Probability and Mathematical Statistics (s sbuall e dana anls okl (1 )2 @bl slaa VI 5 A llaiay)

Some Special Distribution:

Discrete Distribution:
1) Discrete uniform distribution:

The r.v. X is said to have an uniform distribution if P.m.f. is give by

1
— 5;x=123,...,N
f(X,N) = {N ; Where the parameter N = 1 Natural numbere

0 :o.w.

And denoted by X~ D, (N)

Clear that

N
f(x) =0 and Zf(x) =1
x=1

Then f(x) satisfies the condition of begin a P.m.f. of discrete type of random
variable x.

N+1 _ , N?-—
and the variance o*“ =

Note : the mean u =

(proof)

The moment generating function of uniform distribution is given by

My() = E(e™) = Y e f(x) = ) et % - %Z et
Vx

Vx Vx

1
N [ef + e?t +e3t + ... + eNt]
ll +el+ e+ + e(N_l)t]

et
N

et [1 — eNt
ZNIW]
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Example : If X~ D, (6);find @ P(x>1) @ P(x=3) @ meanand variance
Solution :

1
= 5 x=123,..6
X~Dy(6) = f(x)=10
0

;y 0. W,

@ P(x>1) =1-P(x<1)=1-P(x=1)=1-1/6=5/6
@O P(x = 3) =P(x=3) + P(x=4)+ P(x=5)+ P(x=6) =1/6 + 1/6 +1/6 +1/6 =4/6

Or  =1-P(x<3) = 1- [ P(x=1)+p(x=2)] = 1- [1/6 + 1/6]=1-2/6 =4/6
© Mean ‘u=N-2|-1 _ 6J2r1 :%

5> _N°-1 _36-1 _ 35

Variance o 17 7 - 12

2) Bernoulli distribution:

The r.v. X is said to have a Bernoulli distribution with parameter p if P.m.f.

is give by

p*q™* ;x=0,11
fX,p) = ;Where the parameter 0 <p<1,g=1-p
0 ;0. W.

And denoted by X~ Ber(p)

Clear that

1
f(x)=0 and fx)=p+q=1
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Then f(x) satisfies the condition of begin a P.m.f. of discrete type of random
variable x

Note : themeanu = p and thevariancec? =pq (proof)

The moment generating function of uniform distribution is given by

Mo() = E(e™) = ) e f(x)

Vx
1
=zet =Ze p*q'”
Vx x=0
= e’ p’ g0+ e plqiTt = q+pe’

3) Binomial distribution:

The r.v. X is said to have a Binomial distribution with two parameter n
and p if

P.m.f. is give by

Clp*q™™™ ;x=012,..,n
fX,n,p) =

0 1 0. W.

And denoted by X~ b(n,p)
Where the two parameter n and p satisfy the following conditions:
1- nis a positive integer

2-0<p<1

3-g=1-p or p+qg=1
Under the conditions, it is clear that

f(x) =0 vx and Zf(x) = Z Cer q"™ =(p+q" =1
x=0 x=0
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Then f(x) satisfies the condition of begin a P.m.f. of discrete type of random
variable x

n
N A X|N—X _ n
Useful relationship: [Binomial Formula is Z;)Cx ab - (a + b) :
X=

Note : themeanu=np and thevariancec?=npq

Proof :

p=EC = ) xf(x) = ix. C2 p* gn
x=0

Vx
n n!
' Cx_x!(n—x)!
n n '
n L n
..,1=Zx.Cx p* q"* Zxx!(n—x)' p*q"*
x=0 =0
n
n!
— X 4AN—X
Zxx!(n—x)' P4
x=1
n
nl
— X o Nn—x
Z(x—l)!(n—x)' P-4
x=1
RG]
— n— ) x—-1 ,n—x
nPZ(x—l)!(n—x)' pe

m
= npz C;? p’ q" Y =np(p+q)" =np1™ =np
y=0

©u=np
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02 = var(x) = E(x?) — E?(x)
We must compute E (x?) to that we compute E[x(x — 1)] = E(x?) — E(x)

E[X(X—l)] =2x(x—1)f(x) = zx(x_l)cz px qn—x
Vx x=0
C nl y
s Elx(x—1)] = xZ;x(x — 1)m p* q"

n n' X AN—X
=XZ;(x—Z)!(n—x)! P4

SR Gt L,
=n(n—1)pzz(x D P q
x=2
=n(n-1p? Y €7 p2 g
x=2

=n(n - 1)2922 Cy p’q

E[x(x —1)] = E(x?) — E(x) = n(n — 1)p?
= E(x?) = np + n?p? — np?

