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Composition of Functions:

Definition: If f and g are functions, the composite f,g "f composed with g" or g

of "g composed with ' are defined by:

(fog)) =f(9(x)  and (goMN(x) =g (f(x)) respectively.

Examples 1: Find the formula for f(g(x)) and g(f(x)) if g(x) = x* and f(x) =x-7, then find
the value of f(g(2)) and g(f(2))
Sol.: a: For f(g(x))=2, f(x) = x-7
f(g0)) = (@()-7 =x7 .. f(g(2)) =2"7=4-7=-3
b: For g(f(x))=?, g(x) = x°
g(f()) = (F0))° = (x-7)* .. g(f(2)) = (2-7)°= (-5)*= 25
Examples 2: If f(x) =x*+1 and g(x) = v/x , find
a: (fo, g)(x) and (g, H)(x)?
b: the domains of (f, g)(x) and (g, f)(x)?

Sol.: (fog)(x)zf(g(x))=f(&)=(&)2+1=x+1 = D, =D, ={x:x>0}

(90 H)=9(f()) = g(x* +1) = Vx* +1 -~ D,=D, =R
Examples 3: Finding formulas for composites:

If f(x)=+/x and g(x)=x+1, find

(@) (Fo 9)(x) (b) (g0 f)(x) (C) (fo HX) (d) (90 9)X)
Sol.:

Composite Domain
@ (o)) =T(g(X)=19(x) =Vx+1 [-1, )
() (9o f)(X) =g(F (X)) = F(x)+1=+x+1 [0, )
(©) (Fo N = F(F()) =y T() =vVx =x" [0, <)
(d) (90 9)(x) =9(g(x)) = g(x) +1=(X+1)+1=x+2 (-00, o0)

Example 4: If f(x)=+/x and g(x) =+/2—x, find each function and its domain
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(a) fog (b) gof C) fof (d) 900
Sol.:
@ (£, =f(g()=f(2-x)=+v2-x =42-x

The domain of fog ={x: 2-x > 0}={x :x < 2}=(-,2].
(b) (9, F)(¥) = g(F(x)) = g(v/x) =v2-/x

For +/x to be defined we must have x > 0. For /2 —-+/x to be defined we must have

2-/x >0, that is, Vx <2, or x<4. Thus, we have 0 <x <4, so the domain of gf

is the closed interval [0,4].

©) (f,1)0)=F(F() = F(x)=x =¥x

The domain of f,f is [0,00)

(@) (9,909 =09(a(x) =9g(2-x) =2-2-x

This expression is defined when 2 — x > 0, that is X < 2, and 2-42=x>0. This

latter inequality is equivalent to v2-x <2, or 2—x <4, that is, x> -2. Thus, 2<

x <2, s0 the domain of g.g is the closed interval [-2,2].

Homework: Find (f,g), (g.f), (f.f) and (g.g) of the following functions:

1.f(x)=x%; g(x) =x*+3.
Cav2 L. 1
2. F(X)=3x"+2; g(x)_—3X2+2.
3. f(X) =v2x+1; g(x)=x*+3.
4.f(x)=7; g(x)=4.
5.f(x)=x%; g(x) =sinx-3.
6.1()=——; 900 =¥x.
1+X
7.f(x)=3x"+x; g(x) =2x-1.
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8. If f(x)=x+5 andg(x)=x*-3; Find
(@) f(g(0) (b) g(f(0) (c) f(f(-5) (d) g(g(2)
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Graph of Functions (Graph of Curves):

To graph the curve of a function, we can follow the following steps:
Find the domain and range of the function.

Check the symmetry of the function

Find (if any found) points of intersection with x-axis and y-axis.

Choose some another points on the curve.

o & W e

Draw s smooth line through the above points.

Symmetry Tests for Graphs:

If f(x,y) = 0 is any function then:
1. Symmetry about x-axis: If f(x,-y)= f(x,y)
2. Symmetry about y-axis: If f(-x,y)=f(x,y) It is called an even function.

3. Symmetry about the origin: If f(-x,-y)=f(x,y) It is called an odd function

Examples 1: Check the symmetry of the graph of the following curves:

1. y=f(x)=x?

sol.: f(xy) = x>y =0

oo (i) f(x-y)= X% (-y) =0 = f(x,-y)= X%+ y =0 # f(x,y) not 0.k.
(i) f(-x,y)= (-x)* y =0 = . f(xy)= x*-y =0=f(x,y) 0.k.
(iii) f(-x,-y)= (-X)*~(-y)=0 =  f(-x,-y)= X%+ y =0 # f(x,y) not 0.k.

