Probability and Mathematical Statistics (s sbuall e dana anls okl (1 )2 @bl slaa VI 5 A llaiay)
Probability

Probability concepts :

Probability is the study of random experiment.
Basic probability

Probability or chance can be measured on a scale, which runs from zero,
which represents impossibility, to one, which represents certainty.

- |If adie tossed in the air it is certain that, the die will be come down, but
it's not certain say that, what will be appear. [Die (U sa=)ail )2 )]
- As this experiment, its call random experiment.

Random experiment:
The experiment in which it is impossible to know it's result (because its
related to the probability laws).

Definition (1-1)
A sample space Q, is the set of all possible outcomes of a random
experiment.

Example
If we roll a standard 6-sided die, a describe the

sample space ;ﬁ
S=0Q=(1,2,3,4,5,6) @ R v
&

Examples:
@The sample space of tossing a coin is

Q1={ H,T} [Coin 438 4xkad | H; Head
) 9a, T; Tail 1S )

Two dice One die

@The sample space of rolling a die is
0,={1,2,3,4,5, 6} [Rolling die 23l yaa da jad]

@The sample space of drawing a card from an ordinary deck of playing cards is
Qs3={ w: w is one of the 52 cards } [Deck cards Jwdll (3 4]

(@) The sample space of choice of a number on the interval zero to one is
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Qi={ w: 0< w<1} [Open interval 4s side 3 5]

@The sample space of tossing a coin on infinity number of time is
Qs={w: w all sequences of the from HTHHT...}  [Infinity number of

time & yall (e Algd e 2ac]

@The sample space of count the number of defective items produced in
a production line 24 hours is
0¢={0,1,2,3,4,5,..}

@The sample space of a die is rolling two time in the air is

(1,1) (1,2) (1,3) (1,4) (1,5) (1,6)T
(2,1) (2,2)(2,3) (2,4) (2,5) (2,6)
(3,1)(3,2)(3,3)(3,4) (3,5) (3,6)
(4,1) (4,2) (4,3) (4,4) (4,5) (4,6)
(5,1) (5,2) (5,3) (5,4) (5,5) (5,6)

1(6,1) (6,2) (6,3) (6,4) (6,5) (6,6).

Q7=

Definition (1-2):
An event E is a subset of sample space Q, or collection of points of Q.

Let ‘F be the class of all events in Q, 7={E: Eiseventin Q}L.[E€ Q,E € T]

Example:

In experiment: roll a die twice. Possible events are E1 ={1st face is a 6};

E2 ={sum of faces = 3};E3 = {sum of faces is odd};E4 = {1st face - 2nd face =3};
E5={w: w the sum of the pair is equal to seven}.

Identify the sample space and the above events. Obtain their probabilities
when the die is fair.

Answer:
Sample space as Q
E1={(6,1),(6,2),(6,3),(6,4),(6,5),(6,6) } , E2={(1,2), (2,1)}

E3={(1,2), (14),(16),(2,1),(23),(2,5),(32),(34),(3,6), (41),
(4,3), (45),(52),(54),(56),(61),(63),(65) }

E4={(6,3),(5,2),(4,1) } ,E5={(1,6),(6,1),(2,5),(52),(3,4),(4,3) }.
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Some algebra of events:
Given events A and B, further events can be identified as follows.

@The complement of any event A, written A or A¢, means that A does not
occur.

@The union of any two events A and B, written A U B, means that Aor B
or both occur.

@The intersection of A and B, written as A N B, means that both A and B
occur.

@The difference of A and B, written as A-B, means that A N B€.

Notesl1:
For convenience define the empty event @ to be the event containing on
outcomes. Naturally, Q may also be consider as an event.

Notes2:
(@) is called the impossible event and Q is called the certain or sure event.

Definition (1-3):
Two events E1 and E2 are said to be "disjoint" or "mutually exclusive" is
E1NE2=0

Definition (1-4):
72 -factorial ,it can find factorial by the following formula :

nl=nn-1mM-2)..2x1 ,n=1x2x3x..xn; 0l=1,

Note:
nl=nn-1), nl=n(n—1)(n—-2)!, 5!=5X4X3! .

Example:
5!1=120 31=6 6!=720 6!=6X5!=6X120 =720

Definition (1-5):
An ordered arrangement of r distinct objects is called a permutation.
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Note:

The number of ways of ordering n distinct objects taken r at a time will be
designated by the symbol P .

n__ nl
P = (n—r)!

Note :The number of ways of partitioning n distinct objects into k distinct
groups containing ny, ny,..., nx objects, respectively, where each object
appears in exactly one group and Z{-‘zl n; = n,is

( ) ) -
ny Ny ... N nqy! nol.. ng!

Definition (1-6):
The number of combinations of n objects taken r at a time is the number
of subsets, each of size r, that can be formed from the n objects. This umber

will be denoted by CI! = (Z) :

Note:
The number of unordered subsets of size r chosen (without replacement)
from n available objects is

n n P n!
C?Z(r)z(r n—r)= r! =r!(n—r)!

Examplel: How many ways can a committee consisting of 3 men and 2
women be chosen from 7 men and 5 women?

Solution:
705 _ 7 5! 7.6.5 5.4
C3 C2 ~ 3(7=3) 252~ 3 2 =350
Example2:

How many permutation of letter a,b and c taken 2 at time?
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Solution:
n_ n ;31 30 .

Pr —_ _—'|:>P2— — |——|—3.—6

(n—r)! (3—-2)! 1!

Example3: Consider the word STATISTICS, find number of permutations?

Solution:
n= 10(all letter) S=3(n1=3) T=3(n,=3) A=1(n3=1)
I=2(n4=2) C=1(n5=1) k=5

n n! 10!
( )= = =50400
nqyny..ny/ nqlnyl..ng! 3131112111

Example4: A student is to answer 8 out of 10 question in an exam
a) How many choices he?
b) How many choices has he if he must answer first 3 question?
c) How many choices has he must answer at least 4 of first 5 question?

Solution:
n _ n! 10_ 10! _10.9.8!
) Cr  rl(n-7)! = Cg ~gl(10-8)!" 8!2! =45
307 _ 3! 7! 31 7. 6. 5!
b)  C3C5 = 333 =5 3 s 2l
5 ~5 5 ~5_ 5! 5! 5! 50
o) CaCq+Cs C3_4! (5—4)! 4! (5—4)! +5!(5—5)! 3! (5—3)! =35

H.W. (1) : Ifatb=nthen () = (7}) forallaandbe N°. proof that?
HW. (2) : Theorem (*) +(,.",) = ("") forallnandre N . proof that?

n—r

Note that: Ifa,b € R;n € N then (a+ b)" =3"_(Ma" b
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Exampleb:
In how many ways can a Party of 7 Persons arrange their selves?

(i) Inarow of 7 chairs
(i) Inacircle table
Solution:
(i) n!=71=7.6.5.4.3.2.1 =5040
(i) (n-1)!'=(7-1)!1=6!=6.5.4.3.2.1 =720
Classical Probability:

Let the sample space S contain (n) of elements and the event ASS contain
(m) of elements, then the probability of (A) denoted by P(A) and defined as:

m _ N(A) _ Number of elements of event A

P(A) =

n  N(S) Number of elements of saple space S

Probability :A measure of the likelihood of an event measured by a number
between 0 and 1. Mathematically, probability is a function that to each
event A assigns a number P(A) (called the probability of an event A)

Properties of probability:
1) 0<P(A) <1
2) P(S)=1, P(@)=0
3) P(A®) + P(A) =1 [Rule of Complements]
in particular P(A) =1- P(A®) and P(A°) =1-P(A)
4) P(AUB) =P(A) + P(B) - P(A N B)

Events A and B are mutually exclusive if A N B contains
no sample points, that is, if A and B cannot occur at the same
time.

