ﬁorm of Cauchy-Euler Equation

dn dn—l
a"@dle+an©dxn—>ll+”.+al dz(/—l_aoy: g(X)

Method of Solution
We try y =X, since

kd_ky k m-—k
a X ik = X m(m-1)(m-2)---(m—k +1)x

=am(m-1)(m-2)---(m—k +21)x"

&




An Auxiliary Equation

For n=2, y = X", then

am(m-1)+ bm+ ¢=0,

or
amt +(b—am +c=0 (1)

& /
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Case 1: Distinct Real Roots

Case 1: Distinct Real Roots

P m 2
y =C,x ™ +C,x ™ (2)

& /
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/

2
Solve 2 d—gl _ox W —4y =0
dx dx

Solution:

let y = X7, and sub we get
m?—3m-4 =0,

m=-1,4

— 1
y=cxt+ cx

-l )
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msing Reduction of order
2
d°y N b dy L C
dx* axdx ax’
P(x)=b/ax and [(b/ax)dx=(b/a)In x

y=0

e—(b/a)lnx ) ,
Y, = X™ [————dx = X" [ x”*x 2™ dXx
X 1

bjag (b dx
= x™ [ x*2 X dx = x™ [ = x™ In X

X
Then

Yy =C,X ™ +C,X " InX (3)

o




/" Higher-Order: multiplicity

™, Xx™Inx, x™(Inx)?, -, x™(In x)“*

-
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Solve 4X2Cdlg/+8xjy+ y=0
X X

Solution:

let )y =X, and sub we get
Am?2+4m+1=0,
m=-Y%, -

_ ~1/2 ~1/2
y =CX " +C,X “Inx

-
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/ m =a+ I m =a— If,
y:Clx(a+iﬁ)+ sz(a-lﬂ)

Since
xB= (8" X =eghInx=cos(BIn x) + isin(SIn x)
x=cos (B1In x) — 7sin (S In X)\

For C,=C,=1, y; =x*(xB+ xB) =2 x2cos(SIn x)
For =1, G =-1, y, =x¥(x"P -x"'#) = 2ix?sin(S In X)
Since W(x@cos(SB1In x), xesin(B1In x) ) = g x2*1=0
Then

y=cx*cos(fIn x) + c,x*sin(fIn x)
K =x*[c,cos(fIn x) + ¢, sin(fIn X)]




4 : 1
Solve 4x7y"+17y =0,y =-1y' M) =~

Solution:
let y = X7, and sub we get
AP —4m+17=0, m="% 12/

Apply f©1)=-1, y(1)=-1/2,then¢c,=-1,¢,=0
y = x"?[c, cos(2InX) + ¢, sin(2Inx)]

y =—x"*cos(2Inx)




/Solve 3 d3y dzy dy \

45X =L +7x-2+8y=0
o e Y
Solution:
Let y =X,
2
9 _ -t , dz/ =m(m-1)x"",
dx dx

3
dg — m(m —1)(m — 2)x™
dx
Then we have X"(m+ 2)(nm? +4) =0

m=-2, m=21 m=-2/

y=cx?+¢,c05(2Inx) + ¢sin(2In x)

o




Solve  x2y"_3xy'+3y = 2x"e”
Solution:
We have (m—1)(m-3)=0,m=1,3
¥, =cXx+ ¢x°, use variation of parameters,
Y, = Uy * )y, Where y; =X, = X°
Rewrite the DE as
3 3
yrr__yr_l__2y _ 2XZeX
X X

Then f=2x2¢e"

o




Thus
X X
= 5 = 2X3 :
1 3x
0 x> X 0
=, L =-2xe" \W, = , | =2x%"
2x°e*  3x 1 2x‘e
We find
o 2x%e" >, 22X
U, =— = —Xxe", U= =@
' 2x° 2 2x8

o

U, = —x°e* +2xe* —2¢e*, u,=¢"




/

Then

Vo =Y, +U,Y, = (—xe” +2xe* — 2*)x + e*x’

y:

-

— 2x%e* — 2xe*

Yo + Yp = CX+C,X° + 2x%e" — 2xe*
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