Transcendental Functions

Objectives

- Know what Trigonometric Functions and its derivatives are.

- Know what Inverse Trigonometric Functions and its derivatives are.
- Know what Natural Logarithm Functions and its derivatives are.

- Know what Exponential Functions and its derivatives are.

- Know what Functions a* and log, and its derivatives are.




A) Trigonometric Functions




Circles of Radius r

e Theorem.

For an angle 0 in standard position, let
P = (z, y) be the point on the terminal
side of 0 that is also on the circle
z2 + y2 = r2. Then

. Yy r Yy
sinf@ == csc0=—,y#0 tanf@ = —,x#0

r Y x

x r x
cos = — secO = —,x#0 cot0=—,y#0

T T Yy




Exact Values for Quadrantal
Angles

Quadrantal Angles
6 (Radians) 0 (Degrees) sin cos 0 tan csc b sec f) cot f
0 0° 0 1 0 Not defined 1 Not defined
% 90° 1 0 Not defined 1 Not defined 0
T 180° 0 -1 0 Not defined -1 Not defined
3717 270° -1 0 Not defined -1 Not defined 0




Exact Values for Standard
Angles

# (Radians) 6 (Degrees) sinfl cosf tanf <cscf secl coth
% 30° % \; 3 \; 3 2 2 \3/"3 3
% 45° \“f \’f 1 V2 V2 1




Properties of the
Trigonometric
Functions




Domains of Trigonometric
Functions

e Domain of sine and cosine functions is
the set of all real numbers

e Domain of tangent and secant
functions is the set of all real
numbers except odd integer multiples

f 5 = 90°
o Domam of cotangent and cosecant

functions is the set of all real
numbers, except integer multiples of

m = 180°




Ranges of Trigonometric
Functions

e Sine and cosine have range |1, 1]
e-1<sinf<1;|sinf| <1
e-1<cosf<1;|cosf <1

e Range of cosecant and secant is
(—oo, —1] U [1, 00)

e |csc | >1
o [sec | > 1

e Range of tangent and cotangent

functions is the set of all real numbers



Periods of Trigonometric
Functions

e Periodic Properties:
sin(@ + 2w) = sin 6
cos(f + 27) = cos 6
tan(@ + 7) = tan 6
csc(f + 2mw) = csc 6
sec(f + 2mw) = sec 6
cot(@ + m) = cot 6
e Sine, cosine, cosecant and secant have
period 27

e Tangent and cotangent have period 7




Signs of the Trigonometric
Functions

e P= (z, y) corresponding to angle @

e Definitions of functions, where defined

sinf = y cos = x tan 0 =

cscl = — secO = — cot 0 =
Y €T

e Find the signs of the functions
e Quadrant I: x > 0, y > 0
e Quadrant II: z < 0, y > 0
e Quadrant III: z < 0, y < 0
e Quadrant IV: 2 > 0,y < 0

QI8 8
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Signs of the Trigonometric
Functions

Quadrant of 6 sin 0, csc cos 0, sec tan 0, cot 8
| Positive Positive Positive
Il Positive Negative Negative
1l Negative Negative Positive
v Negative Positive Negative
y;k
+ +
4 ~ sine
Il {_‘ +} |(+, +:| - - x  cosecant
sinf>0,csc0>0 All positive
others negative
y;k
_ ; .
_ cosine
~ ¥ secant
- +
I (-, -) IV (+, -)
tanf>0,cot6>0 | cosp>0,sechH>0 "
others negative others negative * ~ tangent
'x  cotangent
; _
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Pythagorean Identities

e Unit circle: 2 + y2 =
e (sin 0)? + (cos ) =1

sin? @ + cos? 0 =1
tan? @ + 1 = sec? 0
1 + cot? @ = csc? 6
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Even-Odd Properties

e A function fis even if f(—0) = f(6)
for all @ in the domain of f

e A function f is odd if f(—0) = —f(6)
for all @ in the domain of f
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Even-Odd Properties

e Theorem. [Even-Odd Properties]
sin(—0) = —sin(H)
cos(—f) = cos(6)
tan(—0) = —tan(0)
csc(—0) = —csc(H)
sec(—0) = sec(0)
cot(—0) = —cot(H)
e Cosine and secant are even functions
e The other functions are odd functions
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Fundamental Trigonometric

