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Cauchy-Euler Equation:

Form of Cauchy-Euler Equation

Method of Solution
We try y = xm, since
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An Auxiliary Equation

For n = 2, y = xm, then

am(m – 1) + bm + c = 0,

or

am2 + (b – a)m  + c = 0 (1)
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Case 1: Distinct Real Roots

Case 1: Distinct Real Roots
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Example

Solve

Solution:

let y = xm , and sub we get 

m2 – 3m – 4 = 0,

m = -1, 4

y = c1x
-1 + c2x
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Case 2: Repeated Real Roots

Using Reduction of order 

Then
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Case 2: Repeated Real Roots

Higher-Order: multiplicity 
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Example

Solve

Solution:

let y = xm , and sub we get 

4m2 + 4m + 1 = 0,

m = -½ , -½
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Case 3: Conjugate Complex Roots

m1 =  + i, m2 =  – i, 

y = C1x
( + i) + C2x

( - i)

Since

xi = (eln x)i = ei ln x = cos( ln x) + i sin( ln x)

x-i = cos ( ln x) – i sin ( ln x)\

For C1 = C2 = 1, y1 = x(x i + x - i ) = 2 xcos( ln x) 

For C1 = 1, C2 = -1, y2 = x(x i -x - i ) = 2ixsin( ln x) 

Since W(xcos( ln x), xsin( ln x) ) =  x2-1  0

Then 

y = c1x
 cos( ln x) + c2x

 sin( ln x) 

= x [c1 cos( ln x) + c2 sin( ln x)]



Differential Equations  Ch4 M.Hamouri PPU 9

Example

Solve

Solution:

let y = xm , and sub we get 

4m2 − 4m + 17 = 0, m = ½ ± 2i

Apply  y(1) = -1, y(1) = -1/2, then c1 = -1, c2 = 0
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Example

Solve 

Solution:

Let y = xm, 

Then we have xm(m + 2)(m2 + 4) = 0

m = -2, m = 2i, m = -2i

y = c1x
-2 + c2 cos(2 ln x) + c3 sin(2 ln x)
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Example

Solve 

Solution:

We have (m – 1)(m – 3) = 0, m = 1, 3

yc = c1x + c2x
3 , use variation of parameters, 

yp = u1y1 + u2y2, where y1 = x, y2 = x3

Rewrite the DE as

Then f = 2x2ex
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Example

Thus

We find

x

x

x

x
ex

ex

x
Wex

xex

x
W

x
x

xx
W

3

22
5

22

3

1

3

2

3

2
21

0
,2

32

0

,2
31





,
2

2 2

3

5

1
x

x

ex
x

ex
u  x

x

e
x

ex
u 

3

5

2
2

2

,222
1

xxx exeexu 
xeu 2



Differential Equations  Ch4 M.Hamouri PPU 13

Example

Then
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