. 

 (c)  

The domain of fof is [0,∞) 

 (d)  

This expression is defined when 2 – x ≥ 0, that is x ≤ 2, and . This 

latter inequality is equivalent to , or 2 – x ≤ 4, that is, x ≥ -2. Thus,        -2 ≤ 

x ≤ 2, so the domain of gog is the closed interval [-2,2]. 

 

Homework: Find (fog), (gof), (fof) and (gog) of the following functions: 

1. ;    . 

2. ;   . 

3. ;   . 

4. ;    . 

5. ;    . 

6. ;   . 

7. ;   . 

4 22)2())(())(( xxxfxgfxgfo 

xxgxfgxfgo  2)())(())((

x x2

02  x 2x 4x

4)())(())(( xxxfxffxffo 

xxgxggxggo  22)2())(())((

022  x

22  x

3)( xxf  3)( 2  xxg

23)( 2  xxf
23

1
)(

2 


x
xg

12)(  xxf 3)( 2  xxg

7)( xf 4)( xg

3)( xxf  3sin)(  xxg

x
xf




1

1
)( 3)( xxg 

xxxf  23)( 12)(  xxg
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8. If  and ; Find  

(a)    (b)    (c)    (d)   

5)(  xxf 3)( 2  xxg

))0((gf ))0(( fg ))5(( ff ))2((gg
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Graph of Functions (Graph of Curves): 

 To graph the curve of a function, we can follow the following steps: 

1. Find the domain and range of the function. 

2. Check the symmetry of the function 

3. Find (if any found) points of intersection with x-axis and y-axis. 

4. Choose some another points on the curve. 

5. Draw s smooth line through the above points. 

 

Symmetry Tests for Graphs: 

If f(x,y) = 0 is any function then: 

1. Symmetry about x-axis: If f(x,-y)= f(x,y) 

2. Symmetry about y-axis: If f(-x,y)=f(x,y) It is called an even function. 

3. Symmetry about the origin: If f(-x,-y)=f(x,y) It is called an odd function 

 

Examples 1: Check the symmetry of the graph of the following curves: 

1. y = f(x)=x
2
  

sol.:    f(x,y) = x
2
- y =0   

  (i) f(x,-y)= x
2
- (-y) =0   . f(x,-y)= x

2
+ y =0 ≠ f(x,y)  not o.k. 

(ii) f(-x,y)= (-x)
2
- y =0   . f(-x,y)= x

2
- y =0= f(x,y) o.k. 

(iii) f(-x,-y)= (-x)
2
-(-y)=0   . f(-x,-y)= x

2
+ y =0 ≠ f(x,y) not o.k. 

So the function has symmetry only about y-axis. It is called an even function. 

 

2. y= f(x)=x
3
  

Sol.    f(x,y) = x
3
- y =0   

  (i) f(x,-y)= x
3
- (-y) =0   . f(x,-y)= x

3
+ y =0 ≠ f(x,y)  not o.k. 

(ii) f(-x,y)= (-x)
3
- y =0   . f(-x,y)= -x

3
- y =0 ≠ f(x,y) not o.k. 

(iii) f(-x,-y)= (-x)
3
-(-y)=0   . f(-x,-y)= -x

3
+ y =0 (multiply by -1) 

 





 




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 f(-x,-y)= x
3
- y =0= f(x,y) o.k. 

So the function has symmetry only about the origin. It is called an odd function. 

3. x2 
=y

2
 + 4 

Sol.    f(x,y) = y
2
 –x

2
+4=0   

  (i) f(x,-y)= (-y)
2
 –x

2
+4=0   . f(x,-y)= y

2
 –x

2
+4=0= f(x,y) o.k. 

    (ii) f(-x,y)= y
2
 –(-x)

2
+4=0   . f(-x,y)= y

2
 –x

2
+4=0= f(x,y) o.k. 

   (iii) f(-x,-y)= (-y)
2
 –(-x)

2
+4=0  . f(-x,-y)= y

2
 –x

2
+4=0= f(x,y) o.k. 