Identities
e Quotient Identities
sin @ cos 0
tan @ = cot 0 =
cos 0 sin 6
e Reciprocal Identities
1
csc O = sec 0 = cot 6 =
sin 0 cos 0 tan 0

e Pythagorean Identities

sin29+00829:1 tan’ 0@ +1 =sec?0 1+ cot?6 = csc?6

e Even-Odd Identities
sin(—f@) = —sin@ cos(—60) = cosf tan(—0
csc(—0) = —cscO sec(—0) =sec  cot(—0

p

~
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Graphs of the
Sine and Cosine
Functions




Graphing Trigonometric
Functions

e Graph in zy-plane
e Write functions as
o y= f(r) =sinzx
o y= f(r) =cosx
o y= f(r) =tan x
o y= f(zr) =cscx
o y= f(r) =seczx
o y= f(r) =cot z
e Variable x is an angle, measured in radians

e Can be any real number
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Graphing the Sine Function

e Periodicity: Only need to graph on
interval [0, 27] (One cycle)

e Plot points and graph

(5 y)

0 0 (0, 0)

T 1 T 1
6 2 (?‘ E)
2 ! (? 1)
=L (e

6 2 62

T 0 (., 0)

7w 1 7 1
T 3 (&)
37 37
2 (T‘ ‘)
(K 1 Mo 1
6 2 (T _E)
27 0 (27, 0)
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Properties of the Sine Function

Domain: All real numbers

Range: [-1, 1]

Odd function

Periodic, period 27

z-intercepts: ..., 2m, —m, 0, w, 27, 3, ...
y-intercept: 0

Maximum value: y = 1, occurring at
37 w®™ ow 9w
L= iy — e

2

Minimum value: y = —1, occurring at
T 3w Tw 1llw

2’ 97 97 9

$:..', ’..'

19



Transformations of the Graph
of the Sine Functions

e Example.
Problem: Use the graph of y = sin x to
graph y = —4sin (a: + %)

Answer:
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Graphing the Cosine Function

e Periodicity: Again, only need to graph
on interval [0, 27r] (One cycle)

e Plot points and graph

y=cosx (xy)
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Properties of the Cosine
Function

Domain: All real numbers
Range: [-1, 1]
Even function
Periodic, period 27
r-intercepts: ... —2~ _*
y-intercept: 1 202
Maximum value: y = 1, occurring at

T =...,—2m0, 2w, 4w, 6, ...
Minimum value: y = —1, occurring at

=..,—m T, IT, OM, ...
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Amplitude and Period of
Sinusoidal Functions

e C'ycle: One period of y = sin(wzx) or

y = cos(wz)

T Ar- 3T
2 2
| |

I >
1) T 2T 9m X
Al 2 2
y=Asinx, A=0

Period = 21T
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Amplitude and Period of
Sinusoidal Functions

e Theorem. If w > 0, the amplitude and

period of y = A sin(wz) and
y = A cos(w x) are given by

Amplitude = |A]

27
Period =T = —.
W
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Amplitude and Period of
Sinusoidal Functions

e Example.

Problem: Determine the amplitude and
period of y = —2cos(7x)

Answer:
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Graphing Sinusoidal Functions

e One cycle contains four important
subintervals

e For y = sin £ and y = cos = these are

3] oo ). o

e Gives five key points on graph
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Graphs of the
Tangent, Cotangent,
Cosecant and Secant

Functions




Graphing the Tangent
Function
e Periodicity: Only need to graph on
interval [0, |

e Plot points and graph 7

X y = tan x (x, y)
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Properties of the Tangent
Function

e Domain: All real numbers, except odd
multiples of 5

e Range: All real numbers

e Odd function

e Periodic, period 7

e r-intercepts: ..., 2w, —m, 0, m, 2w, 3w, ...

e y-intercept: (
_3_71' T w 3w

e Asymptotes occur at = =..., T
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Transformations of the Graph
of the Tangent Functions

e Example.