For mutually exclusive events A and B

e P(AUB)=P(A)+ P(B)
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Example 1. A coin is tossed three times. Find the probabilities of the following events:
I. Exactly two “heads” (H) in three tosses
2. “Heads” in first toss
3. Exactly two “heads” in three tosses AND *“heads™ in the first toss
4. Exactly two “heads™ in three tosses OR “heads” in the first toss

SOLUTION:

|
The sample space HHH [HHT HTH } THH
S= —

HTT | THT TTH TIT

Events: A ="exactly two H in three tosses" = {HHT, HTH, THH}
B ="H in first toss" = {HHH, HHT, HTH, HTT}

Probability: assume that the coin is fair and hence each sample point has the same probability
P(a single sample point) = 1/8  (equally likely outcomes)

l. P(exactly two H in three tosses) = P(A) =3/8

2. P(H in the first toss) = P(B)=4/8=1/2

3. P(“exactly two H in three tosses”™ AND “H in the first toss”) =P(A N B) =
= P({HHT,HTH} )=2/8=1/4

4. P(*exactly two H in three tosses” OR “H in the first toss”) =P(A U B) =
= P{ HHH, HHT, HTH, HTT, THH}) = 5/8

Example 2 (cont). A coin is tossed three times. Find the probability of:
1. Exactly two H in three tosses OR H in the first toss using the Additive Rule

2. At least two H in three tosses
3. At most one H in three tosses using the Rule of Complements

SOLUTION
1. P(**exactly two H in three tosses”™ OR “H in the first toss™) = HHH |HHT HTH | THH
P(AUB)= P(A)+ P(B)-P(ANB) =3/8+4/8-2/8=5/8 - !
HTT | THT TTH TIT

Let D = *at least two H” = {HHH, HHT, HTH, THH}

IH[—IH HHT HTH THH

2. P(D)=4/8=1/2
HTT THT TTH TTT
3. P(mostone H)=1—-P(leasttwo H)=1-P(D)=1-1/2=1/2

Equally Likely Outcomes Model.

Assume that there are finitely many possible outcomes and all are equally

likely. Then _
~ n(A) #of outcomes in A

P(A)

n(S) ~ #of outcomes in S
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n(4) number of ways to taken event A
Or P(A) = = .
n(S) number of all ways possible taken

(A y=alic 23e o) Aaall HLEAY) 3k dae
(5 _palic ms:j\)j,ﬁs)d Sl (3l S aae

P(A) =

Examplel: S={HH, HT, TH, TT} and A={HH, HT, TH}
Solution: P(A)=3/4

Example2: A box contains on 8 red balls, 6 white balls and 7 blue balls,
What is the probability that two balls drawn red and white?

Solution: N=number of all balls =21
(1) RW= drawn red and white
8 -6
8.6

Ci Gy
P(RW) = 2T~ 21.10
2

= 8/35

@RRB=drawn 2 red and blue

6 ~7
C,Ci 85.7.6

c2l  21.20.19
3

P(RRB) = = 28/95
@RWB=drawn red, white and blue

6
g 0 7
C1C;C 8.6.7.6

P(RWB) = C%l =51 2019 - 24 /95
@ W¢ =drawn 3ball all not white
15
C
pawey= 3 _15.14.13 . .,

c21 ~21.20.19
3
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Theorem:
m If E,E,, .., E, are sequence of mutually exclusive (M.e.) events, then
5(51 UE, U ... UE,) =p(EL) +p(E2) + - +p(En)
An
m/f E;UE,U.. UE, =S (=) then p(E;) +p(E,) +- +p(E,) =1

Theorem: If @ is the empty set (i.e. the impossible events) then p(@)=0.
Proof:
A=AUP =p(A)=p(AUB)=p(A)+p(?) ( A,@ disjoint; ANG=0)
= p(A)=p(A)+p(@) = p(@)=0
Theorem: If A° is the complement of A then p(A°) =1- P(A)
Proof:
S=AUAc = p(S)=p(AU A°)=p(A)+p(A°) ( A, Ac disjoint(M.e); ANAc =@)
= p(S) = p(A)+p(A9) = 1=p(A)+p(A°) = p(A)=1-p(A)

Example: If a die is tossed in the air and we deserve the number on the top and let:
A: is the event that even number appear.
B: is the event that odd number appear.
C: is the event that Prime number appear.

Find @ P(AUB)  (@P(ANB) ()P(AUC) @P(ANC) (BP(C®)
Solution:

S={1,2,3,4,5,6} A={2,4,6} B={1,3,5} C={2,3,5}
(MAUB={1,2,3,4,56}=S = P(AUB)=1 (2)ANB=0 = P(9)=0

(3)AuC={2,3,4,5,6} = P(AUC)=5/6 (®ANC={2} = P(ANC)=1/6
(5)C°={1,4,6} = P(C%)=3/6=1/2 [P(C®)=1-P(C)=P(C%)=1-3/6=1/2]
Example:
A coin is weighted so that heads is twice as likely to appear as tail find P(H) and P(T)
Solution:
S={H, T} - S=HUT = p(S)=p(HUT)=p(H)+p(T) [Hand T are M.e.]
“p(H)=2p(T) letp(T)=p = p(H)=2p
=~ p(S)=p(H)+p(T) =1=p+2p =3p=1=>p=1/3
=~ p(T)=1/3 and p(H)=2/3 .
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Theorem : Let A and B subset of S then p(A)=p(AnB)+p(ANB°)
Proof: A= AnS =A=AN(BUB®) =>A=(ANB)U(ANB®)

~ (AnB) N (ANB°) =@ = (ANB) and (ANB°®) are mutually exclusive
= p(A)=p(AnB)+p(ANB°)

Example: If two dice are rolled and observed the number appear on the tops

1) Find the Probability of the event A that get sum of seven.
2) Find the probability of the event B that the Sum is more than 7.
3) Find Probability of the event C that the sum is less than seven.

Solution:

(1,1) (1,2) (1,3) (1,4) (1,5) (1,6)]
(2,1) (2,2) (2,3) (2,4) (2,5) (2,6)
(3,1) (3,2) (3,3) (3,4) (3,5) (3,6)
(4,1) (4,2) (4,3) (4,4) (4,5) (4,6)
(5,1) (5,2) (5,3) (5,4) (5,5) (5,6)

L (6,1) (6,2) (6,3) (6,4) (6,5) (6,6)

1) A={(3,4),(4,3),(2,5),(5,2),(1,6),(6,1)}=> p(A)=6/36=1/6.

2) B={(2,6),(3,5).(3,6),(4,4),(4,5),(4,6),(5,3),(5,4),(5,5),(5,6),(6,2),(6,3),

(6,4),(6,5),(6,6)}= p(B)=15/36=5/12
3) C={(1,1),(1,2),(1,3),(1,4),(1,5),(2,2),(2,2),(2,3),(2,4),(3,1),(3,2),(3,3),(4,1),
(4,2),(5,1)} = p(C)=15/36=5/12.

Independence : [ 4]
Definition: the events A and B are independent if and only if
P(A n B) =P(A). P(B)
Theorem : the two events A and B are independent if and only if A®and B

are independent
proof:(H.W)

Example: Toss coin two time let A the event is first head and B the event
is second Head and C is two head respectively.
Test (A,B), (A,C), (B,C) are independent or no
Solution:
S={HH ,HT , TH,TT} A={HHHT} B={HH,TH} C={HH}
AnB={HH} ANC={HH} BNC={HH}

~P(A)=2/4, P(B)=2/4, P(C)=1/4, P(ANB)=1/4,
P(ANC)=1/4, P(BNC)=1/4
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~ P(ANB)=P(A).P(B) then A and B are independent
» P(ANC)#P(A).P(C) then A and C are not independent (dependent)
~ P(BNC)+#P(B).P(C) then B and C are not independent (dependent)

Field and Sigma Field:
A non-empty class of sets ‘Fis said to be a field if it is closed under complementation

and finite union. Thus a field ‘F'is a non-empty class of subset of S if:
1- Se’F
2- If A and B €F then AUBET.
3- If AcFthen A°€F.