- 0 = E(?) — E*(x) = np +n2p” —np? —n2p®
= np —np® =np(1 —p) = npq
2

o~ = npq

The moment generating function of Binomial distribution is given by

n
M() = E(™) = ) e f(x) = ) e CF p*q" = ) CPet™ p*q"™
x=0

Vx Vx
n
= z Cy (e'p)*q"™* =(q+ped)"
x=0

Third Stage (65) A Al )



Probability and Mathematical Statistics (s sbuall e dana anls okl (1 )2 @bl slaa VI 5 A llaiay)

The properties of binomial distribution is:

1- two possible outcome
2- ntrials
3- independent trials

Example: Suppose X is binomially distributed with parameter n and p, further suppose
E(X) =5 and var(X) =4, find nand p.

Solution: X~ b(n,p) = E(x) =np =5 and var(x) = npq = 4

4 4 1
I=>q=§|=> p=1—§=§
5
np=>5 I=>n=T=25
5
1
x-b(25.1)

4) Poisson distribution:

The r.v. X is said to have a Poisson distribution with parameter A if

P.m.f. is give by
el 1 0,1,2
y X =U,1,4,..,00
fX,n) = x! ,where A > 0
0 ;0. W.

And denoted by X~ Po(})

Since >0 = f(x) = 0; Vx
(0] )\x
Since T et = Zf(x)=1
x=0 Z3
Then f(x) satisfies the condition of begin a P.m.f. of discrete type of random
variable x

Third Stage (66) AU s )



Probability and Mathematical Statistics s sbusad) (e 2ana auda Balall G )2

Note : the Meanu =21 and the Variance o?

Proof :

Mean = E(X)= ixf(x;/l) i A
x=0 .

x=0

L& AT
_e X —————
=0 X(x-=1)!
0 x-1
_eaY A
xl(X 1)'
0 1 2 3
_ u{ﬂ AyA LA m}
0] ]_' 21 3
=e*le’
=1

. Mean of the Poisson distribution is 1
And

Variance = Var(X) = E(X?) —[E(X)]J?
-» Mean of the Poisson distributionis 2 From (1)

Var(X) = E(X?) —[A)%......... (1)

E(X?) = zx fca) = Stk

bl slas Vi Alaia )

=2

0 2 1x=2
«—1 A

= X(X=1)(x-2)1"
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:e_llzii_i_ y)
x:Z(X—Z)!

0 1 2 3
IS AN
o 1 21 3
=e e+ A
= E(X)= A4 A (2)

Putting (2) in (1) we get

Var(X) = E(X?)-[A]
-+ A-X
=A

~.Variance of the Poisson distribution is A4

Note: In Poisson distribution the mean and variance are equal i.e. 4

The properties of Poisson distribution is:

1- The event occurring randomly in time.
2- The number of event in non-overlapping time period are independent.
3- >0, rate of Poisson process is average number of events per unite time.

Example :Suppose the number of flaws in a 100—foot roll of paper is a Poisson random
variable with A = 10. Then the probability that there are eight flaws in a 100-foot roll is:

Solution:
e -10 g 9 71R9])-10

P(X=8%=10)=E A _e™10)" _ (2.71828) (100.000,000) _ ;¢
X! 8! 40,320

The probability of seven flaws in a 50-foot roll is:
e N e(5)  (2.71828)%(78.125

Pir=Tp=5)=8 N £0)  QURYAIKIL) _. 404y
X! 7! 5.040
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Note:

The Poisson distribution can be limiting case of a binomial distribution under certain

conditions.

