} e ue :';»ih*!iu

I. |—a|=]|a] A number and its additive inverse or negative have
the same absolute value.

2. |ab| = |a||b| The absolute value of a product is the product of
the absolute values.

5 |4 = m The absolute value of a quotient is the quotient

B e |6] of the absolute values.

4. |a + b|=|a| +|b| The triangle inequality. The absolute value of the

sum of two numbers is less than or equal to the
sum of their absolute values.

Absolute Values and Infervals

If @ is any positive number, then

5 |x]=a ifandonly if x = +a

6. |x|=< a ifandonlvif —a < x < q

7. |x|>a ifandonly if x> a or x < —a

8 |x|=a ifandonlyif —a=x=ua

9. |x|z=a ifandonlyif x=a orx = —a
Examples:

1. Solve the equation [2x - 3| =1
Sol: 2x—-3=#1 = either2x-3=1=2x=4=>x=2
or 2x-3=-1>2x=2=x=1
.. The solutions are x = 1 and x = 2.
2. Solve the inequality [2x—3| <1
Sol: 2x-3|<1 = —1<2x-3<1 = 2<2x<4 = 1<x<2
. The solution set is the closed interval [1,2].
3. Solve the inequality [2x—3|>1
Sol: 2x—3|21 = either 2x-321 = 2x24 = x22
or 2x-3<-1= 2x<2 =>x<1
- The solution set is (-c0,1] U[2, ).

4. Solve the inequality '5—12— <1
X

<o -1<5-2<1m-6<-2<4
X X

5_2
X

Sol:

:>3>l>2:' 1/3<x<1/2
x

- The solution set is the open interval (1/3,1/2).
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5. Solve the inequality |- 3| +r+2|<11.
Sol. Recall the definition of absolute value:

x if x>0
y=p=+x* = {
=¥ if x<0
x=-3 ifx-3>0 x-3
It follows that: |x—3l={ =
(x-3) ifx-3<0 x+3
b 7

ifx+2>0 x+2
Similarly, [x+2|= { = {

-x+2) fx+2<0 x-2

These expressions show that we must consider three cases:
x<-2, -2<x<3 and x>3
Case I: if x < -2 we have =3+]x+2| <11
-x+3-x-2<11
-2x<10
x>-5

Case II: if -2 <x < 3 we have |x—3[+]x+2[ <11
-x+3+x+2 <11
5<11 (always true)

Case IIT: if x > 3 we have lx—3|+[x+2| <11
x=3+x+2 <11

x<6

if x>3
if x<3
if x>-2
if x<-2

Combining cases I, I, and 111, we see that the inequality is satisfied when

-5<x<6.

So the solution is the interval (-5, 6).

000008



Functions

Definition:
A function f is a rule that assigns to each element x in a set 4 exactly one
element, called f{x), in a set B.

*,

% The set 4 is called the domain of the function f;

* The number f{x) or y is the value of fatx. .
% The range of fis the set of all possible values of f{x) e
as x varies throughout the domain. A

% x & y are variables.
% x is called the independent variable.
* yis called the dependent variable.

Domain (D)): is the set of all possible inputs (x-values).
Range (R)): is the set of all possible outputs (y-values).
To find Domain (D) and Range (R)) the following points must be noticed:
1. The denominator in a function must not equal zero (never divide by Zero).
2. The values under even roots must be positive.

Examples: Find the domain (D)) and range (R)) of the following functions:
L y=fm=1
X

Sol: denominator must not equal zero = x#0 = Dr={x:x#0}.
To find R;: convert the function from y=£x) into x = fy).

.'.x=£ = R={y:y# 0}, or R=R\{0}, or R= (~c0, 0)U (0, c),
2. y=f(x)=4-x

Sol: The values under even roots must be positive

= 4-x>0=4>x%

a Dy={x: x<4}.

To find R;: convert the function from y=fx)into x =£fy).

Y= m = y2 =4-x

= x=4- y2 =

o Rf= R

But the values of y must be always positive, we must exclude negative values,
=  Rr={y: y20}, orR =0, ).

3. y=f(x)=+1-x2

Sol: The values under even roots must be positive

= 1-x>0=> S0 ¥<1l= eitherx<1l,or x<1 = x>-1
S Di={xe-1<x<1}.

To find R: convert the function from y=£x)into x =fy).
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y=v1-x2 =y’ =1-x?
= x2=1—y2=>x=i-\/1—y2

So the values under even roots must be positive

1-3°>0 > 3 >-1 =)<l eithery<1,or -y<1 =>y>-1

o R={y:-1<y<1}.

But the values of y must be always positive, we must exclude negative values,
= R={:0<y<1}.

