Integral

Objectives

- Know what definition of Indefinite Integral is.
- Know what Definite Integral is.

- Know what Length of a curve is.

- Know what Area under a curve is.
- Know what Volume of solids is.

- Know what Surface area is.




A) Indefinite Integral

e The family of antiderivatives of a function f
Indicated by

j f (X)dx
o Thwis a stylized S to indicate
su ation




Indefinite Integral

e The indefinite integral is a family of functions

jx3dx_—x4+9

e The + C represents an arbitrary constant
e The constant of integration

j (3x%+4)dx =-3x"+4x +C




Properties of Indefinite Integrals

e The power rule

jx”dx:ix“ﬁc, n=-1
n+1

e The integral of a sum (difference) is the sum
(difference) of the integrals

j[f(x)+g(x)]dx=jf(x)dx+jg(x)dx




Properties of Indefinite Integrals

e The derivative of the indefinite integral is the
original function g
— [ f(x)dx=f(x)
dx

e A constant can be factored out of the integral

jk. f(x)dx:k-_[f(x)dx



Examples

e Determine the indefinite integrals as specified
below

IG dx j(3x+5) dx

jt1’4 dt _[(12y3+6y2—8y+5) dy




Indefinite Integrals of Exponential
Functions

. _[ex dx=¢e"+C

® kx

. je”dx:ek -C
. jaxdx:lza:C

. ak-x
ja dx = +C
k(ln a)




Examples

e Use the exponential rules to determine these
Integrals

j —4e* dv

I(vz —e3V) dv

j 3 dx




Indefinite Integral of x 1

e Theruleis J'x‘l dx:j%dx=ln\x\+C

e Tryitout...

j @ — 30 j 0z




Indefinite Integrals of Trigonometric
Functions

simxdx=—cosx+C

sec’ xdk =tanx+C

secxtanxcdk=secx+C

J.%nfc:tan'IHC
X +1

|

cosxck=smx+C
cse’ xck=—cotx+C

cscxcotydr =—cscx+C

: de=sin” x+C

-y’
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Example 1
\ Find the general indefinite integral
| (10x4 = 2 sec?x) dx

J(10x4 = 2 sec?x) dx =10 | x4dx — 2 | sec?x dx
=10(x°/5)-2tan x + C
=2x°=2tan x + C

e You should check this answer by differentiating it.
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Example 2

eEvaluate
j Cosd

sin‘ @

dé

jc_osgé’ 40 I( j(cos@jdg
sIin“ @ sin@ )\ sin@

= jcsc@cot@dé’ =—cscld+C
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B) Definite Integral

Example 1

eEvaluate

[ (¢ %) dx

13
4 2
X

| IB(XS—Gx)dx:——GX_
-, 755

:(%.34_3._32)_(%.04_3.02)
—8_27-0+0=-6.75

0
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Example 2

eEvaluate _[02(2x3 — 00X 3 jdX

IZ(ZX:” —BX + 23
0 X- +1

X° +1
X4 2

jdx = 2——6)(—+3tan‘1 x]z
4 2 0

3

=1x*—-3x* +3tan™ x]z

0
= 1(2*)-3(2°)+3tan ' 20
=—4+3tan" 2

jOZ(ZXB — 66X

X° +1

jdx ~—0.67/855
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Example 3

2 2
eEvaluate J'g 2" +1 \/E_ldt

1 t?

fg 2t +t24t -1

1 t?

dt = [ 2+t ~t7)




J, @+t -t

£3/2 t—1'9

3]

1
19

ot 292t
3t

=(2-9+2.9%2+1)—(2-1+2.1%% + 1)
=18+18+:-2-£-1=323

9




C) Length of a curve (Arc Length)

ds
dy
If we want to approximate the length of a ]
curve, over a short distance we could X
measure a straight line.
By the pythagorean theorem: Length of Curve (Cartesian)
2 2 2 b dy )’
ds? = dx® +dy L= (] o
a X

’ | Ids — J‘\/dXZ 4+ dy2<— We need to get dX out from under the

radical.




