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2.7 STRAIN THEORY, TRANSFORMATION OF STRAIN,
AND PRINCIPAL STRAINS’

The theory of stress of a continuous medium rests solely on Newton’s laws. As is shown in
this section, the theory of strain rests solely on geometric concepts. Both the theories of
stress and strain are, therefore, independent of material behavior and, as such, are applica-
ble to the study of all materials. Furthermore, although the theories of stress and strain are
based on different physical concepts, mathematically, they are equivalent, as will become
evident in the following discussion.

2.7.1 Strain of a Line Element

When a body is deformed, the particle at point P:(x, y, z) passes to the point P*: (x*, y*,
z*) (Figure 2.18). Also, the particle at point Q:(x + dx, y + dy, z + dz) passes to the point
OF:(x* + dx*, y* + dy*, z* + dz*), and the infinitesimal line element PQ = ds passes into
the line element P*Q* = ds*. We define the engineering strain eg of the line element PQ =
ds as

ds* —ds
€ = — 2.57)

Therefore, by this definition, eg > —1. Equation 2.57 is employed widely in engineering.

The definition of strain given in Eq. 2.57 is not unique. That is, other, equally valid
definitions of strain have been proposed. Here we also develop an alternative definition of
strain, known as Green strain. By Egs. 2.55, we obtain the total differential

dx* = %dx + -a(;;—*dy + aj%*dz (2.58)
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FIGURE 2.18 Line segment PQ in undeformed and deformed body.

"The theory presented in this section includes quadratic terms in the displacement components (u, v, w) and in the
engineering strain eg. One may discard all quadratic terms in u, v, w, and €g and directly obtain the theory of
strain for small deformations. (See Section 2.8.)
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with similar expressions for dy* and dz*. Noting that

x* = x+u
yE=y+v 2.59)
¥ =z+w

where (u, v, w) denote the (x, y, z) components of the displacement of P to P*, and also
noting that

ds)? = (dx)® + (dy)’ + (dz)°

(2.60)
(ds")’ = (dx*)’ +(dy*)’ + (dz*)
we find® [retaining quadratic terms in derivatives of (u, v, w)]
17(ds*\? 12 2
M= f[(—c;s—) —1} = €E+§EE =1 exx+lmexy+ Ine,
(2.61)

2 2
+ mleyx +me, + mne,, + nle” +nme,, +ne,,

2 2 2
=le +m €y tHE, + 21mexy +2lne,, + 2mneyz
where M is called the magnification factor. The magnification factor M is a measure of the
strain of a line in the body with direction cosines (/, m, n). This quantity is also known as
the total Green strain. The components of Green strain, from Eq. 2.61, are

Can 1) (@), ()]
Cx T % 2| 9% Ix o
o ffa) (@), ()]
WIF 2\ \» T\
ow 1[(auY Y (ow)]
EZZ=§+§ E + E + 72’
- (2.62)
(3, du, e oy Dwow
€y = €yx T 21 ox dy oxdy oxdy oxady
1w, ou, dudu v, dwdw
€xz € x T2l & I o dxok
L(ow, v, dudu v, dwdw
€: = €y T 2|ldy ok oz 8y¢92 dy oz
where
_dx by, _dz 2.63
! ds’ "= " ds (263)

8Although one may compute €g dn'ectly from Eq 2 57, it is mathematically simpler to form the quantity
=} [(ds*/ds) —-1j=1 1A+ EE) —1l=eg+ ! EE Then one may compute €z from Eq. 2.61. For small €p
(Sectlon 28), eg=M A more detailed denvauon of Eq. 2.61 is given by Boresi and Chong (2000, Section 2-6).
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are the direction cosines of line element ds. These are the finite strain—displacement rela-
tions. They are valid for any magnitude of displacement (u, v, w) of the body.”