So the function has symmetry only about y-axis. It is called an even function.

2. y=f(x)=x3

Sol.  f(xy) =x*-y=0

oo () f(x-y)= X3 (-y) =0 = f(x,-y)= x>+ y =0 # f(x,y) not 0.k.
(i) f(-x,y)= (-x)3- y =0 = . f(xy)= -x*-y =0 #f(x,y) not 0.k.
(iii) f(-x,-y)= (-X)*-(-y)=0 = . f(-x-y)= x*+y =0 (multiply by -1)
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= f(-x-y)= x>y =0=f(x,y) 0.k.
So the function has symmetry only about the origin. It is called an odd function.
3. %=y*+4
Sol.  f(xy) = y* x*+4=0
S () F(x,-y)= (y)? —xP+4=0 = . f(x-y)= y* x*+4=0= f(x,y) 0.K.
(ii) f(-x,y)= y* —(-x)*+4=0 = . f(-xy)= y* x*+4=0= f(x,y) 0.k.
(iii) f(-x,-y)= (-y)? —(-x)*+4=0 = . f(-x-y)= y* x*+4=0= f(x,y) 0.K.

So the function has symmetry about x-axis, y-axis and the origin.

DEFINITIONS Even Function, Odd Function

A function y =f(x) is an
even function of x if f(-x) = f(x) symmetry about y-axis
odd function of x if f(-x) = -f(x) symmetry about origin

for every x in the function's domain.

Examples 2: Recognizing Even and Odd functions

o f(x)=x’Even function:  (-x)?=x* for all x; symmetry about y-axis.

o f(x)=x*+1 Evenfunction: (x)* +1= x* +1 for all x; symmetry about y-
axis.

o f(x)=x Odd function: (-x)= x for all x; symmetry about the origin.

o f(x)=x+1 Notodd: f(-x)=-x+1, but -f(x)=-x-1. The two are not equal.

Not even:  f(-x)=-x+1, but f(x)=x+1. for all x #0.

It y
2
v=x"+1

Mathematics

(a) (b}



syllabus

Example 3: Sketch the graph of the curve y = f(x) = x*1
Sol.: Step 1: Find by, r; of the function?
Di=(-00,00);
To find Rs: we must convert the function from y=f(x) into x=f(y).
y=x>1 =  xX=y+l X=FJy+1
So y+1>0 = y=>-1 =  R=[-1,0)
Step 2: Find x and y intercept?
To find x-intercept puty=0 =  x*>1=0 =  x*=#1
So x-intercept are (-1,0) and (+1,0).
To find y-intercept putx=0 = y=01= y=-1
So y-intercept is (0,-1).

_-<

(3.8)

Step 3: check the symmetry:
f(-x) = (-x)*-1= x*-1= f(x)
- f(X) =-(3-1)= - X2+1# AX)
So it is an even function ( it is symmetric

23
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about y-axis).

10 .| @

Step 4: Choose some another point on the i N e 3

2L

curve.

Step 5: Draw smooth line through the above points.
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Homework: Draw the following functions:

1. y=f(x)=3x"+2 2. X +y° =1

3. y? =4x-1 4. x=Yy?

5. y=[x]; for-3<x<3 6. y=x—[x]; for -2<x<2
7. y=4-x
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Shifting, Shrinking and Stretching:

Shift formulas: (for ¢ > 0)
Vertical shifts
y=f(x)+c or  y-c=f(x) shifts the graph of f up by c units.
y=f(x)-c or  y+c=1f(x) shifts the graph of f down by c units.
Horizontal shifts

y= f(x+c) shifts the graph of f left by c units.

y= f(x-C) shifts the graph of f right by c units.
Shrinking, Stretching and Reflecting Formulas:
(forc>1)

y=c f(x) Stretches the graph of f ¢ units along y-axis.

y =% f(x) Shrinks the graph of f ¢ units along y-axis.

y=f(cx) Shrinks the graph of f ¢ units along x-axis.

y= f(g) Stretches the graph of f ¢ units along x-axis.
(forc=-1)

y=- f(x) Reflects the graph of f across the x-axis.

y= f(-x) Reflects the graph of f across the y-axis.

Example 1: The graph of y=—J/x is a _ y=Vv= 2

. = -V"_
reflection of y=+/x across the x- L P
axis, and y=+-x is a reflection o o .

. 3 -2 -l 2 3
across the y-axis.
-1}
y = -Vx

Example 2: Shift the graph of the function
f(x) = x*; if Di={x: -2 <x <3} and Ry={y: 0 <y <9}.
(a) one unit right. (b) two units left.
(c) one unit up. (d) two units down.
Sol.: (a) Shifting the function f(x) one unit right:
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g(x) = f(x-1) = (x-1)* and Dg={x: -2 <x-1 <3}={x: -1 <x <4}

Note: In case of horizontal shifts, the range of the function will not be changed.