e If a curve has the equation x =g(y),c Sy =d,
and g’(y) Is continuous, then by
Interchanging the roles of x and y , we obtain
Its length as:

L= Ld \/1+[9 (y)] dy = Lle | dy

18



Example 1

Find the length of the arc of the semi-cubical
parabola y? = x3 between the points (1, 1)

and (4, 8).
VA

(1, 1)

=Y
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-Thus, the arc length formula gives:

2
LL“Nl : (dyj dx = 1+ xd

dx




o If we substituteu =1 + (9/4)x,
then du = (9/4) dx.

e When x =1, u=13/4.
When x =4, u = 10.

| =4

_ 4 21,92
_g.20%]

J-10 Jﬁdu

13/4
10
13/4

107 ()"

[80@ _13/13 )
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Example 1

Find the arc length function for the curve
y = x%="In x taking Py(1, 1) as the
starting point.

1
f'(X)=2x——
(X) o
2
1+[f (X)]2:1+(2X_ij =1+4X2—1+ 12
38X 2 064X
_ax s 12
2 064X
2
=(2x+ij
8X
1

JLH[FOOT = 2x+ =

8X

22



e Thus, the arc length function is given by:

s(x) = [ "Y1+ [ O o

=X +ilnx-1

23



e For Iinstance, the arc length along
the curve from (1, 1) to (3, f(3)) Is:

5(3) =3 +1In3-1

3. In 3




D) Area under a Curve




1- Area between the curve and the x-axis

Consider y=x2, If we wanted to find the area under
this Curve between x=0 and x=1 we could use strips
like th\jus :

/u. 1)

8 Strips 10 Strips

dx=1/8 dx=1/10

0 = X st v
1 X 0 P X
Zéé 4 tdl

[ f“

30 Strips A4 50 Strips A

dx=1/30 dx=1/50 I

26



Finding the Area

"
\ If write the area of each of the individual rectangle as AA

Then the area of each individual rectangle is between

A
YA X < AA < (y + Ay )Ax y/my/
And So y
AA
y<—< (y + Ay) A Y
AX
’ With increasing strips, Ax Ay tend to Zero and A%
L AA  dA dA
we can write|-IM A< dx |and =y A:jydx
AX —> 0 dx




The area between a and b under
the curveis i

Area ~ Z yAX /

a

As the number of rectangles increases the
approximation to the area improves

n — oo AX — 0
Limit
Area = AX”E) O Z yAX

b
This Limit is written as I de
a

28



Example 1

x=1
szdx
x=0
‘13 03
I 3 3
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2- Splitting Areas for Integration

Where a curve is below the x-axis the integral is negative

Therefore if the curve crosses the x axis we need to split the

Integration into separate parts.

VW

30



Example 2

7!
\

1 Find the area enclosed by the x axis and the curve

y=X(X—2)(Xx+1)

y-l
y =0 when Xx=0 /\ /
X =2 and /1 2 :
X =-1

The curve is below the axis for 0 <x <2

and above the axis for -1 <x <0

Area =

[ x(x-2)(x +1)dx‘ + " x(x-2)(x-+1) dx

31



Find the area enclosed by the x axis and Y = X(X— 2)(X+1)

W[ x(x—2)(x+1) dx = [ x3 = x? — 2xdx
N [ xx=2(x+D ax= |

x* X ’ vt
= —_ —_ X2
4 3 . X
: > g
4.8 4 0-8_,2
3 3 3

0 0 3 5
Lx(x—Z)(x+1) dx:Lx — X° —2Xdx

HESE S
i 3 |,

~0-(G -2 -D=~(-D=

Totalarea = 2g +i = 3i Sg.units
3 12 12
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3- Area between the curve and the y-axis

Find the area bounded by x=y?+2, y-axis, y=1 and
y=3

33



4- Areas between two Curves

e Consider the region S that lies between two
curves y =f(x) and y = g(x) and between

the vertical lines x =a and x = b.

e Here, f and g are

continuous functions

YA

and f(x) 2 g(x) for all

y = f(x)
X in [a, b]. /\

34



e As we did for areas under curves, we divide S into
n strips of equal width and approximate the i th

strip by a rectangle with base Ax and height

F(X*)—a(x*)

VA YA
A : N
AR
AL ]
AT LA
|
| SN e
| | 4 : o .
0 o] a { | - H o
| =
N ||

(a) Typical rectangle (b) Approximating rectangles
® Thomson Higher Education
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e Thus, we define the area A of the region S as the
limiting value of the sum of the areas of these

approximating rectangles.