Definition: Any field Fon S is called Sigma field or Borel field on S if it is closed under
the numerable intersection and union. Thus, a Borel field ‘Fis afield on S such that:

1- IfAe F ,i=1,23, ... ,thenUj2 A, € F .
2- IfAie F ,i=1,2,3, ... ,thenN2,A;€ F .
Example: Let S ={H, T} check the sets on the following, are field yes or no if no why?

(1) F1={0,S} answer: yes is a field

(2) F2={0,{H}{T},S} answer: yes isa field

(3) F3={{H},S} answer: no is not field because H°=T & ‘F3
(4) F4={0,{H}} answer: no is not field because H®=T & ‘F4

Theorem : Let ‘Fis asigma field then
) e F QIfASe F ;i=123, ... then N2, ASe F .

(3 IfASe F ;i=123 .. then U2, ASe F .
Proof:

@ ~ Fisafielde> Se F = Ste F
©wS¢=¢@ then pe F
@ - Ae F o Ae F [(AY=A] forall Ai;i=123,....
~UZ A€ F = U2 4)°eF = N2 A€ F
3 H.W.
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Theorem : the two events A and B are independent if and only if A and B®
are independent
proof :

A= AnS =A=AN(BUB‘) =A=(ANB)U(ANB®) ; [S=BUB‘]
~ (ANB) N (ANB°) =@ = (ANB) and (ANB°) are mutually exclusive
~ p(A)=p(ANB)+p(ANB°) = p(ANB°) = p(A)-p(ANB)
= p(ANB®) = p(A)-p(A).p(B) ; [A and B are independent]
=p(ANB°) = p(A)(1-p(B))=p(A).p(B°) ; [p(B)=1-p(B)]

~ A and B€ are independent

Theorem : the two events A and B are independent if and only if A®and B
are independent (H. W)

Definition: let F be a sigma field on S and 2 is the Probability function, then
(S, F, P) is called the probability space.

Conditional probability:

Suppose that P(E,) # 0.The conditional probability of the event E; given E; is defined as
P(E; N E;)
P(E>)

P(E1|E2) =

Note : The conditional probability is undefined if P(E2) = 0.

The conditional probability formula above yields the multiplication rule:

P(Eln Ez) = P(El)P(EzlEl)
= P(E2)P(E1|E2)

Note that:
This implies that P(E1|E2) = P(E1) and P(E2|E1) = P(E2). Thus knowledge of the
occurrence of one of the events does not affect the likelihood of occurrence of the other.

Events Ey, Eo, ..., Ex are pairwise independent if P(EiNE;) = P(E;)P(E;) for all
i # j. They are mutually independent if for all subsets P(N; E;) = [1; P(E;).

Clearly, mutual independence = pairwise independence, but the converse is false
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Law of total probability (partition law)

Suppose that By, ..., By are mutually exclusive and exhaustive events (i.e. B; N

B; = foralli = jand U;B; = ).
Let A be any event. Then

P(A) =) P(A|B;)P(B))
j=1
Bayes’ Rule
Suppose that events By, ..., B, are mutually exclusive and exhaustive and let A

be any event. Then

P(A|B;)P(B;) _  P(A|B;)P(B;)

PBIA) = =54 ~ >, P(A|B)P(B))

Example: Two dice are rolled and let the event A that the number 2 appear at least in one

die and the event B that get sum 6 find:
(@ P(A|B) and P(B|A)
@ Are A and B independent?
solution:
Sample space Sis as 27 = S={(1,1),(1,2),...(1,6),(2,1),...,(2,6),...,(6,6)}
@ A=((2,1),(1,2),(2,2),(2,3),(3,2),(2,4),(4,2),(2,5),(5,2),(2,6),(6,2)}
B={(1,5),(5,1),(4,2),(2,4),(3,3)}
ANB={(4,2),(2,4)}
Then P(A)=11/36 , P(B)=5/36 and P(ANB)=2/36

2/36 2
11/36 11

. _2/36 _2 —
~ P(A/B) =5/36 5 and P(B/A) =
(2 A and B are not independent because P(A/B) =P(A)

Note : If A and B independent event then P(A/B)= P(A) and P(B/A)=P(B)

P(ANB) P(A)P(B)
P(B)  P(B) = P4)

P(A|B) =
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Theorem: Let A, B two event such that P(B) > 0 then:
D PEA/B)=1-P(A/B)  (QPMA/S)=P@A) (BP@/B)=0

@ P(s/B)=1 () P(S/S) =1
Proof:
P(A° N B)
P(A°|B) = POB) + P(B) = P(BN A) + P(B N A°)
P(B) —P(BNA)
&~ P(BNA°)=P(B)—P(BnA) = P(A°|B) = 5(B)
P(BNnA)
= P(A°|B) =1- FOBE 1—P(A|B)

Theorem: Let A, B and C three event such that P(C)>0 then
P((AuB)|C) = P(AIC) + P(BIC) — P((B n A)|C)
Proof:

P((AuB)NC)
P(C)

_P((AnC)u(BNO))
- P(C)

_PANC)+PBNC)-P((ANC)N(BNC))
B P(O)

_P(AnC) P(BNC) P(ANnB)NC))
PO P(C) P(C)

= P(A|C) + P(B|C) — P((B n A)|C)

P((AuB)|C) =

a+b—-1

Theorem: If P(A)=a and P(B)=b then P(A/B) >

Proof:
“ P(AUB) =P(A) +P(B)- P(ANB) <1 ; [(AUB)ET =P(AUB)<1]
=P(ANB)=>PA)+P(B)—1 ; [+ P(B)]
P(ANB) - P(A)+P(B)—-1
P(B) P(B)
a+b—-1
b

~ P(A|B) =
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Note : The Deck of Cards contain on 52 cards as that:
1- Four group is
Spade o i - heart ¥ 8 - Club & 42k - Diamond ¢ -
2- All group contain 13 cards has nine numbered [2,3,...,10] and
four picture [Ace(1) o - King(13) <k - Queen(12) Sk - Jack(11) 5]

Example :
In a deck of cards draw a single card; if A is the event "drawing an ace"
and B is the event "drawing a diamond " find :

1- P(A) and P(B)

2- P(AUB) , P(ANB) and P(B|A)

3-if drawing 2 card respectively find P(B|A)

Solution :
NA= (D) =4 Ne)= () =13 NE)= (%) =52

Na=(3) =6 NE)= () =78 N©o)= (%) = 1326
1- P(A)=N(A)/N(S)= 4/52 =1/13.
P(B)= 13/52 =1/4
2- P(AUB)=16/52=4/13 and P(ANB)=1/52
P(B|A)=(1/52)/(1/13)=1/4 then A and B are independent
3-P(A)=6/1326  P(B)=78/1326  P(ANB)=0
P(B|A)=0 then A and B are mutually exclusive (m.e.)

Theorem: (( Decomposition theorem))
If {A.} is a sequence of mutually exclusive (disjoint) events with Ui~ 4; = S
and P(Ai))=>0 ,i=1,2,..., n then for any event BE ‘F

P(B) = ) P(4) P(BIA)
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Proof:
B=BnS~=B=Bn(UjL, 4;) =B=Uj-,(B N A4;)
B=(BNA)U(BNA)U..U(BNA,)
i P(B)=P(UL,(B N A))
or P(B)=P[(BNA;))U(BNA,)U..U(BNA,]
v (BNA)),(BNA,),..,(BNnA,) are m.e.(disjoint)
~ P(B)=P(BNA;)+P(BNAy)+ -+ P(BNApy

or P(B)=) P(BNA)

P(BNA)

v P(Bl4;) = P(A)

= P(BNA;)=P(A;) P(B|A;)

P(B) = ) P(A P(BIA)

Theorem: (( Bays theorem))
If {An} is a sequence of mutually exclusive (disjoint) events with Ui, 4; = S
and P(Ai)) >0, i=1,2,..., n then for any event BE ‘F

P(A;)P(B|A;)

PAIB) = S pa) PBIAY
Proof:
. P(A4IB) = % = P(4; N B) = P(B) P(4,|B)

P(A;) P(B|A;) = P(B) P(4;|B)

P(A;) P(B|A;)
P(B)

P(A;i|B) =

P(B) = ) P(A) P(BIA)

P(A;) P(B|A;)
L, P(4;) P(BIA))

P(4;|B) =
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Example: Consider two urns. Urnl contains 5 white and 7 red balls. Urn2 contains 6
white and 4 red balls. One of the urns is selected at random and ball is drawn
from it:

1) Find the Probability that the ball drawn will be white
2) If the ball drawn was white what is the probability that if from urn2.