3:5
8
d
O

Problem: Use the graph of y =t
graph y = —2tan (f) ' l

3

Answer:

— — -— -— -— —Nw'— — -— . — e r— ——
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Graphing the Cotangent
Function

e Periodicity: Only need to graph on

interval [0, |
X y = cotx (x¥)
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Graphing the Cosecant and
Secant Functions

e Use reciprocal identities
e Graphof y=csc x
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Graphing the Cosecant and
Secant Functions

e Use reciprocal identities
e Graph of y =sec x

Vi
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Transformations of the Graph
of the Trigonometric Functions

If A, C, B & w Are real numbers , w > 0,
y = Asin(wx + C)+B, ..Than,

e The range of function is +A.

o If A< 1 than, the function will reflect.

. 2
e The period T = Zn for (sin, cos, sec & csc).

o The period T = % for (tan & cot).
e If w>1 than, the period will shrink horizontally.

e If 0<w< 1 than, the period will stretch horizontally.
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e The start of period X ;4 = _XC :
o If C'> 0, the period will move rightward.
o If C'> 0, the period will move leftward.
e The end of period Xopg=Xstart+ 1 .

e If B > 0, the function will move upward.

e If B < 0, the function will move downward.

35



Examples:

y
y=sinr period: 27
period: = y=sinx
— 7T
~ COS > X ; e riod:
y= 2 i o i period: 2
period: 47 X
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Derivatives of

Trigonometric Functions

When we talk about the function f defined for all real numbers x by
f(x) = sinx, it is understood that sin x means the sine of

the angle whose radian measure is x.

A similar convention holds for the other trigonometric functions
cos, tan, csc, sec, and cot

37



[f(x) = sinx J

—lim sin(x+ /4)—sinx
h—0 h

f'(x)=lm

h—0

J(x+m)— f(x)
h

sinxcos/s+cosxsinh —sinx

= lim
h—0 h
. [ sinxcosh—sinx cosxsin/ |
= lim +
h—0 h h
| (cosh—l) (sinh\}
= lim| sin x +COSX
h—0 h h )
.. . cosh-1 . . sin#h
= limsin x-lIim + limcosx-lim
h—0 h—0 h h—0 h—0  h
. . cosh-1 . sin#h
= sinx lim + cosx lim

h—0 h h—0
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lim _o For first quadrant all,
=0 sin@, 0,and tan @
are positive so we can write
| sinf < 6 <tanf
D
gD' ide it b g 1 1
=Divide i ' < <
2 o y st sin 6 cos 6
(7] 'G'
r=1 :
. sin @
Take the inverse 1 > > cos 0

lim 1 =1 & lim cosf@ =1

6—-0% 6—-0t
~sin@
By the Squeeze Theorem, we have: 911)%1 o= 1

However, the function (sin 8)/6 is an even function.

So, its right and left limits must be equal.
Hence, we have:

. smnh
lim
h—0 h

39



Iim .
h—0 h
. cos@—-1
lim
60 G
. (cos@—1 cos@+1
= lim :
6—>0 6 cos@ +1
cos’ 0 —1 . —sin’ @

= lim =lim
6-0 B(cos@+1) >08(cosd+1)

. (sin@ sind@
= —lim :
60\ @ cos@+1

. sin@ .. sin & 0
= —lim -lim =-1] —
60 @  0-0cos@ +1 1+1
. cosh-1
lim =

h—0 h

-0
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f'(x)= Sinx-]ijOSh_l_I_ Cosx-]ijIHh
h—0 h 0 h

= (sinx)-0+(cosx)-1

=COSX
d .
—(sinx)=cosx
dx

Using the same methods as in the case of
finding derivative of sinx , we can prove:

d L]
—(cosx)=—sinx
dx( )

41



The tangent function can also be differentiated by using the definition
of a derivative.