A=lim Zn:[ f(x*)—g(x*)JAx

N—>00 :

e The limit here is the definite integral of f - g.

36



Example 4

\

Y o Find the area of the region bounded above by
y=eX, bounded below by y = x, and bounded on

the sides by x =0and x = 1.

VA
y=e_ - x=1
1 '/
y=x Ax
f >
0 1 X

37



e SO, we use the area formula with y=eX, g(x) = x, a
=0,and b =1

A:_[Ol(eX —x) dx = e —%xz]z
=€ - l=e-1.5
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Example 5

\ Find the area of the region enclosed by
the parabolas y = x?and y = 2x - x2.

e First, we find the points of intersection of
the parabolas by solving their equations
simultaneously.

e This gives x? = 2x - x?, or 2x?- 2x = 0.
e Thus, 2x(x -1)=0,sox=0or 1.

e The points of intersection are (0, 0) and (1, 1).

39



e From the figure, we see that the top and
bottom boundaries are:
Y1 = 2X — X? and yg = X?

©® Thomson Higher Education




e The area of a typical rectangle is
(Y1 = Ye) AX = (2X = X* = X?) AX
and the region lies between x =0 and x = 1.

e S0, the total area is:

A:E(ZX—ZXZ) dx:Zﬁ(x—xz) dx

2 3
_ o XX :z(l_ljzl
. 2 3 3

41



e To find the area between the curves y = f(x) and
y = g(x), where f(x) 2 g(x) for some values of x
but g(x) 2 f(x) for other values of x, split

the given region S into several regions S,,

S,, ... with areas
AL A, ... A
y=gx)
S S,
y=fx)
>
0| a b x

42



Example 6

Find the area of the region bounded by the
curvesy =sin X,y =cos x, x =0, and x = m/2.

The points of intersection occur when sin X = co0S X,
thatis, whenx =1 /4 (since 0 sxsT1/2).

Y A
y =COS X

43



eObserve that cos x 2 sin X when
0<xsmr/4butsin x2cos xwhen
m/4sxs1mr/ 2.

44



So, the required area is:

/2 i
AzjO cosx—sinx| dx=A +A,

/2

/4 i i
. IO (cosx—sinx) dx+ iy (sinx—cos x) dx

= [sinx+cos x| +[~cosx - smx]ﬂ/4

(\/\/1?+\/1501j+(01+\/1§+\/1§j
=22 -2




Example 7
First find the points of intersection of

curve y=x? and line y=x+2

At the points of intersection

X% = X+ 2
X°—Xx—2=0
(x—2)(x+1) =0

X=2 or x=-1_
These will be our limits of integration

46



Area = [ (f (x) - g(x)) dx

AZJ‘_Zl(X-l—Z)—XZ dx

Area = 4%, sqguare units

a7



Some regions are best treated by regarding
x as a function of y.

- If aregion is bounded by curves with equations x
=1(y), x =9(y), y = ¢, and

y =d, where f and ¢

are continuous and
f(y) 2 g(y) forc Sy <d, di
then its area is: y=d

; x—g(y)( )x=f(y>
A=[ [T -gW]dy  ep——

ggggggggg
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Example 8

Find the area enclosed by theliney =x -1

| and the parabola y? = 2x

+ 6.

e By solving the two equations, we find that the
points of intersection are (-1, -2) and (5, 4).

e We solve the equation of the parabola for x.

e From the figure, we notice
that the left and right

boundary curves are:
__ 1,2
XL =3Y —3
Xo =Yy+1

e We must integrate between
the appropriate y-values,

y=-2andy =4.