1. Number of trails i.e. n is indefinitely large i.e. n —> oo

2. p, the probability of success in each trail is indefinitely small i.e p—0

3. np= 4 is finite.

Proof:( ¢34 )
If X is a binomial distribution then the probability mass function is given by

P(X=x)=C! P*q" ", x=012,........ n
Under the above conditions

lim b(x;n, p) =lim C’ p*q"™*

Ce 0 (AY(AYT
sl (Ch) (e

n(n—l)(n—2) .......... (n—X+1)(n_X)!(&)X(1_&)nx

: n{{lij{lij ............. (M;lﬂ (1_@”
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Example : [f n=5000, p=0.001 and X~ b(n,p) find P(x=7)=f(7)
Solution : X~ b(n,p) = X~ Po(k) A= np=5000* 0.001=5

e N _e’(5) _ (2.71828)%(78,125)

PX=7A=5
=1 )= X! 7! 5.040

=.1044

~ f(7)=0.1044
The moment generating function of Binomial distribution is given by

Mx (t) —e /1(31:—1)

Proof :

—/1/1X

Mx(t) = E(etx) - ZVxetx f(x)

Z (Ae)* o—rplet — pA(et—1)

Example :Let X be r.v. whose M.g.f is give by e2¢'~2 find P(X = 1)
Solution : X~ Po(2)

e 2 2%
' :x=0,1,2,..,0
fGD = 7
0 1 0.W.
SPX21)=1-P(X <1
=1—-P(X =0)
-2 50
=1-L"=1-¢"2=0864

Question: If x has Poisson distribution and P(X=0)=1/2 find E(x) ?

Solution :

v X~Po(})

N = 01,2
) . x! ) X = Ol & "'loo
~fX,N = [H. W.]
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5) Negative Binomial distribution
Perform independent Bernoulli trials repeatedly until a given number of success
are observed i.e. let x the total number of failure before the rt" success, that means

the r.v. X represent the number of failure Prior to the r" success the P.m.f of X is:

Cx+r—1 r

p"q* ;x=01.2,......

fX;r,p) =
0 1 0.W.

And denoted by X~ Nb(r,p)

Where the parameter r and p satisfy r=1, 2, 3, ......... and 0<p<land q=1-p

Since0<p<1

+ f(x) 2 0 Vx and Zf(x) = Z C g =p - =
x=0 x=0

Then f(x) satisfies the condition of begin a P.m.f. of discrete type of random
variable x

- n+x-1 4 X __ —n
Useful relationship: Z(:)Cx a = (1_ a) :
X=

rq : , Tq
Note : the meanu =-— and the variance 0 = —

p p
Proof :
p=E@ =) xf@= ) x G g
Vx x=0
n!
- C" =
* xl(n—x)!
. _ - x+r—1 _ - (X-I'T—l)!
..‘u—zx.cx prqx - X xl(r_].)' prqx
x=1 x=1
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o (x+7r—1)! X
- P ;(x—l)!(r—l)!q
B - x+r—-1!
—r4p L =D

let y=x—1 and s=r+1
(y+s—1)! ¢
=rap Z Y (s — 1!

rqp’ rqp’ _ 1q
= = = = —
N CIEr ) LR

rq
U= E@) =—
p

2 = var(x) = E(x?) — E?(x)
We must compute E (x?) to that we compute E[x(x — 1)] = E(x?) — E(x)

(0.0)

E[x(x —1)] =Zx(x—1)f(x)= Zx(x—l) CX = pr g*
Vx x=0
- x+r-1!
E[x(x—l)]=;x(x—1) -1 P4

L S (x 47— 1)
=a°p r(r+1);(x—2)!(r+1)!q

let y=x—2 and s=r+2

x—2

(y+s—1)! y

— 2 AT 1
q°p r(r+1) ), G- D!
2 AT 2 AT 2
qp'rr+1) q°p'r(r+1) r(r+1)g
|:>E 2 —E = = =
(x ) (x) (1 — q)s pr+2 p2
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rq® rq* r
= E(x?) = CZI + qz + 4
p p p

202 ra? ra  12g2

02 = E(x%) — E2(x) = q n q _I__Q_ q

p*  p* p p?