However, it is easier to use the Quotient Rule together with formulas for
derivatives of sinx & cosx as follows.

%(tanx): d (sinx]

dx \ cosx
d . . d
cosx— (sinx)—sinx — (cos x
) dx( ) dx( )
cos” x

COS X - COS x — sin x(—sin x)

cos’ x

2 r 2
COs™ x+sIn” x 1 5
= 5 = — =8ec” X
Cos” X cos” x

42



The derivatives of the remaining trigonometric functions — csc, sec,
and cot — can also be found easily using the Quotient Rule.

All together:

d . d
—(sInx) =COoS X —(¢cscx) =—cscxcotx
dx dx

d . d
—(cosx)=—smx —(secx)=secxtanx
dx dx

d d
—(tanx) =sec’x  —(cotx)=—csc’ x

dx dx
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Example:

sec x
Differentiate 1 (x) =

l+tanx

For what values of x does the
graph of f have a horizontal
tangent?

(1+tanx)i(secx)—sec xdi(1+tanx)

[0 = o

X

(1+ tan x)?

_ (I+tanx)secx tanx —sec x-sec” x

(1+ tan x)?

_ sec x(tan x + tan® x —sec” x)

(1+tan x)°
_ secx(tanx—1)
(1+tan x)°

s 2
sin” x 1
‘[am2 X — secz X = —

cos’x cos’x

2
COS X
=-1

C:IDS2 X
44



B) Inverse Trigonometric
functions

Arcsine
Arccosine

45




Lets review inverse functions

Find the inverse of f(x) = 3x + 6
y=3x+6

Inverse functions switch domain and range.

x =3y + 6 ( solve for y) So,
x—6 =3y
Yax—2=y
f'l(X) ="Yx-2

46



What is the domain and range
of the Sine function

Domain: All real numbers
Range: - 1 to 1

® CalculatorSoup.com
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What is the domain and range
of the Inverse of the Sine
function

The inverse’s Domain would be -1 to 1;
Yet the Range is not all real numbers.

Range T (1 Zj

—1.0H

48



Inverse of the Cosine

Domain: | -1,1]

Range:

(La)

[7,0]

Arccos x

Jr

-1.5

\aw

8 0.5 1 1.5
® CalculatorSoup.com
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The Tangent function

Domain: All real numbers except
Where n is a integer
Range: All real numbers

10 ¥

—+ N

ro|=

a0



Inverse of Tangent function

Domain: All real numbers
Range:

o1



Definition of Arcsine

The arc sine is the inverse function of the sine. What
is the angle that has a sine equal to a given

number 2
2

. 7T

arcsin 2 = =

Since, 4
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Examples

Find the exact value.
For these problems
All answers are in the
First Quadrant.

J3

arccoS— = —
2

1

arcsin — =

2

arctanl =

7T

6
3
A

7T

0

33



Examples

Be careful to make sure it is in the Range

i . T 7T
arcsin| sin — | = —
( 3) 3

( 77zj S
dlfCCOS| COS—— | = —
6 6

o4



Solve using a triangle

Cot(arctan x)
Let arctan x = u

VX2 +1

%)



SO].VG csc(arctan Lj
J2
Let
u = arctan %,thenK tanu = %
X +2
U

96



Solve

CSCU =

CSCU =

X
Csc(arctan —j
J2
1
CSCU = ——
SINuU
] X
SINU =
VX2 +2
X% +2
X% + 2 U
J2
242
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2

Show that arcsin > - :arccosg

Using arccos

X% +2% =6° : o
72 =36—X" X
2
?=/36- %’ sinu:\/% X
0
X
COSU = —
0
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Derivatives of Inverse Trigonometric Functions

The next theorem lists the derivatives of the six inverse
trigonometric functions. Note that the derivatives of arccos u,
arccot u, and arccsc u are the negatives of the derivatives of
arcsin u, arctan u, and arcsec u, respectively.

