Definition

If A7) Is defined for £> 0, then

Kb ft)dt= lim Kb f bt (1)
- /
Definition: Laplace Transform A
If A7) Is defined for £> 0, then
L4 3= F )t (2)
\is sald to be the Laplace Transform of f. 3,




/Evaluate {1}

Solution:
Here we keep that the bounds of integral are 0 and o
In mind.
From the definition
L (1) =j0 e (1)dt = lim e it

b—0
—st b —sb
= . —e 7 +1 1
= lim = lim = _
b—> § 0 b—0 S S

\Since est > 0as t—oo, for s> 0.

~




Example 2:

/Evaluate {5} A
Solution
—st |
L{t}= 1€ +1j e dt
S 5 S0
ziL{l}zz(z):%
S S\S S

& J
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/Evaluate {e’t}
Solution

L{e‘3t}=j0we‘5te‘3tdt =joo°e‘(s+3)tdt

~ _@ (s+3)t

0

:i,s>—3
S +3




/Evaluate {sin 24}
Solution

L{sin2t}= j:’e—st sin 2t dt

o0

+3joooe‘St cos 2t dt

0o O

—e sin 2t
S

:gfoe‘St cos2tdt. s>0
S 0




/|ime_StCOSZt=O,S>O _\
t—>o0 Laplace transform of sin 21
N l _
S —st > Y00
_2{zecosay 2 e 'sin 2t dt
S S g S°°
2 4 :
=— -— L {sin 2t}
S° S
L {sin 2t} = ,$>0
sin2ty s? +4




4 N

We can easily verify that

L{af (t)+49(t)}
=al{f (t)}+BL{g(t)} (3)
=aF(s)+ /G (s)




-

-

. I
L{==
S
|
L{t"}=——, neN L3t
S S —a
L {sin kt}= — L{coskt}=——
s%+k? s’ +k?
: K S
L{smhkt):sz_k2 L{coshkt}:sz_k2




Exponential Order

A function £ is said to be of exponential order,

If there exists constants ¢, M> 0, and 7> 0, such

that
Me“" (¢ > 0)

/< Me*t forall t> T 19 o
!

& J

Differential Equations Ch7 M.Hamouri  PPU 9




Functions with colored graphs are of exponential order

t
1t|<e ‘e—t‘get | 2cost | < 2e
f© - f@ .
/ 2 cost
- | \/’

(@) (b) 5
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] 2 ]
< A function such as €' is not of exponential order,

2
t eCt

fo| €
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Sufficient Conditions for Existence

If A7) Is plecewise continuous on [0, o) and of
exponential order ¢, then L{f (t)} exists for s >c.

\_ J
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/Find { (D} for

0, 0<t<3
f(t) = S
2 t>3

Solution

L{f (©)}=[ e =odt +[ e 2

_ze —st 26 —-3s
= ‘?z S >0
S S




)
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\l

Find the inverse transform of

a)Ll{lfs} b)Ll{ 21 }
S S“+7

Solution

i |
2) L_lé}:iL_l{A}: L4

1 1 J7 1 .
b) L™ =L — —sin/7t
) <\32+7} J7 {82+7} T




/

We can easily verify that

L H{aF(s)+ /G (s)}
=al {F(s)}+ AL {G(5)}




—2C0S 2t +3sin 2t




/Find B S°+65+9
(s =D(s —2)(s +4)

Solution

Using partlal fractions
$° +65+9 A B C

+ +
(s—1D(s—2)(s+4) s—l S—2 S+4
Then

$°+65+9
=A(s—2)(s+4)+B(s-1)(s+4)+C(s—-1(s—2)

\If we set s=1, 2, —4, then /




A=-16/5, B = 25/6, c =1/30 (4)
B s?+6s +9
(s =1(s —2)(s +4)

el ) e
5 s-1] 6 s—2] 30 s+4

=——e' +—e'+ ¢
- ()

Thus




T N

= [Tet f(ydt = f(t) +s[ e f(t)dt

=—f (0)+sL{f (t)}

L{f "(t)}=sF(s)—T1 (0) (6)
L{t "(t)}
= [ye f(t)dt =e ™ f/(t) +s[; e f'(t)dt

= —f '(0) +sL{f "(t)}
= s[sF(s) - f (0)]- f'(0)

L{f "©)}=sF(s)~sf (0)~f '(0) (7)