_rq* rq_rq(q+p) _1q
p> p p? p?
rq

g% = F

The moment generating function of Negative Binomial distribution is given by

MO =E@) = Y e f0) = » e O pr g

Vx

Vx
x+r-1 |4
= PrZ)Cx (e'q)* = (1——qet)r
x=

Other formula of Negative Binomial distribution given by

Cffi_l p"q* ;x=012,......

fX;r,p) =
0 1 0. W.

Where X denote the number of failures before we get the first r successes

Remark: If X denote the number of trials required to get a total of r successes then

C;C:;prqx_r s x=rr+1L,r+2, ... ..
f&X;rp) =
0 ;0. W.

6) Geometric Distribution

In case of the binomial distribution, the number of trials was predetermined.
Sometimes, however, we wish to know the number of trials needed before a certain
outcome occurs.
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For example, we wish to play until we win; you roll dice until you get an 11;
a mechanic waits for the first plane to arrive at the airport that needs repair;
a basketball player shoots until he makes it. These situations fall under the
Geometric distribution. (Special case of Negative Binomial at r=1)
The r.v. X is said to have a Geometric distribution with parameter p if
P.m.f. is given by

p q*;x=012,......

f(X;p)z{ where0<p<1, q=1—-p
0 :o.w.
And denoted by X~ G (p)

Since0<p<1

~ f(x) =0 Vx and Zf(x)=z p q* = 1
x=0 x=0

1-q

Then f(x) satisfies the condition of begin a P.m.f. of discrete type of random
variable x

The moment generating function of Geometric distribution is given by

M) = E™) = ) e f(x) = ) e p q*

Vx Vx
p
=p Z(etq)" =
~ 1—qget

Note : the mean u = % and the variance o? = pq—z
Proof :
M(t): p I:M/(t):Let I=>E(x)=M’(0):L€0=g
* 1—qet X (1—q et)? X (1-qe%? p
q
u=E) =-
p

(1-qge"?(qe)+2q(1—qeD)pq e)
(1—qeb)*
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(1—qe”*(pqe®) +2q((1—qe’)(pq e)

.'.E 2 =
G (1—qe%*
CE(?) = (1-9)(Pqa) +2e(1-a) _ w’*+2¢°p _ap +2¢°
(1-q)* p* p?
2 2
o2 = var(x) = E(x?) — E* x) o % %: %: %
o? =iz

p

The properties Geometric distribution

1. Each event falls into just one of two categories, which are generally referred to as
a “success” or “failure.”

2. The probability of success, call it p, is the same for each observation.

3. The observations are all independent.

4. The variable of interest is the number of trials required to obtain the first success.

Remark: If X denote the number of trials required to get a first success then the P.m.f is:

p gt ;5 x=1,23 ...
f&X;p) =
0 ;0. W.
: 1 . , 1
Note : By this case the mean yu = 5 and the variance o? = ?
Proof (H.W.)

Example: On island of Oahu in the small village of Nanakuli, about 80% of the residents
are of Hawaiian ancestry . Suppose you fly to Hawaii and visit Nanakuli.
What is the probability that the first villager you meet is Hawaiian?
What is the probability that you do not meet a Hawaiian until the third villager?

GIs ) bl i) s L;\JL&&A\wu&uﬁ\UA°/°80‘_,1\3;wﬁ\gSLabécM\M)ﬂ\uﬁyu\ghyﬁula)
("uSL\S\ 53)53\@3@\\9& ‘514“3313‘3’«14\4‘_]&4;\55&9‘5\3&@5.\5\‘_}3‘{\ Lg\g)ﬂ\u\dhu;\\ghh ‘_,.‘JSLML_UJJ

Solution :
fX;p) =
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p=080=8 ; g=1—-p=1—-8=.2
f()=P(X =1) =(1-.8)""(.80) = (.2)°(.80) =.80.
f(3) = P(X =3) =(.2)*(.80) =.032

What is the probability that you will meet at most three people from Hawaiian ancestry (J<!)?