Solution:
Let A; ="urnl is chosen" ; A, ="urn2 is chosen™ and B=" white ball is drawn "
. P(A)=P(A)=1/2 , P(B|A1)=5/12 , P(B|A2)=6/10
@ = P(B) =¥,P(A) P(BIA) ,n=2
~ P(B)=P(A1)P(B|A1)+P(A2)P(B|A2)
= (1/2)(5/12)+(1/2)(6/10)

=0.51
.. _ P(A,) P(B|Ay) _ P(A;) P(B|A;)
®© ¢ PaIE) = P(B) XL,P(A)P(BIA)
16 03
_270_ 03 _
051 051 0.59

Tree of probability: We can find P(E) by using tree of probability

Example:
we are given two urns as following: Urn U1 contain 4 red and 3 blue balls;

Urn U2 contain 3 red and 5 blue balls; an urn is selected at random a ball is drawn
and put into the other urn, then a ball is drawn from it, find the probability that the
drawn balls are of the Same color.

A="selected U1 or U2 and drawn
2ball are Same color"

Solution : { )

[R(4/9)] [3(5/9)} [R(S/Q)] [3(6/9)] [R(S/S)] [3(3/8)] [R(4/8)] [B(4/8)]
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r-()6)6)+ 66606666

Example: We are given three urns as following :
Urn A: contain 3 red and 5 white marble.
Urn B: contain 2 red and 1 white marble.
Urn C: contain 2 red and 3 white marble.
An urn is selected at random and a marble is drawn from the urns;
If marble is red , what is the probability that it come from urn A.

= 0.5433

Solution:
We seek the probability that A was selected, given that marble is red, that is
P(A|R) ; In order to find P(A|R) it is necessary first to compute P(ANR) and
P(R). The probability that urn A is selected and a red marble drawn is that

1\ /3 1

oo = (1)(3) =3
3/ \8 8

Since there are three paths leading to a red marble.

@ Using tree to compute P(R)

The probability is P(R)

N\
[ # |
A B C
\(17/_3} (1/3). 1/3)
| | | - | | Lr |
R w R W R w
Bm) \ep \@m) ey \@) e
i =(5)(5)+()3)+6)E) - Gs)
- \3/\8 3/\3 3/\5/ \360
1
- palR) = 2ANR) (6) PUAIR) = -2 _ 0.2601
' ~ T P(R) _(ﬁ) = —173° "
360

® using Bayes' Theorem

P(R) = P(A) P(R|A) + P(B) P(R|B) + P(C) P(R|C)
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.. _ P(AP(RIA) _ P(A)P(R|A)
FPUAIR) =Ry = PQ) P(RIA) + P(B) P(RIB) + P(C) P(RIO)
- PAIR) =7 (%)(g) T\ 2\ %g

(§) (@) + (§) (§) + (§) (E) (m)

45

Example : A man is equally likely to choose any one of three routes A, B, and C from
his house to the railway station and his choice of route is not influenced by the
weather if the weather is dry, the probability of missing the train by routes A, B
and C are 1/20, 1/15 and 1/5 respectively. He sets out on a dry day and misses
the train, what is the Probability that the route chosen was C?

Solution : Let E the event that " a man missing a train "

The required Probability is P(C/E)«— (< staall)
To find P(E) we will using tree

E ="man missing the train"
the probability is P(E)

{ miss { not miss } { miss } { not miss } { miss {not miss }
(1/20) (19/20) (1/15) (14/15) (1/5) (4/5)
P® = (5) () + 6) &)+ 6) 6) = (&)

1
P(EIC).P(C) (%
G ((51250)) = =5 = 0.6316

Another Solution: (Bayes' Theorem)

= P(C|E) =

P(E) = P(A) P(E|A) + P(B) P(E|B) + P(C) P(E|C)

P(C)P(E|C) _ P(C)P(E|C)
P(E)  P(A)P(E|A) + P(B) P(E|B) + P(C) P(E|C)
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()6 (2
=|=—=)=0.6316
(@6 @66

Example: A box contain black and white balls each ball is labeled either A or Z the
composition of the box is show below:

Color | Bjack | White | Sum
Labeled

A 5 3 8

Z 1 2 3

Sum 6 5 11

Let us now assume that a ball is to be selected at random from this box. What is
the probability of getting a black ball if it was labeled A?
Solution:
A ="aball is Labeled A", B =" black ball"
. P(A)=8/11 P(B)=6/11 P(ANB)=5/11
. P(B|A)=P(ANB)/P(A)
= (5/11)/(8/11) =5/8
Question: Gavin the digits 1, 2, 3, 4 and 5, find haw many 4- digits numbers can be
formed from them if:
1) A=" No digits may be repeated”  2) B="Repetitions of digits are allowed"
3) C="The number must be odd, without any repeat digit"
Answer :

N(A)= 5x4x3x2 =120 N(B)= 5x5x5x5 =5* = 625 N(C)= 5x4x3x%1=60

Question: two men M1, M2 and three women W1 , W2 , W3 are in chess tournament
these of the same sex have equal probability of winning, but each men is twice
as likely to win as women.

1) Find the probability a women wins the tournament. (HW.)

2) if M1 and M2 are married find the Probability that one of them wins the tournament.
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Question: Three horses A, B and C are in race; A is twice as likely to win as B and is
twice as likely to win as C; find the probability of wining
Answer :
LetP(C)=p thenP(B)=2p and P(A)=2(2p)=4p
+ P(A)+P(B)+P(C)=1
~ p+2p+4p=1 = 7p=1 = p=1/7
Then the probability of wining are

P(C)=1/7 P(B)=2/7 and P(A)=4/7

Example: Let three coin is tossed and number of heads observed.
1) Find the variable space of the observations.
2) Find P(0), P(2) and P(3)
3) Let A is the event that at least one head appears, find P(A).
4) Let B is the event that all head or tails appears, find P(B).
5) Let C is the event that one head appears at last, find P(C).
Solution :
S={HHH , HHT ,HTH, THH , THT, HTT , TTH, TTT }
0 X={0,1,2,3} [simply variable to sample space }

@ P(0)=1/8  P(2)=3/8 P(3)=1/8
© A={HHH ,HHT ,HTH,THH, TTH, THT,HTT }
=>P(A)=7/8

© B={HHH,TTT}
= P(B)=2/8 =1/4

® C={HHH, HTH, THH, TTH}
= P(C)=4/8 =1/4
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Random Variable (r.v.):

A random variable is a variable whose value depends on the outcome of a probability
experiment. Asin algebra, random variables are represented by capital letters as X.

e T =the number of tails when a coin is flipped 3 times.

e S =the sum of the values showing when two dice are rolled.
e Y =the height of a woman chosen at random from a group.
e V=the liquid volume of soda in a can marked 12 ml.

Note:
A random variable (r.v) is a real number (value) X that associated with outcome of

the random experiment (sample space)

Discrete Random Variable :

A numerical r.v. that takes on a countable number of values (there are gaps in the

range of possible values).

Examples:
1. Number of phone calls received in a day by a company
2. Number of heads in 5 tosses of a coin

Continuous Random Variable :

A numerical r.v. that takes on an uncountable number of values (possible values lie in
an unbroken interval).