So the function has symmetry about x-axis, y-axis and the origin.  

 

DEFINITIONS   Even Function, Odd Function 

A function y = f(x) is an 

   even function of x  if  f(-x) = f(x) symmetry about y-axis  

   odd function of x  if  f(-x) = -f(x) symmetry about origin  

for every x in the function's domain.  

 

Examples 2: Recognizing Even and Odd functions 

o f(x)= x
2 
Even function: (-x)

2
= x

2
 for all x; symmetry about y-axis. 

o f(x)= x
2
 + 1

 
Even function: (-x)

2
 +1= x

2
 +1 for all x; symmetry  about y-

axis. 

o f(x)= x 
 
Odd function: (-x)= x for all x; symmetry about the origin. 

o f(x)= x + 1
 

Not odd: f(-x)=-x+1, but -f(x)=-x-1. The two are not equal. 

Not even: f(-x)=-x+1, but f(x)=x+1. for all x ≠ 0. 

 

 

 

 



 




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Example 3: Sketch the graph of the curve y = f(x) = x
2
-1 

Sol.: Step 1: Find Df, Rf of the function? 

 Df=(-∞,∞);  

To find Rf : we must convert the function from y=f(x) into x=f(y). 

y = x
2
-1  x

2
= y+1  

So  y +1 ≥ 0  y ≥ -1   R=[-1,∞) 

Step 2: Find x and y intercept? 

To find x-intercept put y=0  x
2
-1=0  x

2
=±1  

So x-intercept are (-1,0) and (+1,0).  

To find y-intercept put x=0  y = 0-1  y = -1  

So y-intercept is (0,-1).  

Step 3: check the symmetry: 

  f(-x) = (-x)
2
-1= x

2
-1= f(x)  

  - f(x) =-(x
2
-1)= - x

2
+1≠ f(x)  

       So it is an even function ( it is symmetric 

about y-axis).  

Step 4: Choose some another point on the 

curve.  

x y 

2 3 

3 8 

 

Step 5: Draw smooth line through the above points. 

 1 yx 

 

 

 

-3 -2 -1 0 1 2 3

-2

-1

0

1

2

3

4

5

6

7

8

(-1,0)

(0,-1)

(1,0)
x

y

(2,3)

(3,8)
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Homework: Draw the following functions: 

1.    2.  

3.     4.  

5. ; for -3 ≤ x ≤ 3  6. ; for -2 ≤ x ≤ 2 

7.  

23)( 2  xxfy 122  yx

142  xy
3yx 

][xy  ][xxy 

xy  4
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Shifting, Shrinking and Stretching: 

 

 
 

 

 

Example 1: The graph of  is a 

reflection of  across the x-

axis, and  is a reflection 

across the y-axis. 

 

Example 2: Shift the graph of the function  

f(x) = x
2
 ; if Df={x: -2 ≤ x ≤ 3} and Rg={y: 0 ≤ y ≤ 9}. 

(a) one unit right.   (b) two units left. 

(c) one unit up.  (d) two units down. 

Sol.: (a) Shifting the function f(x) one unit right: 

xy 

xy 

xy 

Shift formulas: (for c > 0) 

Vertical shifts 

 y= f(x)+c or y-c= f(x) shifts the graph of f up by c units.  

 y= f(x)-c or y+c= f(x) shifts the graph of f down by c units. 

Horizontal shifts 

 y= f(x+c)    shifts the graph of f left by c units. 

 y= f(x-c)    shifts the graph of f right by c units. 

Shrinking, Stretching and Reflecting Formulas:  

(for c > 1)  

y=c f(x)  Stretches the graph of f c units along y-axis. 

  Shrinks the graph of f c units along y-axis. 

y= f(cx)  Shrinks the graph of f c units along x-axis. 

  Stretches the graph of f c units along x-axis. 

(for c = -1)  

 y=- f(x)   Reflects the graph of f across the x-axis. 

 y= f(-x)   Reflects the graph of f across the y-axis. 