\ L{F "(t)}=5s°F (s)—s2f (0)—sf '(0)—f "(0) (SV




~

If f,f',---, £ are continuous on [0, x) and are of exponential

order and if A)(9 is piecewise-continuous

on [0, o), then

L{f M) =s"F(s)—s"f (0)—s"%f "(0)—---—f "D (0)

where

F(s) =Lt ()}

o




/ dny dn—ly \

a +a TR 000 = g(t
n dtn n—1 dtn_]_ aOy g()

y(0) =Yy, Y'©0) =y, y"(0) =y,

Then

a,L {O(lj:z/ }_I_anll‘ {C;:ni/ }"’"""aol-{y}: L{g (t)} (9)
a,[s"Y (s)—s"y(0) —---— y" P (0)]

+a,4[s" Y () —s"?y(0) —---— y "2 (0)]

(10)

+---+a,Y (9)

=60 /




We have P(s)Y (s) = Q(s) + G(s)

V(5= Q) , B)
P(s) P(s)

where P(s)=as"+a 8" +---+a,

(11)




Strategy of Solving Linear ODEs

Find unknown J(9) Transformed DE
- Apply Laplace :
that satisfiesa DE =~ [— — becomes an algebraic
L - transform L R
and initial conditions equation in Y(9)
Solution () of . Applyinverse _| Solve transformed
original IVP transform L~ equation for Y(5s)
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" Solve ‘;i’+ 3y =13sin2t, y(0) = 6 )
Solution

{dy }+3L{y} 13L {sin 2t} 12)

dt
SY(S)—6+3Y(s) = 26
“+4

26
(S+3)Y(s) =6+
S“+4

6 26 ~ 6s°+50
Y(S)_s+3+(s+3)(52+4)_(s+3)(32+4) (13)

o /




a 6s°+50 _ A  Bs+C
(s+3)(s°+4) s+3 s°+4

65 +50 = A(s* +4) + (Bs + C)
Wecanfind A=8, B=-2,C=6

Thus
2 S
Y (s) = 6S +250 _ 3 N §s+6
(s+3)(s“+4) s+3 s +4

1 S 2
ty=8Lt/— L oL + 3L
y(t) {s+3} {sz+4} {32+4}

y (t)=8"" —2cos 2t +3sin 2t

o




/~ Solve y'-3y'+2y =e~* y(0) =1, y'(0) =5 )

Solution

(ot i roren
| 1
Y (5) - 5Y(0) - y'(0) ~3[sY (5) - YOI+ 2Y (9) =,
(s‘,2—38+2)Y(5):S+2Jri
S+4
2
Y(S): 23+2 . 1 _ S°+6S+9 (14)
s°—3s+2 (s°—=3s+2)(s+4) (s-D(s—2)(s+4)
Thus

5 a1

_ y(t)=L 4 (s)}=—%et +2e 4 )




/

If L{/} = AS) and ais any real number, then

L{e(D} = Hs— a),

Proof

\l

{efD} = | esle D) at
=[ e hadt= As— a)

L™ f @F=L{f O))

F

F(s) F(s—a)

o

AN

|
y=d, d >0

AS‘

o




Find the L.T. of
(a) L{e™'t°} (b) L{e2cos 4t}
Solution

31

. 6
(a) L eStt3 :L t3 - — —

(0) L{e™ cos4t}=L{cos4t}, ,,  »

I
5% +16

k S—>S+2

. S+2
(s +2)° +16




Inverse Form

4 )
L {F(s-a}=L {F ()|, =T ) (1)

where f @)=L {F(s)}
N\ Y
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/Find the Inverse L.T. of
.| 28+5 1| s/2+5/3
L
@)L {(3—3)2} (b) {82+45+6}
Solution
(@) 25+95 A B
2 — T 2
(s—3)° s—-3 (s-3)
2s+5=A(s—-3)+B
we have A=2, B=11
2s+5 2 N 11
_ (5-3)2 s-3 (5-3) (2

%




/And \
Ll{ 25 +9 }: 2L-1{i}+11|_ 1{ L } 3)
(s —3)° s —3 (s —3)°
From (3), we have
4] 25+5 |, a 3t
L {(3—3)2}_26 +11et (4)




o )

(b) s/2+5/3 s/2+5/3
s?+4s+6 (s+2)°+2 ()
L1{3/2+5/3}
S°+4s +6

_1- S+22 L2 12
2 (s+2)°+2| 3 (S+2) +2

e s |1, 2 2 (6)
2 S +25—>s+2 Bﬁ S +25—>s+2

\ =;e‘2t cos@+?e‘2tsinﬁt (7)/




/Solve y'-6y+9y =t’e>, y(0)=2, y'(0)=17 A
Solution

Y (5)-5(0)~ Y (0)-6Y (9) - YO+ 9Y(5) = .
(s —6s+9)Y(s)= 25+5+ _233
(s—3)°Y(S) = 25+5+ _233