We may interpret the quantities €, €,,, and €, physically, by considering line ele-
ments ds that lie parallel to the (x, y, z) axes, respectively. For example, let the line element
ds (Figure 2.18) lie parallel to the x axis. Then /=1, m = n =0, and Eq. 2.61 yields

2
M, = sEx+-1-eEx =€ (2.61a)

2

XX

where M, and eg, denote the magnification factor and the engineering strain of the ele-
ment ds (parallel to the x direction). Hence, €,,, physically, is the magnification factor of
the line element at P that lies initially in the x direction. In particular, if the engineering
strain is small (eg, << 1), we obtain the result €, = eg,: namely, that €,, is approximately
equal to the engineering strain for small strains. Similarly, for the cases where initially ds
lies parallel to the y axis and then the z axis, we obtain

12
M, = €g,+ 5€gy = €,
(2.61b)
_ 12 _
Mz - eEz+§€Ez =€,

Thus, (€, €y, €,,) physically represent the magnification factors for line elements that ini-
tially lie paraliel to the (x, y, z) axes, respectively.

To obtain a physical interpretation of the components €,,, €,,, €, it is necessary to
determine the rotation between two line elements initially parallel to the (x, y) axes, (x, z)
axes, and (¥, z) axes, respectively. To do this, we first determine the final direction of a sin-
gle line element under the deformation. Then, we use this result to determine the rotation
between two line elements.

2.7.2 Final Direction of a Line Element

As a result of the deformation, the line element ds: (dx, dy, dz) deforms into the line ele-
ment ds*: (dx*, dy*, dz*). By definition, the direction cosines of ds and ds™* are

SR
ds ds ds
oo B Ay 269
ds* ds* ds*
Alternatively, we may write
poo dxtds s _dytds o, dz¥ds (2.65)

ds ds*’ ds ds*’ ds ds*

By Egs. 2.58 and 2.59, we find

%In small-displacement theory, the quadratic terms in Eqgs. 2.62 are neglected. Then, Eqs. 2.62 reduce to Egs. 2.81.



58

CHAPTER 2 THEORIES OF STRESS AND STRAIN

dx* _ ([ o), %m, n
I (1+§c)l+ay +5‘z
dy* _ oy Hl oy Pn
=% +[1 +—)m +35 (2.66)
dz* _ &Wl a_W'm aW
o - o +3y +(1+§z—}1
and by Eq. 2.57
ds _ 1
;iF Tveg 2.67)
Hence, Eqgs. 2.65-2.67 yield
ou\,  du ou
(I+eg)l* = (1 +$)l+5-ym+§n
(I +eg)m* = g_;n(l +%)m+%n 2.68)

Equations 2.68 represent the final direction cosines of line element ds when it passes into
the line element ds* under the deformation.

2.7.3 Rotation Between Two Line Elements
{Definition of Shear Strain)

Next, let us consider two infinitesimal line elements PA and PB of lengths ds; and ds,
emanating from point P. For simplicity, let PA be perpendicular to PB'° (Figure 2.19). Let
the direction cosines of lines PA and PB be (I}, m;, ny) and (l,, m,, n,), respectively. As the

z X
FIGURE 2.19 Line segments PA and PB before and after deformation.

10This restriction is not necessary but is used for simplicity. See Boresi and Chong (2000).
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result of the deformation, line elements PA and PB are transformed into line elements
P*A* and P*B*, with direction cosines (l;, m’;, n*{) and (l;, m;, n;) , respectively. Since
PA is perpendicular to PB, by the definition of scalar product of vectors

cosg =Ll +mmy+nin, =0 (2.69)

Similarly, the angle 6* between P*A* and P*B* is defined by
cos@* = lr l;+m;‘m;+n; n; 2.70)

In tumn, (7, mj, n]) and (I, m}, n) are expressed in terms of (I}, my, ny) and (I, my, ny),
respectively, by means of Eq. 2.68. Hence, by Eqgs. 2.68-2.70, we may write with Egs. 2.62

Yia = (1 +€g,)(1 +€g,)cosO*
= 211125”+2m1m25yy+2n1n2522+2(11m2+lzm1)exy 2.71)
+2(m1n2+m2n1)eyz+2(lln2+lznl)exz

where ¥, is defined to be the engineering shear strain between line elements PA and PB
as they are deformed into P¥A* and P*B* (Figure 2.19).