)(
1

xf
c

y 

)(
c

x
fy 
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-2 -1 0 1 2 3 4 5

-2

-1

0

1

2

3

4

5

6

7

8

9

x

y

g(x)=f(x-1)

f(x)

-4 -3 -2 -1 0 1 2 3 4 5

-2

-1

0

1

2

3

4

5

6

7

8

9

x

y

h(x)=f(x+2)

f(x)

 g(x) = f(x-1) = (x-1)
2
 and Dg={x: -2 ≤ x-1 ≤ 3}={x: -1 ≤ x ≤ 4} 

Note: In case of horizontal shifts, the range of the function will not be changed. 

 

x y=f(x)=x
2 

x-1 y=g(x)=(x-1)
2 

-2 4 - - 

 -1 1 -2 4 

0 0 -1 1 

1 1 0 0 

2 4 1 1 

3 9 2 4 

4 - 3 9 

 

 (b) Shifting the function f(x) two units left: 

 h(x) = f(x+2) = (x+2)
2 and Dh={x: -2 ≤ x+2 ≤ 3}={x: -4 ≤ x ≤ 1} 

Note: In case of horizontal shifts, the range of the function will not be changed. 

 

X y=f(x)=x
2 

x+2 y=h(x)=(x+2)
2 

-4 - -2 4 

-3 - -1 1 

-2 4 0 0 

 -1 1 1 1 

0 0 2 4 

1 1 3 9 

2 4 - - 

3 9 -  

 

 (c) Shifting the function f(x) one unit up: 

 w(x) = f(x)+1 = x
2
 +1 and Rw={y: 0 ≤ y-1 ≤ 9}={y: 1 ≤ y ≤ 10} 

Note: In case of vertical shifts, the domain of the function will not be changed. 

 

 

X y=f(x)=x
2 

y=w(x)= x
2
 +1 

-2 4 5 

 -1 1 2 

0 0 1 

-3 -2 -1 0 1 2 3 4

-2

-1

0

1

2

3

4

5

6

7

8

9

10

x

y

w(x)=f(x)+1

f(x)
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1 1 2 

2 4 5 

3 9 10 

 

 (d) Shifting the function f(x) two units down: 

 q(x) = f(x)-2 = x
2
 -2 and Rq={y: 0 ≤ y+2 ≤ 9}={y: -2 ≤ y ≤ 7} 

Note: In case of vertical shifts, the domain of the function will not be changed. 

 

X y=f(x)=x
2 

y=q(x)= x
2
 -2 

-2 4 2 

 -1 1 -1 

0 0 -2 

1 1 -1 

2 4 2 

3 9 7 

 

Example 3: Sketch the graph of the curve y= f(x) = |x| 

Sol.: Step1: Find Df, Rf of the function? 

   

 Df=(-∞,∞)  and  Rf= [0,∞); 

Step2: Find x and y intercept? 

To find x-intercept put y=0  x=0 

To find y-intercept put x=0  y=0  

So x- and y-intercept is (0,0).  

Step 3: check the symmetry: 

  f(-x) = |-x|=|x|= f(x)   

  - f(x) =-|x|≠ f(x)  

       So it is an even function (it is symmetric about y-

axis).  

Step 4: Choose some another point on the curve.  










0

0
)(

xifx

xifx
xxfy







-3 -2 -1 0 1 2 3 4

-4

-3

-2

-1

0

1

2

3

4

5

6

7

8

9

x

y

q(x)=f(x)-2

f(x)

-3 -2 -1 0 1 2 3

-1

0

1

2

3

x

y

f(x)=-x  when x<0
f(x)=x   when x>=0
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x y 

1 1 

2 2 

Step 5: Draw smooth line through the above points. 

 

 

 

Example 4: Use graph of the function y=|x| to sketch the graph of the following 

functions, then show their domains and range   

(a) y=|x+1| 

Sol. 

 

     

Shifting the function y=|x| one unit left.   

 Df=(-∞,∞) and Rf=[0,∞) 

(b)  y=|x|+2 

Sol.   