25+5 2

[ At




\l

2 11

2

Y(S)=

1
(s-3)°

y(t)=2L" {i}ﬂlL 1{
S—3
}:test
S—>s-3

y(t) = 28> +11te™ +

1
12

|

_|__

T 2+ 3)
s—-3 (s-3) (s—3)

2 4]

(s =3)°

41

:

|




Solve y'+4y'+6y=1+e", y(0)=0, vy'(0)=0 h

Solution

Y (5) — 5y(0) — '(0) + 4[SY (5) — y(O)] + 6Y (8) = +
s s+1
2 _2s5+1
(S°+4s+6)Y(s) = S(s+1)
v (s) — 2s +1
(8)= s(s+1)(s” + 4s + 6)

1/6 1/3 s/2+5/3
Y(S)=—+ =—
S S+1 s“+4s+6

o /




/
Y (s):lL-l{i}ﬁL-l{i}
6 s) 3 s+1

1 { S +2 } 2 { J2 }
i ———L
2 | +2%+2] 3/2 |(s+2)?+2

P S cosﬁt—ﬂe‘”sin@t
6 3 2 3




Unit Step Function

The Unit Step Function Ut — a) 1S
<
Ut —a)={0’ 0<t <a
1, t>a
U

1 4+ ®
———[— {

a
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Y

/0:0 Fig. (@) shows the graph of (2¢—3)u(f—1). h
Considering Fig. (b), it Is the same as

(H)=2-3ut-2)+ At-3)

&

S f(@
=1 2 I
I
¥ I
= I
I
—— t
1 ]
:/ —t— 1 T
(b)
@ -
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/ A function of the type

fa):{ga) O<t<a

_ h(t), t>a
IS the same as

FE)=9t)-gMU-a)+ht)U(t-a)

Similarly, a function of the type

0, 0<t<a
f(t)=4g(t), a<t<b
0, t>b

can be written as

f()=9®N ¢ -a)-U ¢ -b)]
o




Example 5:

4 N

Express
20t, 0<t<5
F(t) =
0, t=5
In terms of U(J).

Solution

a=5, () = 204, A = 0

) =20¢— 20tL/t-5)

&
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Unit Step Function

4 N

«»» Consider the function @)
ft-alJ(t-a) t
_ 0, 0<t<a P

f (t—a), t>a 0

N\

4

1
a

(b) fit—a) WUt —a)

& /
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Laplace Form of Unit Step Function

If Hs) = L{7}, and a> 0, then
L{t-aUt- a)} = e¥H9)

\ J
L{f (t —a)U (t —a)}
— .':e‘Stf (t —a)U (t ’—a)dt +J':e‘3tf (t —a)JU (t —a)t

(e (t —a)dt
J0 J

Zero One J

\ for0<t<a for t >a /
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/ Let v=1¢—a, av =dl then
L{F (t—a)J (t —a)}=| O°°e-s<v f (v )dv

:e“"‘s_[:e‘svf ()dv =e =L{f ()}
If {))=1,then {t—a) =1, As) =1/s

as

L{U (¢ —a)}=%

For example,

L{f ()} =248 -3L{U (t -2)}+L{U (t -3)}
_ 2&_36_28 +e—33
S S S

\l




Laplace Inverse Form of Unit Step Function

[ L e *F(s)}=f (t —a)U (t —a) j
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/ Find the inverse L.T. of

=1 1 —2S
(@) L {ae }

Solution
@ a=2F(s)=1/(s—4), L {F(s)}=e"

then

L—l {%eZS } —e 4(t—2)U (t . 2)
S —




/
(b) Ll{ 25 e?Z'S/Z}
S°+9

Solution
(b) a=7x/2, F(s)=s/(s*+9), L*{F(s)}=cos 3t

then




Theorem:
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/Find L{cost U(t —x)}

Solution
With g()) = cos t, a =, then
g(t+ ) = cos(f+ m)=—cos ¢
L{cost U (t —7)}=—-e"L{cost}=—

s’ +1

—7TS

eﬂ'




~

Solve Y1TY=T(), y(0)=5
_ O ) O <t<rx
fao_{3amt, t>nx
Solution

We find A7) =3 cos ¢t v(t—n), then

sY(s)-y(0)+Y(s)= -3

(s+1)Y(s) =5-

[_

Y(s)= > >

\\ s+1 2

S

e—7ZS
s? +1
35S
2
S°+1
i —7ZS_|_ 21 e-ﬂS
S+1 S +1




/
L 1{1 e_”s
S+1

L 1{
Thus

S
s? +1

It follows from (15) with a =z, then

}: e_(t—ﬂ)U(t _72.) ’ L 1{ 21

s°+1

e’“} =cos(t —7)U(t—7x)

e”‘} =sin(t —7)U(t— )