To obtain a physical interpretation of €,,, we now let PA and PB be oriented initially
parallel to axes x and y, respectively. Hence, Iy = 1, my =n;=0and [, =ny, =0, my = 1.
Then Eq. 2.71 yields the result

Tiz = Yoy = 26, (2.72)

In other words, 2¢,, represents the engineering shear strain between two line elements ini-
tially parallel to the x and y axes, respectively. Similarly, we may consider PA and PB to be
oriented initially parallel to the y and z axes and then to the x and z axes to obtain similar
interpretations for €, and €,,. Thus,

Tey = 26, Yy =26, Y, =26, 2.73)

represent the engineering shear strains between two line elements initially parallel to the
x, ), (0, 2), and (x, z) axes, respectively.

If the strains €, €g, are small and the rotations are small (e.g., & = 7/2), Eq. 2.71
yields the approximation

Vg = (1+eE1)(1+eE2)cos0*=§—9* (2.74)

and the engineering shear strain becomes approximately equal to the change in angle
between line elements PA and PB.

Other results, which are analogous to those of stress theory (Sections 2.3 and 2.4),
also hold. For example, the symmetric array

€xx exy €xz

€y €y €y (2.75)

€xz eyz €.z
is the strain tensor. Under a rotation of axes, the components of the strain tensor (€,,, €»
€., ...) transform in exactly the same way as those of the stress tensor (Egs. 2.15 and
2.17). (Compare Egs. 2.5 and 2.75. Also compare Eqgs. 2.11 and 2.61.)



60

CHAPTER 2 THEORIES OF STRESS AND STRAIN

To show this transformation, consider again axes (x, y, z) and (X, Y, Z), as in Section
2.4, Figure 2.8 (also Figure 2.18), and Table 2.2. The strain components exy, €xy, €xz,.- .
are defined with reference to axes (X, ¥, Z) in the same manner as €, €, €,... are
defined relative to axes (x, y, z). Hence, eyy is the extensional strain of a lme element at
point P (Figure 2.18) that lies in the direction of the X axis, and eyy and ey are shear com-
ponents between pairs of line elements that are parallel to axes (X, Y) and (X, Z), respec-
tively, and so on for €yy, €7, and €y, Hence, if we let element ds lie parallel to the X axis,
Eq. 2.61, with Table 2.2, yields

€xx = I%e +m% yy+n26 +21 mlexy+21 ni€,.,+2m 1€y, (2.76a)
For the line elements that lie parallel to axes Y and Z, respectively, we have
2 2 2
€yy = Le  + M€, + Ny€,, + 212m26xy +2l,n0€  + 2m2n26yz (2.76b)

2 2
€,7 = lze  + ma€, + n3e + 213m3exy +2l3n5€, + 2m3n3eyz (2.76¢)

Similarly, if we take line elements PA and PB parallel, respectively to axes X and Y
(Figure 2.19), Egs. 2.71 and 2.73 yield the result

1
§7XY = €yy = lllzexx+m1m26yy+n1nzezz+(llm2+lzml)exy

(2.76d)
+(m1n2+m2n1)eyz+(lln2+lzn1)exz
In a similar manner, we find
1)/ = €y, = lle__+m ma€e_+n,ne_+(l,my+1m,)e
3lyz — ®yz T *2°3 2773 273 273 372
2 xx yy zz Xy (2.76e)
+ (myns + m3n2)eyz +(hny+ l3n2)exz
ly = €y, = 1€ +mmi€ +nn€ +(lim,+1m;)e
AiXZ T =Xz T '3 177°3 13 173 371
2 xx yy zz xy (2.76f)

+(myny + m3n1)6yz +(lny + l3n1)exz

where (I}, my, ny), (I, my, ny), and (13, ms, n3) are the direction cosines of axes X, ¥, and Z,
respectively. ,

Equations 2.76 represent the transformation of the strain tensor (&, Epyse s eyz) under a
rotation from axes (x, y, z) to axes (X, Y, Z). (See Figures 2.18 and 2.19 and also Figure 2.8.)