Shifting the function y=|x| two up.   

 Df=(-∞,∞) and Rf=[2,∞) 

(c) y=-|x| 

Sol.  

Reflecting the graph of the function y=|x| 

across x-axis. 

 Df=(-∞,∞) and Rf=(-∞,0]  










0)1()1(

0)1()1(
1

xifx

xifx
xy










11

1)1(

xifx

xifx










0)(2)(

0)(2)(
2

xifx

xifx
xy










0)()(

0)()(
)(

xifxx

xifxx
xxfy

-3 -2 -1 0 1 2 3

-3

-2

-1

0

1

x

y

f(x)=x  when x<0
f(x)=-x   when x>=0

-5 -4 -3 -2 -1 0 1 2 3 4

-1

0

1

2

3

4

x

y

f(x)=-(x+1)  when x+1<0
f(x)=x+1   when x+1>=0

(-1,0) 

-5 -4 -3 -2 -1 0 1 2 3 4 5

-2

-1

0

1

2

3

4

5

6

7

x

y
f(x)=-x+2  when x<0

f(x)=x+2  when x>=0

(0,2) 
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(d) y=2-|1-x| 

Sol. y=2-|1-x|=-|1-x|+2|=-|x-1|+2 

 

     

Reflecting the graph of the function y=|x| across x-

axis, then shifting it one unit right and two units up. 

 Df=(-∞,∞) and Rf=(-∞,2]  

(e) y=1-|x+1| 

Sol. y=1-|x+1|=-|x+1|+1 

      

     

Reflecting the graph of the function y=|x| 

across x-axis, then shifting it one unit left 

and one unit up. 

 Df=(-∞,∞) and Rf=(-∞,1]  

 

Example 5: If  which has Df=[-2,2] and 

Rf=[0,2], shrink and stretch it 

horizontally by two units and then 










012))1((

0)1(2)1(

xifx

xifx










11

13

xifx

xifx










0)1(1))1((

0)1(1)1(

xifx

xifx










12

1

xifx

xifx

24)( xxf 

-5 -4 -3 -2 -1 0 1 2 3 4

-4

-3

-2

-1

0

1

2

x

y

f(x)=-x  when x>=-1f(x)=x+2   when x<-1

(-1,1)

-2 -1 0 1 2

-2

-1

0

1

2

3

4

x

y

g(x)=f(2x)=sqrt(4-(2x)^2)

f(x)=sqrt(4-x^2)

-3 -2 -1 0 1 2 3 4 5

-2

-1

0

1

2

3

x

y

f(x)=-x+3  when x>=1f(x)=x+1   when x<1

(1,2)
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sketch the original and resulting functions 

Sol.: (a) shrinking: 

 

 Dg={x: -2 ≤ 2x ≤ 2}={x: -1≤ x ≤ 1} 

Note: In case of horizontal shrinks, the range of the function will not be 

changed. 

(b) stretching: 

 Dg={x: -2 ≤ x/2 ≤ 2}={x: -4≤ x ≤ 4} 

Note: In case of horizontal stretches, the range 

of the function will not be changed. 

 

 

 

Example 6: Repeat the above example but here shrink 

and stretch the function vertically. 

Sol.:  (a) shrinking: 

 

 Rg={y: 0 ≤ 2y ≤ 2}={y: 0 ≤ y ≤ 1} 

Note: In case of vertical shrinks, the domain of 

the function will not be changed.  

 

(b) stretching: 

 

Rg={y: 0 ≤ y/2 ≤ 2}={y: 0 ≤ y ≤ 4} 

22 1244)2(4).()( xxxxcfxg 

2
22

2 16
2

1

4

16

4
4)

2
(4)()( x

xxx

c

x
fxg 




24
2

1
)(.