P(X <3)=P(X =1)+ P(X =2)+ P(X =3)

= (.2)°(.8) +(.2)'(.8) + (.2)*(.8)
=.8+.16+.032=.992

How many people should you expect to meet before you meet the first Hawaiian?

= % =1.25 = First integer number > y = Answer= 2

Note : If X is a geometric random variable with probability p of success on each trial, the

: : , 1
expected number of trials necessary to reach the first success is 1= E(X) = B

What is the probability that it takes more than three people before you meet a Hawaiian?
P(X >3)=(1-.8)" =.0016
Note, The probability that it takes more than n trials before we see the first success is

P(X >n)=(1—-p)™ and P(X 2n)=(1— p)". (Proof that H.W.)

Example: Suppose we flip a fair coin until we get a head. Let X be the number of trail to
get a head. Find the probability mass function of X.
Solution:

X~Gp) p=05 and g=1—-p=0.5

(0.5) (0.5)* 1 =(05)* ; x=1,2,....
Pm.f. is f(X)=
0 ;0. W.
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Question: A fair die cast on successive independent trail until the second six is observed.

Find the probability of observing exactly ten non-sixes before the second six is appear

Answer:
_, 1 5
r=e Py 0 475
Clhom g 5 x=012 ..
~X~Nb(r,p) &= f(X;7r,p) =
0 5 0.W
102 /5\"
1 c:! (—) (—) = 0,1,2,
I:f(x)zf(X’Z’g>= 1 6 6 ; X 4,4,
0 ;0. W.
/1 2 5 10
= f(10) = P(x =10) = C; (—) (—)
6/ \6
= 10 % (0.0278) x (0.1615) = 0.0449
Or
C;Hr_lprqx ;x =0,1,2,........
fX;r,p) =
0 0. W
1\2 /5\*
1 cxt! (—) (—) =012 e
|=>f(x)=f<X;2,g)= x \g) \6) ¥ 700"
0 S0 W.
11 1 2 5 10
= f(10) = P(x = 10) = C;, (g) (g)

= 10 X (0.0278) x (0.1615) = 0.0449

Theorem: (Memory Loss Property)
If X has the geometric distribution with parameter p then
PX=i+j|X=)=PX=)) ;i,j=123 ...
Proof:

L . _PX=z=i+)j) a-p¥ : .
PX=Zi+jlX=i)= P(X>i)] = (1_pp)i =(1-p) =PX z2))
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7) The hyper-geometric distribution :
Suppose that we have population of N objects; D of one type and N-D a second
type. A random sample of size n is drawn from the population without replacement.

Then if we let x denote the number of objects of the first type selected, we get first

of all (2) ways of choosing x object of the first type, (Ix:g) ways of choosingn — x

object of the second type, (17\11) ways of choosing a sample of size n from the population

of N objects then the r.v. X has P.m.f is given by:

f(x)=f(x;N,D,n) = (Ir\ll) ; , ,
0 ; otherwise

where @a = max{0,n+ D — N} and b = min{n,D}
® 0<x<D ® 0<n—x<N-D

And denoted by X~ hyp(N, D,n)

clear that f(x) =0 Vx

N

and ;f<x>=2(x)é’3:" =(§);(g)(?’l:f)=((%=1

x=0 n

" (A\ [ B A+B
Useful relationship: z (k) ( B k) = ( )
— m m

Then f(x) satisfies the condition of begin a P.m.f. of discrete type of random variable x

Th X~ hyp(N,D,n) then i = no and 0% =n— ~— 1 N=D
eorem: yp(N,D,n) enp=n and 0° =no- —— N

Proof :

u=E(x) = Exf(x) _ zn: X () G

S
Vx x=0 (n)
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s CM =

m!

x! (m—x)!