2.7.4 Principal Strains

Through any point in an undeformed member, there exist three mutually perpendicular
line elements that remain perpendicular under the deformation. The strains of these
three line elements are called the principal strains at the point. We denote them by (&g,
€g), €g3) and the corresponding principal values of the magnification factor M = €g +
56123 are denoted by (M, M,, M5). By analogy with stress theory (Section 2.4), the
principal values of the magnification factor are the three roots of the determinantal

equation
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Exx_'A4 exy €xz
€y eyy—M €y, =0 (2.77a)
€xz €yz ezz—'Al
or 3 - ~
M -ITM +I,M-15;=0
5 (2.77b)
M = €E+%€E
where
I, = €t €y FE,
72 = €xx Exy + €xx €xz + Eyy eyz
exy Eyy eXZ EZZ EyZ EZZ
=€ +€ € _+e€ € —€ & (2.78)

xx€yy T €xx€z, T €€ — €y~ €~ €y,

€xx exy €xz

=~
w
it

€xy €y €z

€xz Eyz €z

are the strain invariants (see Egs. 2.19-2.21). Because of the symmetry of the determinant
of Eq. 2.77a, the roots M;, where i = 1, 2, 3, are always real. Also since €g; > -1, then M; > 1.

The three principal strain directions associated with the three principal strains
(€g1. €g2- €g3), Eq. 2.77b, are obtained as the solution for (/, m, n) of the equations

l(exx-—M)+mexy+nexz =0
le. +m(e, —M)+ne, =0
xy ¥y vz 2.79)
lexz+meyz+n(ezz—M) =0
Pem*+n® =1

Recall that only two of the first three of Eqgs. 2.79 are independent. The solution M = M, yields
the direction cosines for eg = €y and so on for M = My(€g = €gy), M = M3(€g = €g3).

If (x, y, z) axes are principal strain axes, €, = My, €, =M,, €, =M;, €, ;= ¢, =
€, = 0 and the expressions for the strain invariants [, I,, /3 reduce to

I—l = Ml +M2+M3
Iy = MM,+M,M;+M,M, (2.80)
Iy = MMM,

2.8 SMALL-DISPLACEMENT THEORY

The deformation theory developed in Sections 2.6 and 2.7 is purely geometrical and the
associated equations are exact. In the small-displacement theory, the quadratic terms in
Eqgs. 2.62 are discarded. Then
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@2.81)
e zl(@+@), e 21(3_W+3_“), e zl(a_v_uiv)
DTRx ) A% &) Ay &

are the strain—~displacement relations for small-displacement theory. Then, the magnifica-
tion factor reduces to

M=eg (2.82)

Hence, for small-displacement theory, the total Green strain equals the engineering strain
of a line element PQ (Figure 2.18).

The above approximations, which are the basis for small-displacement theory, imply
that the strains and rotations (excluding rigid-body rotations) are small compared to unity.
The latter condition is not necessarily satisfied in the deformation of thin flexibie bodies,
such as rods, plates, and shelis. For these bodies the rotations may be large. Consequently,
the small-displacement theory must be used with caution: It is usually applicable for mas-
sive (thick) bodies, but it may give results that are seriously in error when applied to thin
flexible bodies.

2.8.1 Strain Compatibility Relations

The six strain components are found by Eqgs. 2.81 if the three displacement components (u,
v, w) are known. However, the three displacement components (i, v, w) cannot be deter-
mined by the integration of Eqgs. 2.81 if the six strain components are chosen arbitrarily.
That is, certain relationships (the strain compatibility relations) among the six strain com-
ponents must exist so that Eqs. 2.81 may be integrated to obtain the three displacement
components. To illustrate this point, for simplicity, consider the case of plane strain rela-
tive to the (x, ¥) plane. This state of strain is defined by the condition that the displacement
components (u, v) are functions of (x, y) only and w = constant. Then Eqgs. 2.81 yield

exxza_u, € =a_v, 2Ex =a_u+&
ox’ VY oy Y oy ox ()
€x; = Eyz =€,;= 0

The strain compatibility condition is obtained by elimination of the two displacement
components (u, v) from the three nonzero strain—displacement relations in Eqgs. (a). This
can be done by differentiation and addition as follows. Note that, by differentiation, Egs.
(a) yield