Examples:
1. Length of nails produced at a factory
2. Time in 100-meter dash for runners

Other examples?

e The variables T and S from above are discrete random variables
e The variables Y and V from above are continuous random variables.

The probability distribution of a random variable is a graph, table, or formula which
tells what values the r.v. can take and the probability that it takes each of those values.

Third Stage (22) ) Als )



Probability and Mathematical Statistics s sbunall e dana aula B3kl (a2 bl elas Y5 AallaiaY)

Example:
Roll 1 die. The r.v. X=number of dots showing.
x | 1 2 3 4 5 6
Px) |1/6 1/6 1/6 1/6 1/6 1/6

Graph:

Example :

Toss 2 coins. The r.v. X = number of heads showing.

x | 0 1 2
P(x) Z V2 Z
Note that:

For any discrete probability distribution:
(1) P(x)is between 0 and 1 for any value of x.
(2) 2. P(X) =1. Thatis,
the sum of the probabilities for all possible x values is 1.
Example: P(x)=x/10 forx=1,2,3, 4.
P(1)=1/10 P(2)=2/10
P(3)=3/10 P(4)=4/10
Then P(x) =0

1+2+3+4 10

P(x;) = P(1) + P(2) + P(3) + P(4) = —=1
; 10 10
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Probability Distributions of Discrete Random Variables

A probability distribution for a discrete random variable x is a discrete is a list of each
possible value for x together with the probability that when the experiment is run, x will

have that value. This probability is denoted by P(X).

Examples:

e As above, let T be the random variable that represents the number of tails
obtained when a coin is flipped three times. Then T has 4 possible values: 0, 1, 2,
and 3. The probability distribution for T is given in the following table:

T

0

1

2

3

P(T)

1/8

3/8

3/8

1/8

e A statistics class of 25 students is given a 5 point quiz. 3 students scored O,
1scored 1, 4 scored 2, 8 scored 3, 6 scored 4, and 3 students scored 5. If a
student is chosen at random, and the random variable s is the student’s quiz
score then the probability distribution of s is:

s 0 1 2
P(s) | 012 | o004 | 016

0.32 0.24 0.12

Note: For any discrete random variable x:
0< P(X) <1 and ZP(X) =1

Probability function

Is function which represent the probability of the random Variable (x) take real number
from the sample space. There are two kinds of Probability function

1) Probability mass function: (P.m. f.)
If X is discrete random variable (d.r.v.) which distinct values X1, X2, ...,Xn
then the probability mass function denoted by f(x) and defined by:

f@ =p@) ==

With the following properties:
® f0=0 VxeX

X=x;,i=1,2,..,n
otherwise

)

® ) fm=1
all x
OP(xcA)= Z P,x = Z foo
xX€EA X€EA
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Example : Let X be a d.r.v (discrete random variable) with

1
f(x) =16 » 4=12,..6 s f(x) P.m.f ?
0 , otherwise

Solution
1) f(x) never negative (f(x)=0 for all x)

2) Saunf) =To f) =g+ +g+gtete=o=1

@) o)

<o f(x) is P.m.f of x

Example : Let X be a d.r.v (discrete random variable) with

x —
) = { e ;X =1,234,5
0 ;o0.w. (other wise)
a) Is f(x) P.m.fof x ? b) If A={2,3}, find P(A)

Solution (a)
1) f(x) never negative (f(x)=0 for all x)
2) B f) = 35, f) ==t =t 2+ =t =12 =1
) 2anxf ) = 2xa ) =5 TIE T T 5 T 15 15

<o f(x) is P.m.f of x

Solution (b)
P(A)=P(x=2)+P(x=3)
=f(2) + f(3)
2,3 _5_1
~15 15 15

2) Probability density function: (P.d. f.)

If the distribution of a continuous random variable( c.r.v) has a probability density

b
function, f(x), then for any interval (a, b), we have P(a <X < b) = J‘ f (X) dx

The probability density function (p.d.f.) has the following properties:
1) f (X) >0 Everywhere;

2) Tf (x)dx =1 [(—oo,+o0) meanthat vV x e X]
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Note: If X is a continuous r.v., then P(X =x)=0 for any x.

Note: As aresult, we have

Pla<X <b)=P(a< X <b)=P(a< X <b)=P(a< X <b).

Example : Let X be a c.r.v (continues random variable) with

f(x):{e_ox : ())(.;o (a) Isf(x) P.dfofX? (b)graph f(x)

Solution (a)

1) f(x) never negative (f(x)=0 for all x)

2) ]f(x)dx = Jme‘xdx =[—e ]y =[e"®—-e’=1
Vx 0

<« f(x) is P.d.f of x

Solution (b)

2
Example: Let f(x) = { cx O0<X <1 yepdfof x
0 , O0.W
(a) Findvalueofc? (b) compute P (X < %) (c) compute P (X > %)

Solution (a)

jf(x)dx=1|=>j()1 szdx=c[x?]0=1I=>c=3
[ (b), (c) HW. ]
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Expected Value and Variance:
(1): Discrete Random Variable:

(a) Expected Value:

Examples: X : the random variable representing the point of throwing a fair die. then,
. I
P(X =1) = fx(l):g, 1=12,3,4,5,6.

Intuitively, the average point of throwing a fair die is

1+2+3+4+5+6
6

The expected value of the random variable X is just the average,

E(X)—iif (i)—1-l+2-£+3-l+4-l+5-1+6-l—3 5=average point
g T e 6 6 6 6 6 '

35

Formula for the expected value of a discrete random variable:

Let &1,85,...,8,,... be all the possible values of the discrete random variable X and

f(X) is the probability distribution. Then, the expected value of the discrete random
variable X is

E(X)=p=Yaf@)=af@)+af(a)+ +a,f(a)+

Examples: (gamblingX=-4,0, 3;Y=-40, 0, 30)(i.e Y=10.X)

E X>0
flx) = g T Find the expected value of the random variable X is
- , X <0
3
E(X)=3-f,(3)+(-4)-f (-4)+0-f (0) :3%+(—4)-§+0% :_713,

Therefore, on the average, the gambler will lose _Tlg for every bet.

Similarly, the expected value of the random variable Y is
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E(Y) =30+ 1,(30) + (-40)- 1, (-40)+0- £,(0) =30-Z + (-40)- 2 + 0.2 = >

(b) Variance:

Examples:

Suppose we want to measure the variation of the random variable X in the dice example.
Then, the square distance between the values of X and its mean E(X)=3.5 can be used,

i.e., (1—3.5)2, (2 —3.5)2, (3—3.5)2, (4—3.5)2, (5—3.5)2, (6 '3.5)2 can be used.
The average square distance is
(1-35)2+(2-35)* +(3-35) +(4-35) +(5-3.5)* +(6-35)* 875
6 3

Intuitively, large average square distance implies the values of X scatter widely.