THEOREM 5.16

d u’
el ||l )y = —/—=
n‘x[ csin u] V1= w
d u’
7 I[;II’LL]I"I ul = T2
d u'
arcsec u] = [
{f‘l[ csec u] = \u| v u* — 1

Derivatives of Inverse Trigonometric Functions

Let u be a differentiable function of x.

4 [arccos u] —u
CCOs = T

dx V1= u

d —u’

o [arccot u] = T2

4 [arcese u] = —u

dx S |ul VR =1
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Example:

Differentiating Inverse Trigonometric Functions

a. i[arcsm@x)] 2 - 2
dx V1 — (2x)? V1 — 4x?
d 3 B 3
b. a[arctan(&c)] =TT G T o2
. i[arcsm \/—] (1/2) x~1/2 _ 1 _ 1
" dx N 2V/xV1T —x 2Ux — X2
d. L farcsec ] = —— e
. —larcsec e~t| =
dx € er\/(€2x)2 — 1

The absolute value sign is not necessary because e > 0.
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C) Exponential Functions
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Exponential Function

e The function defined by
f(x)=b" (b>0, b#1)

is called an exponential function with base b
and exponent x.

e The domain of fis the set of all real numbers.
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Example

e The exponential function with base 2 is the function

f(x)=2

with domain (— oo, ).
e The values of f{x) for selected values of x follow:

f(3)=2°=8

f(%)= 23//2 ;2.21//2 ;2\/5

f(0)=2"=1
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Example

e The exponential function with base 2 is the function
f(x)=2°

with domain (— oo, ).
e The values of f{x) for selected values of x follow:

=l_l
JEh=2" =2
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Laws of Exponents

e Let a and b be positive numbers and let x
and y be real numbers. Then,

LB =
2 b _ e

b
-
* (ab)" =a'b"




Examples

L B Let fx) = 2 '. Find the value of x for which
1 flx) = 16.

Solution

e We want to solve the equation
27l =16=2"
e But this equation holds if and only if
2x—1=4

giving x = > :
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Examples

e Sketch the graph of the exponential function £{x)
= 2%
Solution

e First, recall that the domain of this function is the
set of real numbers.

e Next, putting x = 0 gives y = 2° = 1, which is the
J~Intercept.

(There is no x-intercept, since there is no value of x
for which y = 0)
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Examples

e Sketch the graph of the exponential function Ax) = 2~
'Solution

e Now, consider a few values for x:

x -5 -4 -3 -2 -1 0 1 2 3 4 S|
y 1/32 1/16 1/8 1/4 1/2 1 2 4 8 16 32

e Note that 2* approaches zero as x decreases without
bound:

e There is a horizontal asymptote at y = 0.

e Furthermore, 2* increases without bound when x
increases without bound.

e Thus, the range of fis the interval (0, ).
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Examples

e Sketch the graph of the exponential function

fx) = 2~
Solution
e Finally, sketch the graph:
2 Y
4
f(x) = 2x
2




Examples

Y e Sketch the graph of the exponential function
fx) = (1/2)*

Solution

e First, recall again that the domain of this
function is the set of real numbers.

e Next, putting x = 0 gives y = (1/2)° = 1, which
is the y-intercept.

