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Undetermined Coefficients

Introduction

If we want to solve

(1)

we have to find y = yc + yp. Thus we introduce the method of 

undetermined coefficients.
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Example 1

Solve 

Solution: 

We can get yc by

Now, we want to find yp. 
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Example 1 “cont.”

Since the right side of the DE is a polynomial, 

we set

After substitution, 

2A + 8Ax + 4B – 2Ax2 – 2Bx – 2C = 2x2 – 3x + 6 

Then

,2 CBxAxyp 

6242,328,22  CBABAA

9,5/2,1  CBA

9
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52  xxyp

,2' BAxyp  Ayp 2"
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Example 2 

Find a particular solution of 

Solution: 

Let yp = A cos 3x + B sin 3x

After substitution, 

Then

xyyy 3sin2'" 

xxBAxBA 3sin23sin)83(3cos)38( 

16/73,6/73  BA

xxyp 3sin
73

16
3cos
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Example 3

Solve   

Solution: 

We can find 

Let 

After substitution, 

Then

xxexyyy 26543'2" 
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Example 4

Find yp of   

Solution: 

First let yp = Aex

After substitution, 0 = 8ex, (wrong guess)

Let yp = Axex

After substitution, -3Aex = 8ex

Then  A = -8/3, yp = (−8/3)xex

xeyyy 84'5" 
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Rule of Case 1:

No function in the assumed yp is part of yc

Trial particular solutions.
)(xg  Form of py  

 1. 1(any constant) A 

 2. 75 x  BAx   

 3. 23 2 x  CBxAx 2
 

 4. 13  xx  ECxBxAx  23
 

 5. x4sin  xBxA 4sin4cos   

 6. x4cos  xBxA 4sin4cos   

 7. 
xe5

 
xAe5
 

 8.
xex 5)29(   

xeBAx 5)(   

 9.
xex 52
 

xeCBxAx 52 )(   

10. xe x 4sin3
 xBexAe xx 4sin4cos 33   

11. xx 4sin5 2
 xGFxExxCBxAx 4sin)(4cos)( 22   

12. xxe x 4cos3
 xeECxxeBAx xx 4sin)(4cos)( 33   
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Example 5

Find the form of yp of  

(a) 

Solution:

We have and try

There is no duplication between yp and yc
.

(b)  y + 4y = x cos x

Solution: 

We try 

There is also no duplication between yp and yc
.

xx eexyyy   7525'8" 3

xexxg  )75()( 3

x
p eECxBxAxy  )( 23

xECxxBAxxp sin)(cos)( 
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Example 6

Find the form of yp of  

Solution: 

For 3x2: 

For -5 sin 2x: 

For 7xe6x: 

No term in duplicates a term in yc

xxexxyyy 62 72sin53149 

CBxAxyp  2

1

xFxEyp 2sin2cos
2
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321 pppp yyyy 
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Rule of Case 2: 

If any term in yp duplicates a term in yc, it should be multiplied

by xn, where n is the smallest positive integer that eliminates that

duplication.
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Example 7

Solve 

Solution: 

First trial: yp = Ax + B + C cos x + E sin x

However, duplication occurs. Then we try

yp = Ax + B + Cx cos x + Ex sin x

After substitution and simplification,

A = 4, B = 0, C = -5, E = 0

Then y = c1 cos x + c2 sin x + 4x – 5x cos x

Using y() = 0, y() = 2, we have 

y = 9 cos x + 7 sin x + 4x – 5x cos x

2)(',0)(,sin104"   yyxxyy

xcxcyc sincos 21 
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Example 8

Solve 

Solution: 

yc = c1e
3x + c2xe3x

After substitution and simplification,

A = 2/3, B = 8/9, C = 2/3, E = -6

Then

xexyyy 32 12269'6" 
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Example 9

Solve 

Solution: 

m3 + m2 = 0, m = 0, 0, -1

yc = c1+ c2x + c3e
-x

yp = Aex cos x + Bex sin x

After substitution and simplification,

A = -1/10, B = 1/5

Then

xeyy x cos"

xexeecxccyyy xxx
pc sin

5

1
cos

10

1
321  



Differential Equations  Ch4 M.Hamouri PPU 14

Example 10

Find the form of yp of

Solution: 

yc = c1+ c2x + c3x
2 + c4e

-x

Normal trial: 

Multiply A by x3 and (Bx2e-x + Cxe-x + Ee-x) by x

Then 

yp = Ax3 + Bx3e-x + Cx2e-x + Exe-x

xexyy  2)4( 1


1 2

2

p p

x x x

p

y y

y A Bx e Cxe Ee     