1

2

4 y=r)=
—-X

Sol: The values under even roots must be positive and the denominator must not
equal zero, so:
9-4*>0= #*>-9 =<9 = eitherx<3,or x<3 = x>-3
i Di={x: -3 <x<3}.
To find R;: convert the function from Yy =f{x) into x = fy).

y= - = V= L = 9—x2=—1— = ¥ =9=—

Vo 9~a? v v
= x2=9y22—1 =  x=% 9y22—1 = x=t§“9’v2—l
Y y y

The values under even roots must be positive, so:
B -120=17>1/9 = either y> 1/3, or -p>1/3 = y<-1/3

= Ry= (-0, -1/3]U[1/3, ). A3 0 +1A3
The denominator must not equal zero = y =0 '00#”””/”””//_1]1/”//”//' |_L e
But the values of y must be always positive; we must exclude negative valdes,
=  R~=[1/3,»), or R={y:1/3 <y <0}.
1
5. Sl e,
Sol: denominator must not equal zero = x2—-9#0 = x=+3 =>D;=R\{-3,3}.
To find Ry: convert the function from ¥ =f{x) into x = f{y).
yx2-9)=1= w2-9y=1 > x=1 ﬂ
y
The values under even roots must be positive, so = 19y >0.
. p= -1/9
~R= (-0, -1/9]U (0, co). Sign of (1+9y) -00q__=z==x-==-- e e e T
Or Rr=R\(-1/9, 0]. .
Sign of (y) ~0Q: oo
-1/9 0
Signof g AT e pHg,
(1+9y) 1 5

y



* 6. Ey'= f(x)==1-x2

Sol: The values under even roots must be positive:
1-X>0 =  (1-x)(1+x)>0

o Df: [‘1,+1] +1
To find R : convert the Sign of (1-x) oo THHHFHH+H+++ oo oo
function from y = f{x) into x = 1
S Sign of (1+x) -og, ~—— | Hh e 00
i ki det v ot
=>):2:1—y2 :>x:1,,‘]l—y2 Slgnof(l-.)&:)(l"‘x) -4 - [ T ++} $oo

The values under even roots
must be positive:
1-3*>20 = (1-1)(1+»)>0
= Rf: [' 1 ,+1]
But the values of y must be always negative; we must exclude

=  Re=[1,0]-

positive values,
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Chapter One
Graph of Functions (Graph of Curves):

To graph the curve of a function, we can follow the following steps:
1. Find the domain and range of the function.

2. Check the symmetry of the function

W

. Find (if any found) points of intersection with x-axis and y-axis.
4. Choose some another points on the curve.

5. Draw s smooth line through the above points.

Symmetry Tests for Graphs:

If fix,y) = 0 is any function then:
1. Symmetry about x-axis: If f{x,-y)=fx,)

2. Symmetry about y-axis: If f-x,y)=f(x,y) It is called an even function.

3. Symmetry about the origin: If f{-x,-y)=Ax,) It is called an odd function

Examples 1: Check the symmetry of the graph of the following curves:

1. y=fx)=x*

sol:  flxy)=x*y=0

S () fx-p)=x- () =0 = . fx-)=x+y=0+£xy) noto.k.
(@) flx.y)= (%) y =0 = fexy)=x-py=0=fxy) 0.k
(i) fl-x, )= (+x)*(-)=0 = . Ax-9)=x"+y=0#/xy) not o.k.

So the function has symmetry only about y-axis. It is called an even function.

2. y=f=x

Sol.  fixy)=x*y=0

S () fey)=x- (99) =0 = . fx)=x+y=0%fxy) not o.k.
(i) fl-x,p)= (-x)*- y =0 = . fxy)=x-y=0#fxy) not o.k.
(i) fi-x,9)= (-x)*()=0 = . fix)=-x"+y=0 (multiply by -1)

= Axy)=x-y=0=£xy) o.k.

So the function has symmetry only about the origin. It is called an odd function.

Mathematics- Preliminaries
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Chapter One

3.x%=%+4

Sol. fixy)=y" —*+4=0

S (D))= () =x+4=0 = )=y 2H+4=0=1flxy) o.k.
(i) fix.)= * ~(x)"+4=0 = flxy)=y P +4=0=fxy) o.k.

(i) flx,-p)= (-y)* ~(=x)*+4=0 = fx)=) x+4=0=flx,y) 0.k.
So the function has symmetry about x-axis, y-axis and the origin.

DEFINITIONS Even Function, Odd Function
A function y =fx) is an
even function of x if f{-x) =fx) symmetry about y-axis

odd function of x if f-x) = -fx) symmetry about origin

for every x in the function's domain.