(There is no x-intercept, since there is no value
of x for which y = 0)
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Examples
e Sketch the graph of the exponential function £ x)

— (1/2)~

Solution

e Now, consider a few values for x:

X -5 -4 -3 -2 -1.0 1 2 3 4 5
y 32 16 8 4 2 1 12 14 1/8 1/16 1/32

e Note that (1/2)* increases without bound when x
decreases without bound.

e Furthermore, (1/2)* approaches zero as x increases
without bound: there is a horizontal asymptote at y

e As before, the range of /is the interval (0, o).
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Examples

e Sketch the graph of the exponential function A x)
(1/2)*

Solution

e Finally, sketch the graph:

2 Y
4

f(x) = (L/2)*

—2 2

» X
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Examples
e Sketch the graph of the exponential function £ x)

— (1/2)~

Solution

e Note the symmetry between the two functions:
2 Y

f(x) = 2x

f(x) = (L/2)*




Properties of Exponential Functions

The exponential function y= o° (b>0, b# 1)

has the following properties:

1.

2.

3.

Its domain is (— oo, o).

Its range is (0, «).

Its graph passes through the point (0, 1)

It is continuous on (— o, ).

It is increasing on (—oo, o) if 5> 1 and decreasing

on (—oo, o) if H<1.
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The Base e

e Exponential functions to the base e, where e is an
irrational number whose value is 2.7182818..., play
an important role in both theoretical and applied
problems.

e It can be shown that

e = lim (1 + i)
m—w® m
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Examples

e Sketch the graph of the exponential function £ x)
= e

Solution

e Since e* > ( it follows that the graph of y = e¥is
similar to the graph of y = 2~

e Consider a few values for x:

x -3 -2 -1 0 1 2 3
y 005 014 037 1 272 739 20.09
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Examples

e Sketch the graph of the exponential function £{x)

er.
Solution
e Sketching the graph:
4 Y
5 f(x) = e*
3

7



Examples

e Sketch the graph of the exponential function A x)
= e .

Solution

e Since ¢ > 0 it follows that 0 < 1/e<1 and so

ix) =e*=1/e"= (1/e)* is an exponential
function with base less than 1.

e Therefore, it has a graph similar to that of y =
(1/2)%
e Consider a few values for x:
X -3 -2 -1 0 1 2 3
y 2009 /739 272 1 037 014 0.05
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Examples
e Sketch the graph of the exponential function £ x)

X

e .

Solution

e Sketching the graph:
4 Y

79



D) Logarithmic Functions




Logarithms

e We've discussed exponential equations of the form
y=br (b>0, b# 1)
e But what about solving the same equation for y?

e You may recall that y is called the logarithm of x to
the base b, and is denoted log, x.

e Logarithm of x to the base b

y=log,x ifand onlyif x= b" (x>0)

81



Examples

e Solve log,x =4 for x:

Solution

e By definition, log,x = 4 implies x = 3* = 81.
e Solve log,4 = x for x:

Solution

e log,(4 = x is equivalent to 4 = 16¥ = (4%)* = 4%, or
41 = 42)(,

from which we deduce that
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Examples
e Solve log,;4 = x for x:

Solution

o log,(4 = x is equivalent to 4 = 16* = (4?)* = 4%,

or 4! = 4%%
from which we deduce that
2x =

1
1
X==
2
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Examples

e Solve log 8 = 3 for x:
Solution

e By definition, we see that log 8 = 3 is equivalent to

8=2"=x’

x=2
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Logarithmic Notation

log x = log,, x Common logarithm

In x =log, x Natural logarithm
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Laws of Logarithms

e If m and n are positive numbers, then

1.

, log, mn =log, m + log, n

log, 2= log, m—log, n
3. n
log, m" =nlog, m
log,1=0

log, b=1




Examples

e Given that log 2 = 0.3010, log 3 = 0.4771, and
log 5 = 0.6990, use the laws of logarithms to
find

logl5S=1log3-5
=log3+log$5
~ 0.4771+0.6990
=1.1761
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Examples

e Given that log 2 = 0.3010, log 3 = 0.4771, and
log 5 = 0.6990, use the laws of logarithms to
find

log7.5 =log(15/2)
=log(3-5/2)
=log3+log5—log2
~0.4771+0.6990-0.3010
=0.8751
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Examples