&® - D! (N-D
z (N) (N)z x'(D—x)!(n—x)

N (’T‘% ; (x —(f)!_(;)!— x)! (12,1 : alc))

let y=x—1, m=n—1 and A=D -1

™M Z '(A!y)'(N il_l)
SO0 Uy
o (o) (o) -G

D
= u=F = n—
u=E(x) ne

02 = var(x) = E(x?) — E?(x)
We must compute E (x?) to that we compute E[x(x — 1)] = E(x?) — E(x)

Elx(x— 1] = Z (-1 f() = ) x(x- e >(€V)

x=0

Elx(x — (N) z(x_z)l(D—x)'(N f)

DP-1D (@-2! (N-D
B (17‘1’) xz;(x—Z)!(D—x)!<n—x)
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let y=x—2, m=n—2 and A=D -2

DD-D A (N—A—Z)
() &yé-w

D(D—1)Z< )(N A- 2>

_D(D-1) (N-2y D (N-2
== ()= (os)
DD -1) n(n—-1) DD -1)n(n-1)
Y N@w-1)n/ N (N—1)

D(D—-1) n(n—1)

m-—y

= E(x?) = S =D
_ D(D—-1) n(n—1) nD (nD\’
L =BG P s —x— ot _<N)
_nD [(D-D(n-1) nD
N [ (N —1) N
_nD [Nn—1D([D-1)+N(N—-1)—nD(N —1)
N | N(N — 1) ]
_nD 'g,om/—nN—NDW+N2ﬂ<f—M+nD
N | NN -1) ]
_nD [N?*=nN—ND +nD
N | N(N — 1) ]
_nD [N(N—n)—D(N —n)
N | N(N —1)
_nD [(N—n)(N — D)
~ N| NWN-1)

; D N-n N-D
0" = n—
N N-1 N
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The moment generating function of Negative Binomial distribution is given by

o () Gy

M) = (™) = ) e f(x) = ) e

o o @)
C p
=1+ ) [Flk+1) — 1] =
kZl k!

Where: F(k) is the sum of the first k-coefficient of the hyper-geometric series.

Note : If we setp = %then the mean of the hyper-geometric distribution coincides

. . . . . . N-n _.
with the mean of the binomial distribution, and the variance is N—n times of

the variance of binomial distribution.

Some continues Distribution:

1) Continues uniform distribution (Rectangular distribution) :
The r.v. X is said to have an uniform distribution if P.d.f. is give by

! <x<bh
rasx <
f(x,a,b) ={b—a ;Where a and b it satisfy —o <a < b < o

0 10 W.

And denoted by X~ C,(a,b)

Clear that satisfy

b
f(x)=0Vx and jf(x)dx=1

Then f(x) satisfies the condition of begin a P.d.f. of continues type of random
variable x.

a+b , ,  (b— a)?
and the variance g“ = 17 (proof)

Note : the mean u =
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The moment generating function of uniform distribution is given by

b b
1
M, (t) = E(e™) = f e™ f(x)dx = jetx . dx
—a
a a
b—a_[e ===
a

Example : If x is uniform distribution over (0, 10), calculate the probability that :
O Px<3) @ P(3E<x<8) O P(x>6) @The distribution function

Solution: X~ Cy,(a,b) X~ C,(0,10)
1 1
;a<x<bh — ;0<x<10
f(x,a,b) ={b—a = f(x,0,10) =<{10
0 ;0. W.

0 ;o.w.

3
0P(x<3)=j%dx=[1x—0]3= 3
9P(x>6)—j dx = [1()] 109 4
9P(3<x<8)=J1—10 x—[lo] 8 3 >
3

0 F()=P(X <) = | f) du =f1—10du MK

10
( 0 ;x<0
= F(x)={ > 0<x<10
10 x
\ 1 >
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2) Normal distribution :
The normal distribution is one of the widely used in application
of statistical methods the P.d.f. of X is give by:

_G-w?
e 202 i —0 < x < ©

: 2y —
fQxu,0%) Neros

Where the parameters p and g2 satisfy —co < u < o0 and ¢ > 0,
And denoted by X~ N(u, %)

The properties of this p.d.f. are

1) Itis a bell shaped curve is symmetric about u

Symmetrical or bell-shaped.