1
)( xxf

c
xg 

242)(.)( xxcfxg 

-4 -3 -2 -1 0 1 2 3 4

-2

-1

0

1

2

3

4

x

y

g(x)=f(x/2)=sqrt(4-(x/2)^2)

f(x)=sqrt(4-x^2)

-2 -1 0 1 2

-2

-1

0

1

2

3

4

x

y

g(x)=(1/2)f(x)=(1/2)sqrt(4-x^2)

f(x)=sqrt(4-x^2)

-2 -1 0 1 2

-2

-1

0

1

2

3

4

x

y

g(x)=2*f(x)=2*sqrt(4-x^2)

f(x)=sqrt(4-x^2)
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Note: In case of vertical stretches, the domain of the function will not be changed.  

 

Example 7: Use the graph of the function 

 to sketch the graph of 

the following functions: 

1.  

Sol.:  

This function may be obtained by shrinking 

the function  by two units horizontally ( ).  

2.  

Sol.:  

This function may be obtained by stretching 

the function  by three units 

horizontally ( ).  

3.  

Sol.:  

This function may be obtained by shrinking the 

function  by three units vertically (

).  

21)( xxfy 

241)( xxgy 

22 )2(141 xxy 

21)( xxf  )2()( xfxg 

9
1)(

2x
xhy 

2
2

)
3

(1
9

1
xx

y 

21)( xxf 

)
3

()(
x

fxh 

21
3

1
)( xxwy 

21
3

1
)( xxwy 

21)( xxf 

)(
3

1
)( xfxh 

-1.0 -0.5 0.0 0.5 1.0

-0.5

0.0
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1.0

1.5

x

y

y=g(x)=f(2x)

y=f(x)

-3.0 -2.5 -2.0 -1.5 -1.0 -0.5 0.0 0.5 1.0 1.5 2.0 2.5 3.0

-0.5

0.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

4.0

4.5

x

y

y=g(x)=f(2x)

y=f(x)

y=h(x)=f(x/3)

-2.0 -1.5 -1.0 -0.5 0.0 0.5 1.0 1.5 2.0

-0.5

0.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

4.0

4.5

x

y

y=w(x)=(1/3)f(x)
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4.  

Sol.:  

This function may be obtained by stretching the function  by 

two units horizontally and four units vertically ( ).  

Homework: 

1. Sketch the graph of the following curves by shifting, reflecting, 

shrinking and stretching the graph of the given functions 

appropriately. 

(a) The given function y=x
2 

(i)    y=1+(x-2)
2
  (ii) y=2-(x+1)

2 

(iii)  y=-2(x+1)
2
-3  (iv) y=(1/2)(x-3)

2
+2 

(v)   y=x
2
 + 6x  (vi)   y=x

2
 + 6x -10 

 

(b) The given function  

(i)      (ii) 
 

(iii)    (iv)  

 

(c) The given function  

(i)      (ii) 
 

(iii)    (iv)  

(d) The given function y=|x| 

(i)    y=|x+2|-2  (ii) y=1-|x-3|
 

(iii)  y=|2x-1|+2    

4
14)(

2x
xqy 

2
2

)
2

(14
4

14)(
xx

xqy 

21)( xxf 

)
2

(.4)(
x

fxq 

xy 

13  xy 41  xy

1
2

1
 xy xy 3

x
y

1


3

1




x
y

x
y




1

1

1

1
2




x
y

x

x
y

1


2)2(

44)(

2

2





xx

xxyiv
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(e) The given function  

(i)      (ii)   

(iii)    (iv)  

 

 

2. Shrink and stretch the following functions along both x-

axis and y-axis by (3/2) units then sketch the resulting function. 

(a) x2
 + y

2
 = 4,   Df={x: -2 ≤ x ≤ 2} 

     Rf={y: -2 ≤ y ≤ 2} 

(b) 2x
2
 + y

2
/2 = 6,   Df={x: -2 ≤ x ≤ 3} 

     Rf={y: -2 ≤ y ≤ } 

(c) y=3x
2
 – 2x

 
+1,   Df={x: -1 ≤ x ≤ 2} 

     Rf={y:  ≤ y ≤ 9} 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

3 xy 

321 xy  313  xy

3 12  xy 3 2 xy

62

9

6