Given that log 2 = 0.3010, log 3 = 0.4771, and
log 5 = 0.6990, use the laws of logarithms to
find
log81=1log3’
=4log3
~4(04771)
=1.9084
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Examples

e Given that log 2 = 0.3010, log 3 = 0.4771, and
log 5 = 0.6990, use the laws of logarithms to find

log50=1og5-10
=logS5+1logl0
~0.6990+1
=1.6990
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Examples

Expand and simplify the expression:

log, x*y’=log, x* +log, y*
=2log, x+3log, y
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Examples

e Expand and simplify the expression:

2 +1

log, = log, (.zr:2 + 1] —log, 2°

=log, (.x2 + 11 -xlog,2

=log, (.at:2 + 13 —-x
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Examples

e Expand and simplify the expression:

2 /xz _1 xz(xz _1)1/2

In - =In .
e e
=Inx*+In(x*-1)"* —Ine*
1

= 21nx+51n(x2 —1)—xlne

:Zlnx+%ln(x2 “1)—»x
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Examples

Use the properties of logarithms to solve the equation
for x:
log,(x+1)-log,(x—-1)=1

x+1
10g3 —=1 Lawy 2
x—1
x_—l—l — 31 =3 Definition of
x—1 T logarithrms
x+1=3(x-1)
4=72x

x=2
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Examples

Use the properties of logarithms to solve the equation for

X.

log x +log(2x—1) =log6
logx +log(2x—-1)—-log6=0

log x(2x-1) e

6
x(2x-1) —10° =1
x(2x-1)=6
2x'—x—-6=0
(2x+3)(x—-2)=0
x=2

Laws 1 and 2

Definition of
logarithrms

xX= —2 is out of
2

the domain of logx,

so it is discarded.
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Logarithmic Function

e The function defined by
f(x)=log, x (b>0, b#1)

is called the logarithmic function with base 5.
e The domain of fis the set of all positive numbers.
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Properties of Logarithmic Functions

The logarithmic function
v = log,x (b>0, b# 1)
has the following properties:
1. Its domain is (0, ).
2. Its range is (— oo, o).
3. Its graph passes through the point (1, 0).
4. It is continuous on (0, ).

5. It is increasing on (0, ) if b > 1
and decreasing on (0, «) if b j 1.
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Example

e Sketch the graph of the function y = In x.
{ Solution
e We first sketch the graph of y = e~

The required graph is
the mirror image of the v y=e*
graph of y = e* with

respect to the line y = x:

y =1Inx
/]/ /‘X
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Properties Relating
Exponential and Logarithmic Functions

Properties relating ¥ and In x:
X =x (x> 0)

In "= x (for any real number x)
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Examples

e Solve the equation 2e¢**?2 = 5.
Solution

e Divide both sides of the equation by 2 to obtain:

e=2225
2

e Take the natural logarithm of each side of the equation
and solve:

Ine*™* =1In2.5
(x+2)lne=In2.5
x+2=In2.5
x=-2+1In2.5
x~—1.08
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Examples

e Solve the equation 5 In x+ 3 = 0.
Solution
e Add -3 to both sides of the equation and then divide
both sides of the equation by 5 to obtain:
S5Inx=-3

Inx=—>=-06
5

and so:
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Derivative of Exponential and
Logarithmic Functions




1- Derivative of exponential function f(x) = e*

) Cfxe+h)—f(x) | eMth—eX  e¥el —e*
f'(x) = lim = lim = lim
h—-0 X h—0 h—-0
. e*(e"-1) . e"-1 /0
Sy e M= e S0
{ J
Y
By definition, this is derivative f'(0) ,
what is the slope of e* at x = 1.
im et o
h e —1 VA T
h
1 1.71828
0.1 1.05171
0.01 1.00502
0.001 1.00050 iex _ o
0.0001 1.00005 dx
0.00001 1.00001
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example:

Differentiate the function y = etanx

To use the Chain Rule, we let u = tan x.