The variance of the random variable X is just the average square distance (the expected
value of the square distance). The variance for the dice example is

Var(X)=E[X —E(X)] =E(X —3.5)% = i(x—:s.S)2 f(x)

_(1-35)2 -1+ (2-3572.1 (323572 2+ @a-3572.1 1 (5-352. 14 (6-35
6 6 6 6 6
= 8%3 = the average square distance
Formula for the variance of a discrete random variable:

Let &;,35,...,8,,... be all the possible values of the discrete random variable X and

f (X) is the probability distribution. Let = E(X) be the expected value of X. Then, the
variance of the discrete random variable X is

Var (X)=o”=E[X-E(X)[ =3 (a - 1)’ (a)

= (&~ )" £ (&) + (3, — 1) £ (8) +++ (3, — )" F (3,) +--
Examples: (continues)

In the gambling example, the variance of the random variable Xis
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~ 2 2 2
Var(X) = 3—[‘—13j .3+ -4—[‘—13j £ (~4)+ o—(‘—BJ £.(0)
i 6 6 6
2 2 2 :
6) 6 6 3 \6) 6
Similarly, the variance of the random variable Y is

Var(Y):{SO—(%BOH ~fy(30)+{—40—(%30ﬂ -fy(—40)+{0—(%3’0ﬂ -£,(0)
_(@f.1{&0)32{@)31_7472
L6 ) 6 6 3 le6) 6

Examples:

The probability distribution function for a discrete random variable X is

2k, X =1

3k, x=3
f(x) =+

4k, X =5

| O, otherwise

where k is some constant. Please find
(a) value of k. (b) P(X >2) (c) E(X) and Var(X)

Solution:

(a) YA =f@)+f)+f(5)=2k+3k+4k =9k =1

(b)
P(X >2)=P(X =30r X =5)=P(X =3)+P(X =5)

—f(3)+ f(5):3k+4k:7k=7%:g
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(c)
U= E(X):fo (x)=1-f () +3-f(3)+5-f(5)

:1§+3§+5ﬂ:§
9 9 9 9

and

Var(X)=>(x—u)* f(x)

31\’ 31)° 31)°
:[1—?) -f(1)+[3—3j -f(3)+(5—§j -1 (5)

_(=22)" 2 16 3 14° 4 200
81 9 819 81 9 81

(I1): Continuous Random Variable:
(a) Expected Value:

Examples:

Z: the random variable representing the delay flight time taking values in [0,1].

P®£Z£Q®=P®5<Z£D=%

Then, the probability density function for Z is
f,(x)=1 0<x<1.

Intuitively, since there is equal chance for any delay time in [0,1], 0.5 hour seems to be a
sensible estimate of the average delay time.

The expected value of the random variable Z is just the average delay time.

X2

1 1
E(Z) = Ixfz(x)dx = dex = ?‘(1) — 0.5 = average delay time
0 0
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Formula for the expected value of a continuous random variable:

Let the continuous random variable X taking values in [a,b] and f (X) is the probability
density function. Then, the expected value of the continuous random variable X is

E(X):yzixf(x)dx.

Examples: (continues)

In the flight time example, suppose the probability density function for Z is
f (x)_— 0<x<0.5; fl(x):%, 05<x<1.

Then, the expected value of the random variable Z is

E(Z) = jxf (X)dx = jx —dx+jx 2 dx 7 310"+ 5 5los

_(05° 4 _0° 4) (1" 2 05° 2} 5
2 3 23) |23 2 3) 12

Therefore, on the average, the flight time is % hour.

(b) Variance:

Examples: (continues)

Suppose we want to measure the variation of the random variable Z in the flight time
example. Suppose f,(x) is the probability density function for Z. Then, the square

. . 1 .
distance between the values of Z and its mean E(Z)=§ can be used, i.e.,

2
1
(X — E) , 0<X<1 can be used. The average square distance is

2 1 2 32
E(Z_Ej :J(X_Ej o= XXX [}_1 éj_(Q_Q Oj !
2 2 3 2 4 32 4) 3 2 4) 12

0

The variance of the random variable Z is just the average square distance (the expected
value of the square distance). The variance for the flight time example is
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2
Var (Z)=E[z-E@2)] =E [Z —%j ~ % =the average square distance.

Formula for the variance of a continuous random variable:

Let the continuous random variable X taking values in [a,b] and f (X) is the probability

distribution. Let U = E(X) be the expected value of X. Then, the variance of the
continuous random variable X is

Var(X)=c? = E[X —E(X)f =T(x—u)2 f (x)dx

a
Examples: (continues)
In the flight time example, suppose f,(x) is the probability density function for Z.
Then, the variance of the random variable Z is

» ¢ 5Y “ 5 4, Y 5) 2
Var(Z) =E[Z -E(2)] :j[x—ﬁj fl(x)dx:j(x—ﬁj -—dx+_[[x—ﬁj -gdx

3
0 0 0.5
(x3 5x° 25xj'4‘0.5+[x_3_ﬁ @j.g‘l 11

T 0 t 05 a1
3 12 144) 3 3 12 144 )3 144

Examples:

The probability density function for a continuous random variable X is

£(x) = a+bx? 0<x<1
O, otherwise

where a, b are some constants. Please find

(a) a,bif E(><)=§ (b) Var(X).

Solution:

(a)jf(x)dx:l = j‘(a+bx2)dx:l = ax+%x3 f=1
0

0

<> a—|—9=1
3

and
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) 2" 4" "2 4 5

Solve for the two equations, we have

E(X):jxf (x)dx:_lfx(a+bx2)dx:gx2 +9x4 = a+b _3
0

a:§’b:§
5 5
3 6
—+ =X, 0<x<1
(b) f(x)=95 5
(0] , otherwise.

Thus,

Var(X) = E[X —E(X)[} = E(x?)=[E(X)] = E(xz)_(ﬁJ

:1x2f(x)dx—i:ix2(§+§x2jdx_i
1

) 25

3 6 511 9 1 6 9 2
3) 25 25 5 25 25 25

Examples:

The probability density function for a continuous random variable X is

X+ 2
O , otherwise
Find @ P(X[<1) @) P(X?<9) (¢) E(X) and Var(X)
Solution:
1 2 1
@ P(X|<1)=P(-1<X <1)= [Xr2q=| X X :(i+1]—(i—1j:3
°, 18 36 9_1 36 9 36 9/ 9
(b)
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3 -2 3 2
P(x2<9)=P(—3<x<3)=ji2dx=j0dx+ji2dx={x—+f} _2
AT R Rt RET: 36 9], 36

(c)

4

to(x+2) o F(x* X x> x

) ) 9 '

Since
4 4003 2 TR
()= e DD g (X X | XL X
° 18 °\18 9 2 27,
Var(X)=E(X - u)f =E(X?)-p? =6-2° =2,
Examples:

The probability distribution functions (discrete random variable) or probability
density functions (continuous random variable) ,Find C for a random variable X are

cexp(—6x), x>0
() f(x) = —cX, —1<x=<0O
O, otherwise

) f(x)=cx?exp(—x) x>0
() f(x)zc@jx,x=0,l,2,...

solution:

ot [zcentod]

(a) _Il—cxdx+£cexp(—6x)dx=1<:> { >

3C+C=l<:>C:§
6 2

ok | —cRX)]
exp( x3)dx3_1<:{ 3 } =1

0

C C
o—+-=1lc
2 6

!
3

O gy 8

(b) Tcxzexp(— x3)dx:1c> C
0
<:>E:1<:>c:3
3

(c)
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o X 2
Zcﬁ -le c1+5+[1j b |slod 1 |21 21
3 3 \3 1_% 2

x=0

2
&C=—
3

Definition : The cumulative distribution function (or c.d.f.)

Discrete case: F(z) =) ., p(u)

Continuous case: F(z) = [*_ f(u)duand F'(z) = f(z).

for a continuous r.v. X is given by F(X): P(X < X) = J f(X) dx forall XeR. If

—o0

the distribution does not have a p.d.f., we may still define the c.d.f. for any x as the
probability that X takes on a value no greater than x.

Note: The c.d.f. for the distribution of a r.v. is unique, and completely describes the
distribution.

Mean and Variance

Definition: The mean, or expected value, or expectation, of a continuous r.v. X with

p.d.f. f(x) is given by
w=E[X]= jxf(x)dx'

Note:

We interpret the mean in terms of relative frequency. If we were to repeated take a
measurement of the random variable X, recording all of our measurements, and
calculating the average after each measurement, the value of the average would
approach a limit as we continued to take measurements, and this limit is the
expectation of X.
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Definition: Let X be a continuous r.v. with p.d.f. f(x), and mean p. The
variance of X, or the variance of the distribution of X, is given by

+00

o’ =V(X)= E[(X - u) ] = _[(X — 1)’ £(x)dX . The standard deviation of X

—00

is just the square root of the variance.

