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Initial-value Problem \

An nth-order initial problem is

Solve:

dny dn—l dy
A (X) A (X) A (x)y =g (x)

a, (x)

Subject to:

Y(Xo):yo , y’(XO):yl T y(n_l)(xo):yn—l

with n2initial conditions.

o /




Existence and Unigueness

Let a.(x), 4,.(X), ..., &(X), and g(x) be continuous on /, a,(x)
# 0 for all xon / If x =X, is any point in this interval, then a

solution J(x) of (1) exists on the interval and is unique.

J
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The problem
3y"+5y"+y' +7y=0,y@1)=0,y'(® =0 vy'(1) =0

possesses the trivial solution yy= 0. Since this DE with constant

coefficients, :

hence y= 0 is the only one solution on any interval containing
= 1.

&

~

X

/




The following DE

d'y y
dx " dx "

IS said to be homogeneous,

n-1

+2,4(X)

a, (x) sty () Ty (x)y =0

n-1

y
dx "

+an—1(X )

d"y
a (X
n )dx“

_|_..._|_a1(x)j—§(/—|—ao(X)y =g(x)

with g(x) not zero, Is nonhomogeneous

o




(et ay/ax = Dy. This symbol Dis called a differential operator.
We define an rmth-order differential operator as

L=a (x)D"+a _,(X)D"" +---+a,(X)D +a,(X)

In addition, we have

Lo (X) + A3 (X)) = al (1 (X)) + AL(9(X))

so the differential operator L is a /inear operator.

Differential Equations
We can simply write the DEs as

L(y)=0and L(Y) = g(x)




4 Theorem A

Let )i, Vs, ..., V, be a solutions of the homogeneous nth-order

differential equation on an interval /.

Then the linear combination

Y=c)i(0) + (X)) + .+ GdX)
where the ¢;, /=1, 2, ..., kare arbitrary constants, Is also a

S\olution on the interval. J




Superposition Principles — Homogeneous Equations

a) ¥ =cy, Is also a solution if y; Is a solution.

b) A homogeneous linear DE always possesses the trivial solution

770 Y
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Definitions

Asetof £(X), £(X), ..., £(X) is linearly dependenton an
Interval /, if there exists constants ¢, ¢,, ..., ¢,, not all zero,

such that

ah(X) + LX)+ ...+ ¢, 7(X) =0
If not linearly dependent, it is /inearly independent

In other words, If the set Is linearly independent, when

i)+ LX)+ ...+ ¢, f(x)=0

Wq:cf...:cnzo /




/

The functions
f,=cos’x, F,=sin’x, £ =sec?x, f,=tan’* xa
re linearly dependent on the interval (-n/2, n/2)

since
€, C0S? X +C, SIN® x +¢; sec? x +¢, tan® x=0

when¢ =¢=1,¢=-1,¢=1.

o




/

The functions
[=X+5 L=X"+5x F=x-1,1=X
are linearly dependent on the interval (0, o), since

f=1 £ +5 £+0 1

-

Differential Equations Ch4 M.Hamouri  PPU

10




T Etiilens

Suppose each of the functions 7(X), £(X), ..., £(X)
possesses at least 7— 1 derivatives. The determinant

fl f2 fn
f' f.! f!
Wt ty- &
f (n-1) f (n-1) f (n-1)
1 2 .

IS called the Wronskian of the functions.

/




4 )

Theorem: Criterion for Linear Independence

Let yi(x%), J»(X), ..., V,(X) be solutions of the th-order

homogeneous DE (6) on an interval / This set of solutions is

linearly independent if and only if

\ MWW, s, ..., ¥,) # 0 for every xin the interval. Y.
\

Definition: Fundamental Set of a Solution

Any set y;(X), J(X), ..., ¥(X) of nlinearly independent solutions

IS sald to be a fundamental set of solutions.

" J




3 D
Theorem: Existence of a Fundamental Set

There exists a fundamental set of solutions for DE on an

Interval /.
\_ J

4 R
Definition: General Solution — Homogeneous Equations

Let )1(X), V5(X), ..., V(X) be a fundamental set of solutions of
homogeneous DE (6) on an interval /. Then the general solution

s y=an¥)+ o)+t ayX)
where c;are arbitrary constants. J




~

The functions y; = %X, y, = e3¥are solutions of
y”=9y=0o0n (-, ©)

Now . .
e>* e %

3X —3X
W™ ,e ™) = e 2 =—6=0

for every x.

So y = ¢, + ¢,e3~is the general solution.

o




4 N

The functions y;, =X y, = €, y, = é¥¥are solutions of y”’— 6y~
+ 11y —6)=00on (-0, ).

Since X er e3x

W(e*, e e¥)= e* 2% 3e¥ | =2e"%0
X 2X 3X
e” 4e”” Qe

for every real value of x.

So y= ¢ e+ ¢, &¥+ c,e¥ is the general solution on (-co, o).

o /




p
Theorem

Let y, be any particular solution of nonhomegeneous on /, and
Y1(%), W(X), ..., Vi {x) be a fundamental set of solutions

of homogeneous equation. Then the general solution is

Y=CyptCoyp+... +C,t Y,

\_ )
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The function y, = -(11/12) — 2 xis a particular solution of

y"—6y"+11y' —6Yy = 3X

The general solution is

X 2 X 3X
Y=Y, +Y, =Ce€ +Cre"" +Cs€ —1——§x

~




/Given \

a,(x)y " +a,_,(x)y " +--+a(x)y ' +a,(x)y =9, (x)
where 71=1, 2, ..., k.

If y/,,denotes a particular solution corresponding to the DE , then
yp — yp1 (X) + yp2 (X) Tt ypk (X)

Is a particular solution of

a, ()Y ™ +a,, )y 42y (x)y +ag(x)y
= 0:(X) + G5(X) +---+ g (X)

& v




~

We find

V1 = 44X is a particular solution of
y'-3y'+4y = —16Xx° + 24X —8

Y, = €is a particular solution of
y"—-3y'+4y = 2e**

Y = X€* IS a particular solutlon of
y'-3y'+4y = 2xe” —e*

Yp=Yp *Yp T Yp isasolution of
y' =3y’ +4y =—16x" + 24x -8+ 267 + 2xe” —e*

K gl(X) Qz(X) g3(x) J