Vi

(_1’ —2)

49



Thus,

A= _42(xR — X, ) dy
=[L[(y+1)-(3y*-3) oy
2

2L

4
-1y

: +y+4) dy

3 2 )
LY - 4y
2\ 3 2 1,

:—%(64)+8+16—(§+2—8):18




E) Volume of solids
(Volume of Revolution)

1- Find the Volume of revolution using the disk method
2- Find the volume of revolution using the washer method
3- Find the volume of revolution using the shell method

4- Find the volume of a solid with known cross sections

51
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f(x)

dV = nr?dx

dx

dV = n[f (x) + k]?dx

z = lim m"ZAx
Ax—0

i=1 i=1

dV = n[f (x)]?*dx

53



dV = n[f(x) — k]?dx

AV = n[k — f(x)]?dx

54



d
k(y) d
\ x(y)
C c

dvV = m[x(y)]3dy dv = n[x(y) + k)*dy dv =n[x(y) - k]*dy  dV =mnlk - x(y)]*dy




Example:

Determine the volume of the solid obtained by rotating the region
bounded by y = x* —4x+ 5, x = 1,x = 4 and the x-axis about the x-
axis.

56



y=x'-4x+5

O == R) L) = m
L L

-
[
.

1 I I 1 I
o o= W R =
I L N

The area of one disk is:
A(x) = m(x* — 4x +5)? = m(x* — 8x> + 26x? — 40x + 25)

The limit of integration is from x=1 to x=4

57



The volume of this solid is then,
4
V = f A(x)dx
1

4
_ W/ x* — 8x3 + 26x% — 40x + 25dx
1

5 3 —
- ﬁ(‘% ot 26‘% — 20x2 + 25x)[4 = Yi“

58
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A solid obtained by revolving a region around a line.

2 . 2
A= {(er ) - (fmer )]

av = [y, (0] = [y,(0)]dx v = j v dV=Adx

@ =l O - b Bdy V[ AV =Ady

60



Example:

Find the volume of the solid formed by revolving the region bounded
by y = ¥x and y = x2 over the interval [0, 1] about the x — axis.

1
V=n f (VX2 - [x?]2)dx
0

0.3 1

1
065 V= nj{x — x*}dx
0

0.4 1

_(x* x\|1
0.2 V=m 2 5 /lo




Example:

Find the volume of the solid formed by revolving the region bounded
by y = Vx-1 andy = (x-1)2 over the interval [1, 2] about the x — axis.

Find the volume of the solid of revolution formed by rotating the finite region bounded
by the graphs of about the x-axis. )
2
(V1) [(xl)z] ]dx

g o ol
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63

3-Volumes by Cylindrical Shells




Summing up the volumes of all these infinitely thin shells, we get the total volume
of the solid of revolution:

A= 2 h=2 h
Tr TX dV = Adx = 2m x hdx V=de

a

y(x) dV = Adx =2m x y(x)dx

b
V= anxy(x)dx

a

dV = Adx = 2m x [y, (x) — y,(x)]dx
b
v =2n [ xlya(0) - yo0)ldx

a

64



Example:

Find the volume of the solid of revolution formed by rotating the region bounded
by the x-axis and the graph of y =+x fromx =0 to x =1, about the y - axis.

V=2nfx\/§dx

0

2
V= 2n§x5/2](1)

65



Example:

Find the volume of the solid of revolution formed by rotating the finite region
bounded by the graphs of y =+v/x—1 and y = (x — 1)? about the y-axis.

0 o5 1 15 2 25 3 1 1
u=X-—- X =

u=0
: V=27tfx\/x—1dx—2njx(x—l)zdx X=u+l X=2
V=27tf x(Vx—1—(x—1)%)dx 1 1 u=1
1 1 1 du = dx
29 V=27Tf (u+1)\/ﬂdx—2nf (u + Du?dx
V=%7T 0 0

oo e wt W)t g2 2 11
B G 3 4 3|, ‘"
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Example:

Find the volume of the solid obtained by rotating the region bounded by y = x —
x%* and y = 0 about the line x = 2

67



Example:

Find the volume of the solid obtained by rotating about the y-axis the region
between y=x and y=x2

V= J.u] (27x)x — x¥dx = erﬂl (x* —x¥)dx = zﬂ[% _ x_]

shell
height = x — x*

0 M X

68
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Procedure: volume by slicing

- Sketch the solid and a typical cross-section.
- find a formula for the area, A(x), of the cross-section.
- find limits of integration.