Note: In practice, it is easier to use the computational formula for the

variance, rather than the defining formula:
+00
o’ = E[X 2]_qu = IXZ f(x)dx — z®

Properties of Means and Variances

In the following, X and Y are random variables (continuous or discrete); where a and b
are real constants.

D xp, (x)  discrete
@ Hy = E(X) =1a

[ xf, (x)dx  continuous’

D (Xx—py ) py(x)  discrete

o o2 =Var(X)={=
j (x— 2, )% f, (X)dx  continuous

(1) E(a)=a (2) E(X+a)=E(X)+a (3) E(a.X) = a .E(X)

@ Var(a)=0 @ Var(X +a) = Var(X) € var(a.X) = a2.Var(X)
@ sD(a.X) = |a| SD(X) (SD: means standard deviation)

(D EX+Y)=EX) +E(Y) (2) E(a.X + b.Y) = a.E(X) + b.E(Y)

If Xand Y are independent:

@vVar(X+Y)=Var(X)+Var(y) @Var(a.X +b.Y) = a2.Var(X) + b2.Var(Y)
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Example 7: X = 0, 1, 2 with probabilities 1/4,1/2,1/4.
Find E(X), E(X — 1), E(X?) and Var(X).

Answer: E X =0x ;+1xt+2x ;=1

EX-1=EX -LEX|=0x;+1"x3+2°x ;=3

Var[X] = E[X?] - E[X]* = L.

Example 8: f(zr) = k(1+x) % on (0, oc). Find % and hence obtain E(X), E{(1+
X )=}, E(X?) and Var(X).

Answer: 1 =k [T(l+z) de=k[-3(1+2)?F == k=3

E[X] = 3.[32 (1 + z)"*dr = 3 f]x{u — Vu—tdu = 3:—%1{_2 + %?..'._3:1 =

G-3)=1

—

—
Putd | =

E[(1+X)']=3 fn’-‘-ﬂ[:l + 1) %z = 3:_i[:1 + ) = %
EX?Y =3 2*(1+z)de =3 [ (u—1 v du = 3—u""+u?—su? =1

Var[X] = E[X? - E[X]* =&

Example

Verify that f(x) = 2x (O < X Sl) is a legitimate probability density function ?
1 1
i Pl ——< X <=
find [ 5 2} :

Note that, by default, f(x) =0 for all values of x not mentioned in the definition.

On 0<x<1, f(x) =2x >20. Elsewhere f(x)=0. S f(x) 20 Vx.
0 0 1 e

jf(x)dx = dex ~ ijdx ~ Ide = 0+[¢f;+0 = 1
o “o0 0 1
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OR:
The total area under the graph of f(x) A Fix)

2
= (area of the triangle, width 1, height 2) :
=72 (1)(2)=1 ;

1 |
Therefore f(x) is a valid p.d.f. B

5 .
X
0 1
P{—l <X < i} = area under f (x)
2 2 4 Sz
2
between X = — 1/2 and X = 1/2
1 T
= (area of triangle, width /2, height 1)
=%(n)1 =".
-1z 0 12 T " x
OR:
1/2 0 1/2
P[—3< X <1} = [feod = Jod + [2xdx = 0+[¢]” = 1
2 2 -1/2 -1/2 0 4
The cumulative distribution function (c.d.f.)
is defined by , _“f(x)
X
F(x) = P[X <x] = j f (t) dt L
—00
F(x)
0 x 1 " x

Note :

Pla<X <b] = F(b)-F(a)
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Jlx)

if(?f)
0 o« b x 0 ;

a b x

F(-o0)=0 F (+o0) = 1 0<F(x) <1 forallx.

The c.d.f. is a non-decreasing function of x and %(F(x)) = f(x) > 0 Vx.

[Note : Many c.d.f.s like this:]

Example (continued)

Find the cumulative distribution function for f(x) = 2x  (0<x<1) .

[Note that f(x) is assumed to be zero for any x not mentioned in the definition]

Graphical method:

4 S(x)
2
x<0 = Fx)=0
1_]
0<x<1 =  F(x)= Y(x)(2x) = »?
Fx)
x> 1 = Fx= %=1 . — >
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X
Calculus method: F(X) = _[ f(t) dt
— 0

X
x<0 = F(x) = IOdt:O

X

0 X
0<x<1 = Flg= |O0dt+ [2tdt=F(0)+[t]
—0 0

= 0+(¥-0) = ¥’

Lol

5 ;
Note how the c.d.f. is a non-decreasing continuous function between F=0 and F=1.

Note :

For each integer n, the nth moment of X, 4, ,is i, = E(X ").

n

And the nth central moment of Xis 0, = E(X —,u)

e Mean = 1" moment of X and 1% central moment of X is equal to 0
e Variance = 2" central moment of X

tX
The Moment generating function (mgf) of X is defined by M X (t) — E(e ) :
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NOTE:

The nth moment is equal to the nth derivative of the mgf evaluated at t=0.

ie. M{M(0)= dtn M, (t),_o = E(X").

d

n(in
Xy ,N=X __ n
Useful relationship: |Binomial Formula is Z(Xju Vi = (u +V) .
x=0

Example :Find the p.d.f of Y where Y=X? if X a r.v. with p.d.f.

1

- 1< X<1
flx) =12

0

; 0.W,

Solution :
Let G(y)isc.df.of Y where 0 < Y <1

Then G(y) =P(Y<y) =P(X? <y) =P(—,/y <X <./y)

vy vy
= ff(x)dxz f%dxz%[x]_\/\/;;
_\/1§ _\/y )
= S [+ rl= 7 fie 60)=y2]
0 Yy <0
G(y) = Jy 5 0<y<1
1 ;y=>1
I =60 = gO) = ——
2\/y
L O0<y<l1

or g ={2Jy
0 ; 0.W.

Example : If X ar.v. is the number of heads obtained in four tosses of a coins,

Find the p.m.f (pdf) of y wherey = 1_71Lx .
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Solution :
S={ HHHH,HHHT,HHTH,HTHH, THHH,TTHH, THHT, THTH,HHTT,HTTH,HTHT,TTTH,

TTHT, THTT, HTTT, TTTT } , N(S) =24=16
ThenX={0,1,2,3,4}

1
( 1_6 ,x=0
4_1 _q
16 4 X
6 3
X) = —_— = — ; :2
fx) =4 <=3 X
16 4 X
1 —
L E ;x =4
Or f()—(i)— > =0,1,2,3,4
YT T 2x1(h—xy YT e
1 e y—q 1111
Y“T+x YT 235
1 1 —
y:m BEyl+x)=1 By+xy=1 l=>x=Ty
. g(y) = P(Y = )—P(X—l_y) _11111
- gly) = =Y)= = y=bho.3000e
Or
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( 1

16 ;y =1
4 1 1
162 V=3
6 3 1
g =5 16 8 V=3
4 1 1
61 V=7
1 1

16 Y =3

.\ 0 :otherwise

The Mode and the median of the distribution:

bl slas Vi Alaia )

A mode of distribution of one r.v. Xof the continuous or discrete type is a value of x
that maximizes the f(x), if there is only one such x if is called the mode of the

distribution where f(x) = 0.

A median of distribution of one r.v. X of the continuous or discrete type is a value
of x suchthat P(X < x) < % and P(X <x) = % if there is only one such x

1
it called the median of the distribution [i.e. F(x) = 5]

Example : Find the mode of the distribution if X having the p.d.f.

1
—x%e*:;0< X< oo

fx) =42
0 5 0.W.
Solution:
f(x) = %[—xze_x +2xe™*] ,set f(x)=0.
w%[—xze‘x +2xe*] =0 x?e ¥ =2xe ¥ >x=2

f1() = x?e™ — 2xe™* — 2xe™ +2¢7*] & f(2) =

N |-

> f(2)= —2e2 <0
Then the mode of dist. is 2

Third Stage (43)
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Example :Find the mode of the distribution if X a r.v with p.d.f.