X y=f(x)=x’ x-1 y=9()=(x-1)°
) 4 - -
-1 1 -2 4
0 0 -1 1
1 1 0 0
2 4 1 1
3 9 2 4
4 - 3 9

(b) Shifting the function f(x) two units left:

h(x) = f(x+2) = (x+2)? and Dn={x: -2 <x+2 <3}={x: -4 <x <1} 4}

PN w A N ©
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9(x)=f(x-1)

Note: In case of horizontal shifts, the range of the function will not be changed.

X y=f(x)=x" X+2 y=h(x)=(x+2)*
-4 - -2 4

-3 - -1 1

-2 4 0 0

-1 1 1 1

0 0 2 4

1 1 3 9

2 4 - -

3 9 -

(c) Shifting the function f(x) one unit up:

A\ X

h(x):f(x+2)
f(x]

w(x) = f(x)+1 = x* +1 and R,={y: 0 <»-1 <9}={y: 1 <y <10}

.'\,H>H.\,<>mm~'m‘o
x

Note: In case of vertical shifts, the domain of the function will not be changed.

X y=f(x)=x" y=w(x)= x° +1
-2 4 5
-1 1 2
0 0 1

Mathematics
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N

(d) Shifting the function f(x) two units down:

S

2
5
10

q(x) = f(x)-2 = x* -2 and Ry={y: 0 <y+2 <9}={y: -2 <y <7}

Note: In case of vertical shifts, the domain of the function will not be changed.

X y=f(x)=x" y=q(X)= X* -2
-2 4 2
-1 1 -1
0 0 -2
1 1 -1
2 4 2
3 9 7

Example 3: Sketch the graph of the curve y=f(x) = |x|

Sol.: Stepl: Find Dy, Rs of the function?

X
y = f(x):|x|={_

=

if
x if

D=(-00,0) and

x>0
x<0

Rf: [0,00)’

Step2: Find x and y intercept?

To find x-intercept puty=0 =  x=0

To find y-intercept put x=0 =  y=0

So x- and y-intercept is (0,0).

Step 3: check the symmetry:

So it is an even function (it is symmetric about y-

axis).

Step 4: Choose some another point on the curve.

Mathematics
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X1y
1(1
2|2

Step 5: Draw smooth line through the above points.

Example 4: Use graph of the function y=|x| to sketch the graph of the following
functions, then show their domains and range
(a) y=[x+1| y

f(x)=-(x+1) when x+1<0
Sol.

y=|x+11={(x+l) it (x+1)20

f(x)=x+1 when x+1>=0

“(x+1) if (x+1)<0
_{(x+1) if x>-1

-x-1 if x<-1
Shifting the function y=|x| one unit left. S Tan | T
D=(-00,00) and R¢=[0,0) fx)=-x+2 when x<0 ’ _f(x)=x+z when x>=0
(b) y=[x|+2
sol y=h+2={ 0% L ot

Shifting the function y=Jx| two up.
Di=(-00,00) and R=[2,0)

(©) y=-Ix i

-(X)==x if (x)=0
S—O"y:f(x):_|x|:{—§—)x)=x if Ex;<0 B

Reflecting the graph of the function y=lx|

f(x)=x when x<0 f(x)=x when x>=0

across x-axis.

D= (-O0,00) and Ri= (-O0,0]
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(d) y=2-[1-x]

Sol. y=2-1-X|=-[1-X+2|=-|x-1[+2
[ —(x=p+2 i (x-1)20
= (=(x=1)+2 if x-1<0
B -x+3 if x=>1
| x+1 if x<1

Reflecting the graph of the function y=|x| across x-

axis, then shifting it one unit right and two units up.
Ds=(-0,00) and R=(-0,2]

(€) y=1-[x+1]|

,1a2)

f(x)=-x+3 when x>=1

f(x)=x+1 when x<l/1
L 1 5 1 1 1 LaX

y
SOl y=1-jx+1|=-[x+1[+1 |
_{ (x+D)+1 i (x+1)>0 O
—(-(x+1))+1 if (x+1)<0 rEray P E—
-x if x>-1 f09=x+2 when x<-1 (0=-X when x>=-1
:{x+2 if x<-1

Reflecting the graph of the function y=[x|
across x-axis, then shifting it one unit left

and one unit up.
Df:(-O0,00) and Rf:(-oo,l]