- Integrate A(x) to get volume.

70



Example:

Find the volume of a solid whose base is the circle x2+y2=4 and
where cross sections perpendicular to the x-axis are all squares
whose sides lie on the base of the circle.

71



Example:

Find the volume of a solid whose base is the circle x2 +y2=4 and
where cross sections perpendicular to the x-axis are all equilateral
triangles whose sides lie on the base of the circle.

dV = Adx A =7
X2+y2=4 y = V4 —x2
1 <a>2_\/§ "

= ¢ =V3(4 — x?)

2
32
V= fx/§ 4 — x2)dx = — ~ 18.475
J ( ) 7
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Example:

Find the volume of a solid whose base is the circle x2 + y2=4 and where cross
sections perpendicular to the x-axis are all semicircles whose sides lie on the
base of the circle.

A—l (a)z_l , 4 — x2
—2"\2) TgtY T T
dV = A dx
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Example:

Find the volume of a solid whose base is the circle x? + y2=4 and where
cross sections perpendicular to the x-axis are all Isosceles right triangles
whose sides lie on the base of the circle.

dV = Adx

2
32
V= f(4—x2) dx =~ ~ 10.667
-2
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F) Area of a Surface
of Revolution




Area of a Surface of Revolution

e A surface of revolution is formed when a curve iIs
rotated about aline.

e The lateral surface area of a circular cylinder
with radius r and height h is taken to be:

A = 2mrh B

CUL =~} l h

o

27rr

© Thomson Higher Education
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e Consider the surface shown below.

e |t is obtained by rotating the curvey =f(x),asx b, about
the x-axis, where f is positive and has a continuous
derivative.

(a) Surface of revolution

©® Thomson Higher Education
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If y. = f(x.), then the point P;(x;, y) lies
on the curve.

e The part of the surface between x,_, and x;is
approximated by taking the line segment P,_, P,
and rotating it about the x-axis.

~ (b) Approximating band

82



e Theresult is a band with slant height
| =| P,_,P;| and average radius

r="(yi.1 + Yi).

So, Its surface area 1 "y

272_ yi12+ yi ‘ Pi_lpi ‘

=Y

S — J‘ 272- y dS circumference = 27y

(a) Rotation about x-axis: S = | 27y ds

83



9(x) =27 () L1+[ 00T

n

im Y 27 £ (¢ )1+ F107) |

n—oo 4
1=1

= (727 £ (x)J1+[ £ (%)) cx

b dy ‘
S :L Zﬂy\ll (dxj dx




eFoOr rotation about the y-axis, the
formula becomes:

S =j272'XdS

YA

circumference = 27x

(b) Rotation about y-axis: S = | 27rx ds

85



Example 1

.The curvey =v4—x? =1<x<1, isan arc
of the circle x? +y?=4

e Find the area of the surface
obtained by rotating this

arc about the x-axis. y

e The surface is a portion of
a sphere of radius 2.




d _
d_i =1 (4—x*)"2(—2x)

_4x j_111dx —47(2) =87
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Example 2

e The arc of the parabolay =x? from (1, 1)

to (2, 4) is rotated about the y-axis.

e Find the area of
the resulting surface.

YA

|

I

|

I
/-:—\

0

=Y

88



e Using y = x? and dy/dx = 2x,

S :jZﬂXdS

\2
ZLZZEX 14 (dy

dx

\

=27 LZ xv/1+ 4x2dX

dx



e Substituting u = 1 + 4x?, we have du = 8x dx.

e Remembering to change the limits
of integration, we have:

S=7 I, udu=7[aue ]

=2 (1717 -5/5)
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