(x)

U
y X

Has equal frequency to the left and right
of the central maximum e.g. normal curve

2) The two parameter that appear in the density £ and o2 represent the mean
and the variance of the random variable X.

Now
Consider the integral

; f 1 _%
= € 20° dx
e V2mo?

letv=""* mav =% & dx=od
ety = y =— X =oay
(0) (0) o
<x< <y < i f 1 8_%y2d
Y J V2w
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1 1.2 C1 1.
—— € 27 dx and I = J—@Zyd
fm NoT: Y

T 1
_ y
‘_LE J €72 ay
2 2
— _Zx . —e_7y dx d
LL\/Zn V2T Y
1 o 00 1, _l ,
—%'[ je Zx . € 2}’ dXdy
2 | e ara

We change the variables to polar coordination by using

x=rcosf and y =rsinf

00 21

r 1 —lrz 2T
= — 2
= j j re 2z dodr =5 J re 2" [0] " dr

r ., _1.2
=jr€2 dr=[—€2 ] =1 =I=1
0 0

Then f(x) satisfies the condition of begin a P.d.f. of continues type to random

variable x.
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The moment generating function of uniform distribution is given by

_(—p)°
202 dx

M,(t) = E(€™) = f e f(x)dx = j Norrs

e P 2[2xa t+x —2ux+u2] dx

1
- \V 21o? K

(e's)
1 e P z[x —2x(u+a t)+u ] dx
77,'0'2

—00

N

(0.0)
1 1 [2_
_ : P x2=2x(uto?t)+u?+(p+o? t) —(p+a?t) ] dx
210 L
0 2 2,)?
1 1 _ u +(u+a t)
2 e 552 x? 2x(u+a t)+(u+0 t) ]e 252 dx
210 .

. e 212 X —2x(u+a t)+(,u+a t) ]

— 00

—,uz+(u+02 t)z 0

2 1
_ e 20 e_r‘z[x_(lﬁ_azt)]z n
270>
Ify=x— (u+0%t) o> — ezt gy = p = 1
\ 2o’
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2 2
—u?+(uto?t) — U2+l +2uc?t+(0t)
M, (t) =€ 202 = e 202

1 2.2
= M) = et tzot

Note : The mean u and the variance o2 of normal distribution will be
calculated from M,.(t) as following :

1 2.2
Since M,(t) = €M T2 px) = M.(0) and E(x?) = M.(0)
ML) = €M7 (4 + g2r) D ML(0) = p

1 1
MY () = e H3o g2 4 eM Tt (1 + o202 = MY(0) = 02 + P

var(x) = E(x?) — E2(x) = var(x) = 0% +u?2 —u? = o2

3) Standard normal distribution

If the normal random variable Z has mean zero and variance one instead of
p and o? it is called standard normal distribution with P.d.f that:
1 -
1 —5Z
fz)=—2¢€ ;—o <z <00
2T

N

And denoted by Z~ N(0,1)

X =
Theorem : Ifther.v X~ N(u,0%),0° > 0; thenther.v|Z = Tﬂ ~ N(0,1)

b — a-—
Note : @ Ifther.v X~ N(u,0%),0> > 0;thenP(a < x < b) = Z( ﬂ) —Z( H)

o o

@ We can write Z(x) as the following forms N(x), ®(x) or F(x).

Remark:N(—x) =1 - N(x) or Z(—x) = 1 — Z(x).
1,2
Note: M,(t) = € 2 and Z(x) = N(x) = F(x) = Pr(Z < x) = Pr(—* < x)

Example: Let X~ N(3,4) .Find P(X < 4)
Solution :

sinceX~N(34) = u=3 and ¢?=4 = o=2
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X—u <4—y

P(XS4)=P(

From Z table (standard normal table) we get @ G) =7 (2

o

P(X <£4)=0.6915

Normal Curve

o

)

dl

Z < ——
-2

)

Sbnall e dana anla Balal) (s 2e

04

03

0.2 /

0.1

0.0

)
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Areas Under the Normal Curve

(87)

pt20 p+ 30

1

2

1

bl slas Vi Alaia )

)ors(3)

) = 0.6915
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