~

y(t) = 56t +2e‘(t‘”)U(t _7) —‘;’sin(t _)U(t—7) —gcos(t _2)U(t—7)
=5 + z[e‘(t‘”) +sint +cost]U (t — 7)

O<t<nrx
t>nx

o

5et,
5et +3/2e ) 1 3/2sint +3/2cost,

/




Multiplying a Function by t"
dF d
ds ds

=[ 9l (t)]dt = | et (t)dt =Lt (©)}
0 05 0
that is

j e~ (t)dt

L gf (t)}:‘:_s L{F @)}

Similarly
L{t*f (t)}=L{t-tf ¢)y=—L{tf )}
- (— L{f (t)}) L O
S




Derivatives of Transform
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/

Find L{7sin ki}
Solution
With ) = sin kt, As) = KI($* + k%), then

L{t sinkt}= _c?_s L{sinkt}

_d( k j_ 2ks
ds{s®+k?*) (s®+k?)°




X"+16x=cos 4t, x(0)=0, x'(0) =1 )

Solve
Solution 2 16X . S
S° + S)=1+
N ( )X (5) s° +16
X(S): 2 - + 2 > 2
s°+16 (s°+16)

From example 1, Ll{ 22k52 > o = tsinkt
(s“+k°)

Thus 1 1{ 4 } 1, 4 8s
tYy="1L —L
x©) 4 \s?+16/ 8 {(32+16)2}

\ :isinst+itsin4t /

A4




A special product of 7 *gis defined by
f*g=[f()gt-o)dr

and iIs called the convolution of fand g.

The convolution is a function of £ eg:

. to

e' *sint :joefsm(t —7)dr
1, t

=§(—S|nt—cost+e )

\ Note: *g=g*f




(

Convolution Theorem

If A and g(?) are piecewise continuous on [0, ) and
of exponential order, then

L *g)=L1F OXA9E)r=F()G()

Ya

_/
S

Proof

F(s)G<s>=<O§e—“f(r)d«:)(ze—sﬁfw)dﬁ)

=O§O§es(”ﬁ)f(r)f(ﬁ)drd[3

= [ f(x)de[e™*Pg(p)dp
0 0




Holding zfixed, let =7 + S, df = dp h

F(5)G(s) = [, f(r)dz[ e *'g(t—7)at

Since fand g are piecewise continuous on [0,c0) and of
exponential order, it Is possible to interchange the
order of integration:

F(5)G (s) = [ e dt _Ef (0)g (t —7)d

~[e { [t (@)g-o) T}dt
= L{f *q} N

. S

1:7Tto o0




/

Find L{j;efsin(t —r)dr}
Solution
L{j;efsin(t —r)dr} = [{& *sin &

1 1 1
s—1 s°+1 (s—1)(s°+1)

- )




Inverse Transform of Convolution:
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(s®+k*%)?

/Find Ll{ = }

Solution
et

F(s)=G (s) = —

s 4+k?
1 K 1 .
ft)=qg(t)==—L" = ~sinkt
t)=90) k {32+k2} k
Then

L1{(82+1k2)2}:k—12_[;sinkrsink(t )z

\l




/ Now recall that
sin Asin B=(1/2) [cos (A — B) — cos (A+B)]
If we set A = kr, B= k(t — 1), then

4 1 1 oy
L {(Sz+k2)2}_2k2jo[cosk(zf t)—coskt]dz

t

= 12[ L Sink(ZT—t)—TCOSkt:I
2k “ | 2k

0

_ sinkt —kt coskt
2k °

o




/

When g(§) =1, G(s) = 1/s, then

4 [F(s)
jf(r)dr L { S }

Examples:

1

] 2
S(s+1)
1

1

9
s%(s*+1)

3
s°(s%+1) |

N\

}: _[;sin 7d 7 =1—cost

>:I; (1—cosz)dr =t —sint

t : 1
= jo (r—sint)dr = Etz —1+ cost




Volterra Integral Equation
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/Solve \
f()=3t2—e* + [ f(r)e"dr for f(t)

Solution
First, M(t7) = &9, (D) = €.

2 1 1
F(s)=3-—— —F(s)-——
5) s s+1 (5) s—1

Solving for As) and using partial fractions

- )




=3t‘—t3+1-2"




Periodic Function

If A7) is a periodic function with period 7, then

L{F (= — el_sT [[ef @t
\_ J
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Proof

L{E @3 =] e™f @)dt +[ e ™f (t)dt
Let t =u+T

o0

e f (t)dt =[e“f (u+T )du =~ [e™f (u)du
T 0 0

e (t)dt =e T L{f (t)}

JT

L{F (t)}= j; e~f (t)dt +e =T L{F (t)}

L{f (0} = i_sT [ ef

\