2%e~2
Fl) =4 «x ;X=01,23....
0 ;0w
Solution:
: : . 2 3 4 | ...
I R

Then the mode is 1 and 2 because the f(x) are maximum at x=1 and 2

Or f(0) < f(1) =f(2) > f(3) >f(4) > ......

Example :Find the median of the distribution if X having the following p.d.f.

3x%2 :0< X<1
-]

0 :0.W.
Solution:
X X
F(x) = ff(u)du = jBuZdu = [u3]g = x3
0 0
1
put F(x) = >
3 1 3 [1
X" == B X = =
2 2

31
Then the median of dist. is \/;

Example : Find the m.g.f. and d% for the r.v. X which having the p.d.f.
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e 2*:0< X< oo
-]
0 P 0.W.
Solution:
M,(t) =E(e™) = | e f(x)dx = | e*.e " dx
= Jeryene= ]
1 ] 1
_ (t—2)x _ (t-2)x _ —o
_jetz dx_(t—Z)e ]0_(15—2)(8 e?)
~ M = ! 0—-1) = !
: x(t)_(t—Z)(_)_(Z—t)
MUE) = ML) = — =1
x(t)—m@ X()_W_Z_E(x)
ML) = MAO0) = o = L pe
x(t)—m:’ x(0) (2—0)3_Z_E(x)
1 3

1
2 R =EG) - [EW)? & 0=7-
Theorem : Let X be a r.v. with P.d.f. f(x) and M.g.f. M«(t) then
@ If y=ax+b then M,(t)=€" My(at) where a and b are constant
X—U ot t : - _
@ If Z= s then M;(t)=€ ox Mx(a—x) where u is mean and ox IS S.D=,/var(x)

X

Proof (1) and (2) are H.W.

Example: Let X be a r.v with Mx(t)=(0.6+0.4et)8

X_
@® If y=3x+2, find My(t) @ If Z=Tu , find M(t)
Solution :

@ = My(t)=€" M,(at) , a=3 and b=2
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~ My(t)= e%t (0.6+0.4e3t)®

X—U
@ Z=T u=E(x)=M,(0) =32

Note that M. (t)=8(0.6+0.4€')” x 0.4e' = 3.2 x e!(0.6+0.4et)’
o7 = var(x) = E(x*) — E(x)* = M,/ (0) — M, (0)?

Note that M/ (¢£)=8.96(0.6+0.4e%)® et +3.2(0.6+0.4€!)’ et

. M} (0)=8.96 +3.2=12.16 = o=,/var(x) =V12.16 — 10.24 = v1.92 =1.386

x—3.2 3.2 ¢

= Mz(t):e_1-386t Mx(m

= )= e 1ase! (0.6 + 0.4¢1/1:386)°
1.386

Characteristic function [D,(it)]

Let X be a r.v. with P.d.f. f(x) , then the characteristic function denoted by @ (it)

and defined as

z e f(x) ;xisd.r.v.

Vx

j e f(x)dx ;xisc.r.v.

W
Note: @0.(0)=1 @0L(0)=iE(x) ©®;(0)=—E(x?)

0,(it) = E(e™) = suchthati =vV—1

O var(x)= [i0,(0)]* — 8% (0) @ we can write @,(it) as @,(t)

{Proof H.W.}

Theorem : Let X be a r.v. with P.d.f. f(x) and @, (t) is characteristic function then

@ If y=ax+b then @,(t)=€" @,(at) where a and b are constant
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X— Ky :
@If z= G_Ll then @,(t)=e ox Q)X(Ui) where u is mean and o IS S.D=,/var(x)

X

Proof (1) and (2) are H.W.

Example : Let X be a r.v. with P.d.f.
_(e™ ;0<x<oo0 ,
fo={5 0= , find B,(1)
Solution :

@x(t): @x(it):E(eixt) _ fooo eixte—xdx

—(® ,—(1-it)x _ —(1-it)x
Jy, e dx = — [e ]
=le™ —efl=(0-1) =
1-it 1-it —it
Question: Let X be a r.v. with P.d.f.
2 X
flx) = {a (5) x=1,234 ... , find the value of a
0 ;0.W
Question: Let X be a r.v. with
sinx
f(x) = {T 0<x<m , Answer that:
0 ;0. W.

1) Is f(x) P.d.f. of x ?

2) compute P(x > g) ?

3) find cumulative distribution function ?

4) if P(x=>m) = § find the value of m ?
5) find M.g.f and Ch.f?
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Joint Probability Distribution (Mass, Density) Function:

e The joint probability distribution function is
f(Xl’ Xz): P(Xl =%, X, = Xz),
where X; and X, are possible values of X; and X,, respectively.
e Llet x, and x, bediscrete random variables. The joint probability mass function

satisfies the following conditions:

1. T(X,%,)>0 forall X, X,;

2. 2.2, f(X11X2):1.

VX, VX,

e Llet x, and x, be continuous random variables. The joint probability density
function satisfies the following conditions:
1. f(xl,xz)z 0 for—o0 < X, <00,—0 < X, <0;

2. TTf(Xl,Xz)dxldxz =1

—00—00

Joint Cumulative Distribution Function:

e For any random variables x, and x,, the joint (cumulative) distribution function is
given by
F(x,%,)=P(X, <x,X, <X,).

e As x, and x, arediscrete,

Pla<X,<bc<X,<d)= > > f(x,x)

C<%,<d a<x<b

e As x,and x, are continuous,
d b
Pla< X, <b,c< X, <d)=[f(x,x)dxdx,
c a

® For any random variables x, and x, with joint cumulative distribution function

Fx,%,),
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1 F(-o0-0) = F(-0,5,) = F(x,,00) =0

2. F(c0,00)=1;

3.if b>a,d >C, then

Pla< X, <b,c<X,<d)=F(b,d)-F(b,c)-F(a,d)+F(a,c).
Example 1:Form a collection of 3 white balls, 2 black balls, and 1 red ball, 2 balls is to be

randomly selected. Let x, denote the number of white balls and x, the number of
black balls.

(a) Find the joint probability distribution table of x, and x,.
(b) F(11) and F(2,0).

solution:
(a) The joint probability distribution table is
Xy
0 1 2 Total
X
0 0 Hs Hs 85
1 s 85 0 s
2 Hs 0 0 Hs
TotaI %5 %5 %5 1
Or
3Y 2 1
INJN2—1—]

P(X,=i,X,=j)=1(,])= 0<i,j<2i+j=1lor2;

For example,

P(X, =1 X, =1)= f(11)= GJGJ(;) 3-2 6

6 15 15-
2
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o) FL)=P(X, <1X, <1)=£(00)+ f(01)+ f(10)+ f(1,1)=% =%_
F(2,0)=P(X, <2,X, <0)= f(0,0)+ f(L0)+ f(2,0)= 0+135+3 :%

Example 2:
et F(X,%)=2x  ,0<x <k, 0<x,<I

=0, otherwise. be aj.p.d.f of xs and x

(a) Find k.
(b) Find F(0.7,0.5), F(2,0) and F(0.2,3).

solution:

(a)

O_f]gf(xl,xz)dxldx2 :Jl‘k 2x,dx, dx, :j[xf]gdxz :J‘:kzdxz CK?—les K=+l
00 0

—00—00

=k=1,
(b)

0.50.7

F(0.7,0.5)= P(X, < 0.7, X, <0.5)= H X, X, )ox,dx, = Hzx dlx,clx,
0.5 0.5 o
= [[x}dx, = [0.49dx, =0.49-0.5=0.245
0 0

0 2 01
F(2,0)=P(X,<2,X,<0)= [ [ f(x,%)dxdx, = [ [ 2x,dx,dx,
00

—00—00

O e, O

%2 Fax, = Tldx2 =1.0=0
0

302 10.2
F(0.2,3)=P(X,<0.2,X, <3)= _[_[f(x X, )dx,dXx, _IIZdedx

—O00—00

1

= [ [xzF%ax, _j004dx ~0.04

(0]
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