Example 5: If f(x)=+4-x*> which has D=[-2,2] and
shrink

horizontally by two units and then

R=[0,2], and stretch it

Mathematics
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sketch the original and resulting functions

Sol.: (a) shrinking:

g(x) = f(cX)=+/4—(2x)? =/4—4x =2/1-X?
Dg={x: -2 <2x <2}={x: -1<x <1}

Note: In case of horizontal shrinks, the range of the function will not be

changed.
(b) stretching: y
X X x> ]16-x* 1 I
=)= 4——2:\/4——=\/ ==16-% af
9(x) (C) (2) 2 4 5 6-X

Dg={X: -2 <x/2 < 2}={x: -4<x <4}
Note: In case of horizontal stretches, the range

f(x)=gart(4-x"2)

of the function will not be changed.

g(x)=f(x/2)=sqrt(4-(x/2)"2)

Example 6: Repeat the above example but here shrink
and stretch the function vertically.

Sol.: (a) shrinking:

f(x)=sqrt(4-x"2)

Ry={y: 0 <2y <2}={y: 0<y <1} 2 1
Note: In case of vertical shrinks, the domain of ir
the function will not be changed. "

(b) stretching:
g(x) =cf (x)=2v4-Xx°

Ry={y: 0 <y/2 <2}={y: 0 <y <4}

f(x)=sqrt(4-x"2

y
1 1 5
gx)==1(x)= 5 NA—X g()=(LF)SU2)sart(4-x"2)
c

1 2

g(x)=2*f(x)=2*sqrt(4-x"2)
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Note: In case of vertical stretches, the domain of the function will not be changed.

Example 7: Use the graph of the function sk

y=f(x)=v1-x* to sketch the graph of

the following functions:

y=g(x)xf(2x)
1. y=g(x)=v1-4x’
Sol.: y=+1-4x* =1-(2x)? TREETI

This function may be obtained by shrinking o5l

the function f(x) =v1-x* by two units horizontally (g(x) = f (2x) ).

X2

2. y=h(x) =1~

9
Sol.: y=1/1—x—2=‘/1—(5)2 ool
— 9 3 sk

This function may be obtained by stretching m m

y=f(x)
y=q()3f29) |, \

the funCtion f(X) — /1_ XZ by three Units 30 25 2.0 -L5 -1.0 05 00 05 10 15 2.0 25 3.0

05t

horizontally (h(x) = f (g) ).
3. y=w(x) = %\/1— x?

Sol.: y=w(x) =%\/1—x2

This function may be obtained by shrinking the y
function f(x)=+v1-x* by three units vertically ( 45
M@z%f@ﬁ. i?

20F

15F
y=f(x)

ﬁmzumm

20 15 -0 05 0o 05 10 15 20

Mathematics o5t
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X2

4. y:q(X):4 1—7
Cvea) =a 1o X a2y
Sol.: y=a(x) =4y1-— =41-()

This function may be obtained by stretching the function f(x)=+1-x* by
two units horizontally and four units vertically (q(x) =4.f (g) ).

Homework:
1. Sketch the graph of the following curves by shifting, reflecting,

shrinking and stretching the graph of the given functions

appropriately.
(a) The given function y=x* ?:X
(i) y=1+(x-2)’ (i) y=2-(x+1)?
(iii) y=-2(x+1)*-3 (iv) y=(1/2)(x-3)*+2
(v) y=x*+ 6x (vi) y=x*+ 6x-10
(b) The given function y = /x
(i) y=3-+x+1 (i) y=1++/x-4 =45
(iii) y=%&+1 (iv) y =—/3x
(c) The given function y =§ 0
(i) y=-1s (i) y=-1 4 yean
X—3 1-x a— ﬁ[\ T
(i) y=2-—1- (iv) y=2"1
Xx+1 X »
(d) The given function y=|x|
(1) y=Ix+2]-2 (i) y=1-x-3|
(iV)y =Vx* —4x+4
(iii) y=|2x-1]+2 1/ y=
=J(x-2)* =[x-2| o
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(e) The given function y =3/x y
(i) y=1-28/x (i) y=3x-1-3
(i) y=2+%x+1 (iv) y=-3x-2

1/3

=) =ax

0

_/

axis and y-axis by (3/2) units then sketch the resulting function.

2. Shrink and stretch the following functions along both x-

(@) X’ +y* =4, D={x: -2 <x <2}
Ri={y: -2<y <2}

(b) 2x% +y?2 = 6, Di={x; -2 <x <3}
Ri={y: -2 <y < 2«/6}

(c) y=3x% — 2x +1, D={x: -1 <x <2}

6
R={y: g <y <9}
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