Examples 2: Recognizing Even and Odd functions
o fx)=xEven function: (=)= for all x; symmetry about y-axis.
o fi)=x*+1 Evenfunction: (w)+i=+*+1 forall x; symmetry about y-
axis.
o  fix)=x Odd function: (=x)=x for all x; symmetry about the origin.
o AMx)=x+1 Notodd: f-x)=x+1, but -fx)=-x-1. The two are not equal.
Noteven:  fl-x)=-x+1, but fix)=x+1. for all x #0.

Example 3: Sketch the graph of the curve y=fx) = x*1

Mathematics- Preliminaries
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Chapter One
Sol.: Step 1: Find b, &,of the function?

Dy=(-00,0);
To find R;: we must convert the function from y=f(x) into x=Ay).
y=x*-1 = =yt x=Fy+1
So y+120 =  y=>-l =  R=[-1,0)
Step 2: Find x and y intercept?

To find x-intercept put y=0 =  x*-1=0 =  x*=t|
So x-intercept are (-1,0) and (+1,0).
To find y-intercept put x=0 =  y=0-1=  y=-1
So y-intercept is (0,-1).
Step 3: check the symmetry:

Sx) = (x)-1= - 1=1(x)

- fx) =(*-1)= - P+1# fx)
So it is an even function ( it is symmetric

about y-axis).

Step 4: Choose some another point on the * *

curve.

Step 5: Draw smooth line through the above points.

Homework: Draw the following functions:

1. y=f(x)=3x*+2 2. x*+y* =1

3.y =4x-1 4, x=y

5. y=[x]; for-3<x<3 6. y=x—[x]; for-2<x<2
7. y=+a—x

Mathematics- Preliminaries
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Chapter One

Shifting, Shrinking and Stretching:

Shift formulas: (for ¢ > 0)
Vertical shifts
y=fx)+c or  y-c=flx) shifts the graph of fup by ¢ units.
y=flx)-c or  ytc=flx) shifts the graph of fdown by ¢ units.
Horizontal shifts

y=Ax+c) shifts the graph of fleft by ¢ units.
y=fx-c) shifts the graph of fright by ¢ units.
Shrinking, Stretching and Reflecting Formulas:
(fore>1)
y=c f(x) Stretches the graph of /¢ units along y-axis.
y e f(x) Shrinks the graph of f¢ units along y-axis.
c
y=Aflcx) Shrinks the graph of ¢ units along x-axis.
y=r& Stretches the graph of /¢ units along x-axis.
c
(for c¢=-1)
y=-fx) Reflects the graph of facross the x-axis.
y=Af=x) Reflects the graph of facross the y-axis.
Example 1: The graph of y=-Jx is a y=v& &
Exampie 1. p -
reflection of y=+/x across the x- k. " A
axis, and y=+v-x is a reflection T 4 L
) 2 2 A r 2 3
across the y-axis.
-
y=-Vx

Example 2: Shift the graph of the function
S0 =x* 3 if D={x: -2 <x <3} and Re={: 0 <y < 9}.
(a) one unit right. (b) two units left.
(c) one unit up. (d) two units down.
Sol.: (a) Shifting the function f{x) one unit right:
8() =flx-1) = (x-1)* and Dg={x: -2 <x-1 <3}={x: -1 <x <4}

Note: In case of horizontal shifts, the range of the function will not be changed.

Mathematics- Preliminaries
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® =)= x-1 y=g()=(x-1)*

-2 4 s -

-1 1 -2 4

0 0 -1 1 i

1 1 0 0 -

2 4 1 1 i

3 9 2 4 L

4 - 3 9 4
5
2

(b) Shifting the function f{x) two units left:

h(x) = fix+2) = (x+2)’ and Dy={x: 2 <x+2 <3}={x: 4 <x <1} "

&X)~x-1)

Note: In case of horizontal shifts, the range of the function will n-zo.t be changed.

X y=flx)=x" x+2 y=h(x)=(x+2)?
- - 2 4

-3 - -1 1

2 4 0 0

-1 1 1 1

0 0 2 4

1 1 3 9

2 4 - -

3 9 5

(c) Shifting the function f{x) one unit up:

\ X

hx)=f(x+2)
1y

w() =fx)+1 =2 +1 and R,={y: 0 <y-1 <9}={p: 1 <y < 10}

;._>.<‘u.m~..o

Note: In case of vertical shifts, the domain of the function will not be changed.

X F=)=x" y=w(x)=x* +1
. 4 5
-1 2
0 0 1
1 1 2
2 4 5
3 9 10

(d) Shifting the function f{x) two units down:

Mathematics- Preliminaries
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g(x) =fx)-2=x*-2 and R={y: 0 <+2 <9}={y: 2 <y <7}

Note: In case of vertical shifts, the domain of the function will not be changed.