Then, we have y = el.

dy _ dy du _ eud_u: etanxsec2x
dx dudx ax

example:

Find y’ if y = e sin 5x.

y'=e**(cos 5x)(5)+(sin 5x)e ™ (-4)

=e**(5cos 5x —4 sin5x)
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chain rule;

. . o X
We can now use this formula to find the derivative of a
y=a* = Iny=Ina*=xlna = aq* = e*na

d _x i(exlna)= exIna x1lna

%(xlna)=e ‘Ina

a*-lna

|
Q
I
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2- Derivative of Natural Logarithm Function

y=Inx

Y = :dy—d =
e’ =x dxe_dxx

d d d 1
dx dx dx X

d 1
— (1 __
dx(nx) X
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example:

Differentiate y = In(x® + 1).

To use the Chain Rule, we let u = x3 + 1.

Then, y =1In u.
2

dy _ dy du :ldu _ 31 (3x?) = 3x

dcx dudx udcx x+1 X +1

example:

Find: iln(sin x)

dx
d . 1 d . |
—In(sinx) = — (sinx) = COSXx =cotx

dx sin x dx SIN X
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example: Differentiate f (x) =+/ln X

) =Lnx)” Ly —ro Lo
S0 =3y i) = o = o

d. x+1 ,
example: dxlnm =

d]n x+1 1 d x+1 x-2 Nr=2-1-(x+D (1) (x-2)™"

dx x—2_ X+1 dy \Jx-2 x4l x-2
xX—2
Cx=2—5(x+1) X—=35
(x+D(x=-2) 2(x+1D)(x-2)

If we first simplify the given function using the laws of logarithms, the
differentiation becomes easier

d x+1 d 1 1{ 1
In =—|In(x+D)—-3In(x-2)|=————
dx x—2 dx[ ( )~z n( )] x+1 2[36—2]
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example:

Find f’(x) if f(x) = In|x]|.

) Inx if x>0
X)) =
In(—x) if x<O
— if x>0
S=9" |
—(CD)==— 1f x<0
[ —Xx X

Thus, f'(x) = 1/x for all x # 0.

d 1

The result is worth remembering: — In ‘x‘ = —
dx X
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3- Derivative of Logarithm Function

a logarithmic function with base a in terms

N of the natural logarithmic function:

Since In a is a constant, we can differentiate as follows:

i(logax): d lnx: | d(]nx): 1

dx dclna Inadx xlna
d |
—(log x) =
dx( 84 ) xlna

example:

I e
—log,,(2 +sin x)

‘ ‘ o 1 d . COS X

= 2+sinx) =
(2+sinx)Inl0 dx( ) (2+sinx)Inl10

Inx
log, x=—-
Ina
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IMPORTANT and UNUSUAL.: If you have a daunting task to find
derivative in the case of a function raised to the

function (x*,xS"* ...}, or a crazy product, quotient, chain
problem you do a simple trick:

' FIRST find logarithm , In, so you'll have sum instead of product,
and product instead of exponent. Life will be much, much easier.

STEPS IN LOGARITHMIC DIFFERENTIATION

1. Take natural logarithms of both sides of an equation y = f(x) and
use the Laws of Logarithms to simplify.

2. Differentiate implicitly with respect to x.

3. Solve the resulting equation for y’.
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example:

X" x% +1
(3x+2)

Differentiate; Y =

Iny =2Inx+In(x* +1)-5In(3x +2)

dy 3 X 15
_—y + 5 —_
4x x“+1 3x+2

Since we have an explicit expression for y, we can substitute and write

dy x3’4\/x2+1[3 X 15 j

= —+ —
ax (3x+2)5 4x x*+1 3x+2
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example:

sin x

y=x y' =7

Sin x

Iny =(sinx)Inx = ;y’:(cosx)lnx+ "

sin x sin x—1

y'=(nx)x cosx + (sinx) x

Try: y = (sinx)”*
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