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Definition: Linear Equation of order n

A differential equation is said to be linear if it can be
written in the form

d n d n—1 d
a, (%) o 80y e a0+ a(X)y = g(x)
\ X X X /
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Definition: Linear Equation of the first order
A first-order differential equation of the form
d
a, () +3,(X)y = 9()
@ said to be a linear equation in the dependent variable y. p
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If a,(x) =0, we can write this differential equation in

o

the form
d
d—y+ P(X)y =Q(X)
X

where ,

a,(X) 9(x)
P — SN 7 —_ 9\
Y =L

P(x) and Q(x) are continuous on an interval.

(& /




/Let’s express linear equation in the differential form
[P(X)y—-Q(X)]dx+dy=0 (1)

If we test this equation for exactness, we find

M _ P(x) and @:O
oy OX

Qily obtained the general solution of (1).

Consequently, equation(1) Is exact only when P(x) = 0. It turns

out that an integrating factor «, which depends only on x, can
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multiply (1) by a function w(x) and try to determine x(X) SA
that the resulting equation
[(X)P(X)y — u(X)Q(X) Jdx + p(x)dy =0 (2)

IS exact.

oM ON du
o = u(x)P(x) and ~ dx (X)

We see that (2) Is exact if u satisfies the DE
U0 =Pux @
X
#(x) =exp([P(x)dx) (4)

wich IS our desired IF /




/we multiply by «(x) defined in (4) to obtain
ﬂ(X)% + POy = 1()Q(X) (5)

We know from (3)

P(u(x) = -

and so (5) can be written In the form

100+ 0y = u9Q
\ X dx 7

K § (#00Y)=4(0Q(0) ()
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ﬂ ntegrating (6) w.r.t. X gives
u(x)y = u(x)Q(x)dx +C

and solving for y yields

y = (exp(—] P()dx))(J #()Q(x)dx +C)




/1. Write the equation in the standard form \
d
o FPO)Y=Q()
X
2. Calculate the IF p(x) by the formula
1(x) =exp([P(x)dx)

3. Multiply the equation in standard form by x(x) nd recalling that

the LHS is just d

&(ﬂ(X)Y),

obtain < (4(x)y) = 4()QX)

mntegrate the last equation and solve for y by dividing by yM




Solve the
dy

X COS x(d—j+ y(Xxsin x+cosx )
X

1

Dividing by xcosx, throughout, we get

ﬂ+(tan X+£jy=secx

dx X X

1
0 :efp(x)dx . ej(tan x+;jdx

,Ll(X) :elnsec X+1In X :elnsecx eInx — X SecC X

Multiply by
XSEC X



d Sec X
— (Y XSeC X)=——XSsecx
dx X

Integrate both side we get

yxsecx=_[sec2 xdx+C =tanx+C



@e usual notation & Implies that x Is independent variable &?

dx
the dependent variable. Sometimes it is helpful to replace x by y

and y by x & work on the resulting equation.

* When diff equation is of the form

j—§+P(y).x:Q(y)

IF=el"™¥ & solution is x><|F=J'Q><Ide+c

& v
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Solve the y—Xxy'=y'y“e




X y
=>_—=e’ +cC

y
=>Xx=ye’ +cy