X y=x)=x" y=q()=x" -2

2 4 2

-1 1 -1

0 0 2

1 1 -1 \ I
2 4 2

3 9 7 _ \

1)
) x)-2

- N W s u e e

-3 -2 o

Example 3: Sketch the graph of the curve y=fx) = |x|
Sol.: Stepl: Find Dy, R, of the function?

=k %
= Dy=(-00,0) and R~ [0,0);
Step2: Find x and y intercept?
To find x-intercept put =0 =  x=0
To find y-intercept putx=0 = =0
So x- and y-intercept is (0,0).
Step 3: check the symmetry:
Sex) = |xl=fx|= fix)
=Sx) =-|x|# flx)
So it is an even function (it is symmetric about y- s wiens<s
axis).

Step 4: Choose some another point on the curve.

x|y
1]1
2.[2

N

-3

Sx)=x whenx>=0

Step 5: Draw smooth line through the above o

points.

Mathematics- Preliminaries
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Chapter One

Example 4: Use graph of the function y=jx| to sketch the graph of the following
functions, then show their domains and range

(@) y=x+1|
Sol.

J)=(x+1) when x+1<0 SE&)=x+1 when x+1>

s @4 7 Geen20
PP ¢ Geti)<o

={(x+1) if x>-1

-x=1 if x<-1

Shifting the function y=Jx| one unit left. g

Dy=(-c0,00) and R~=[0,
)=(-0,00) and R/=[0,00) Se)=x+2 when x<0 R i i

®) 2 i
x)+2 if ()20 s
. y==|x|+2=
Sol y==}+ {(—x)+2 ¥ <l .
Shifting the function y=lx| two up. ©02)>

Dj=(-o0,00) and R=[2,:0)

5 4 3 2 4 1 2 3 4 5

(©) y=-lx|

Sol. y=f(x)=—lxl={—(x)="‘ ()20

—(=x)=x if (x)<0 S 1 2 3

Reflecting the graph of the function Y=

across x-axis e (7 e
Dy~(-o0,) and R=~(-o0,0] b
(d) y=2-]1-x| {
Sol. y=2-{1-x{=-|1-x{+2j=-}x-1[+2 )
_{ —(x=D+2 i (x=1)>0 217
—(-(x-))+2 i x-1<0 S+l when 7 Sl)=x+3 when x>=1
b 1 2 E) & 5
-1
Mathematics- Preliminaries




Chapter One
_ {—x+3 if x21

x+1 if x<lI

Reflecting the graph of the function y=Ix| across x-axis, then shifting it one

unit right and two units up.
Dy=(-o0,0) and Ry=(-0,2]

(e) y=1-px+1|

Sol. y=1-p+1[=-x+1[+1

—(x+D+1  if (x+1)=0
—(=(x+1))+1 if (x+1)<0

_{ -x if x=-1 S)=e+2 whenx<]
x+2 if x<-l1

Reflecting the graph of the function y=fx|

across x-axis, then shifting it one unit left

and one unit up.

Dy=(-00,00) and R=(-0,1]

1 2 3 4

(x)==x when x>=-1

Example 5: If f(x)=v4-x* which has D~[-2,2] and R=[0,2], shrink and stretch it

horizontally by two units and then
sketch

functions

the original and resulting

Sol.: (a) shrinking:

S)=syri(d-x*2

g(x) = flex) = JA—(2x)* =Va—4ax =241-¥

Dg={x: -2 <2x <2}={x:-1=x < 1}

1 Ev\)w«-(wm

Note: In case of horizontal shrinks, the range
of the function will not be changed.

(b) stretching;:

Dg={x: 2 <x/2 £2}={x: -4<x <4}

1 2

800~ (x/2)=sqri(4-(/2)"2)

Mathematics- Preliminaries
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Note- In case of horizontal stretches, the range of the function will not be

changed.

Example 6: Repeat the above example but here shrink
and stretch the function vertically.

Sol.: (a) shrinking:

¥

ab

3

Seh=syri(d-x~2)
1 1
=1 /(=5 4=% ;%“

Rg={y:052y52}={y:05y51} 2 K
Note: In case of vertical shrinks, the domain of

the function will not be changed.

1 2

-1

al

¥

(b) stretching:

g(x)=¢f (x)=2v4 -x
R={y:0<y2< 2}={y: 0 <y <4}
Note: In case of vertical stretches, the domain of the

SR =sqre(d-x"2

(x)=2%()=2*sqrt(d=x"2)

function will not be changed.

Example 7: Use the graph of the function sk

y=f(x)=+1-%" to sketch the graph of
the following functions:

1. y=gx)=v1-4

Sil._: y= \“—41'2 = \“ —(2x)2 -10 05

This function may be obtained by shrinking -n,s\-

the function f(x)=+1-x* by two units horizontally (g(x)= f(2x) ).

xz
2., J’—h(x)—1’1——9—
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