2 3 2 3
aexx au aeyy= 3v

: (b)
a°  xdyr  ar ady

and

2
20 exy_ &’314 + 83v

= ©)
X e Ity

Addition of the right-hand sides of Eqgs. (b) shows that the right-hand side of Eq. (c) is
obtained. Therefore, the relation
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2326

xx 6yy - Xy ()

2

dy Jx

2

ox oy

among the three strain components exists. This result, valid for small strains, is known as
the strain compatibility relation for plane strain. In the general case, a similar elimination
of (u, v, w) from Egs. 2.81 yields the results (Boresi and Chong, 2000, Section 2-16)

d eyy+ de,, _ 8 €y

8x2 8y2 8x 3y

82622 + azexx 326)&'2

o o X

de,, X Pe,, _ a €

ot o *% >

) , 2.83)

ae aexy_c?eyz de,,
ox ay P T dzox dyoz
& eyy+ 826xz _ 326 5, & €y,
ox oz 8y2 dy (92 ox 8y
2 2 2 2
8exx+8 €y _ de,, 8exy
dy oz 2 dxdy oxadz

Equations 2.83 are known as the strain compatibility equations of small-displacement the-
ory. It may be shown that if the strain components (€, €,,, €,,, €, €, €,,) satisfy Egs.
2.83, there exist displacement components {u, v, w) that are solutions of Egs. 2.81. More
fully, in the small-displacement theory, the functions (e,,, €yys €575 Exys €y, Z) are possibie
components of strain if, and only if, they satisfy Eqs. 2.83. For large dlsplacement theory,

the equivalent results are given by Murnahan (1951).

2.8.2 Strain-Displacement Relations for Orthogonal
Curvilinear Coordinates

More generally, the strain-displacement relations (Eqs. 2.62) may be written for orthogo-
nal curvilinear coordinates (Figure 2.16). The derivation of the expressions for (€, €,,,
€, €y € yz) is a routine problem (Boresi and Chong, 2000). For small-displacement
theory, the results are

6 = l au vaa woa

x" By v

_1{ov WB[)’ udf
€, = B(iy e 3x] (2.84)

L1 u&y voy

€2z = (82 adx ﬁay]
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EXAMPLE 2.8
Three-
Dimensional
State of Strain

e = iMlou 1 v IB_uda
W 2iBdy oadx aBfdx afdy
e = iflow Lo udo w oy
2o Aoaox ydk ayd oyox (2.84) continued
. =118w lov_wdy v Ip
2 2|Bdy vy Brdy PBro

where (1, v, w) are the projections of the displacement vector of point (x, y, z) on the tangents to
the respective coordinate lines at that point and (¢, B, 7) are the metric coefficients of the coordi-
nate system (Eq. 2.47). Equations 2.84 are easily specialized for particular coordinates. For cylin-
drical coordinates x =r,y = 8, z =z and then a¢= 1, B =7, y= 1; for spherical coordinates, x = 7,
y = 6= colatitude, z = ¢ =longitude and then =1, S=r, y=r sin O (see Section 2.5), etc.

Thus, we obtain for

Cylindrical Coordinates, where u is the radial displacement (in the r direction), v is

the tangential displacement associated with the angular coordinate 8, and w is the
longitudinal displacement (in the z direction),

du lov ow
€r = s 696=H+;§é’ ezzz_a'z‘
lau ov ou  ow
Vg = 2Er6 = rae ar ‘;)’ Viz = 2Erz = ; + ; (2.85)
ov, low

= 25 = et -
Ye: bz " % roe
Spherical Coordinates, where u is the radial displacement (in the r direction), v is
the tangential displacement associated with the angular coordinate 6, and w is the
tangential displacement associated with the angular coordinate ¢,

du 18\1 u. v 1 ow

= e = —_ = - - t ———
fr =G 003 r&@ €99 r+rCO e+rsin93¢
_1du LY 1 o ow_w
=2 - =2
Tro= %66 = 156" 7 TreT %0 fneas o 7 (2.86)

1{ ow 1 ov
= = = —— 0|y — 2%
Yop = 2€09 r(30 wee J+rsin08¢

Polar Coordinates, where u is the radial displacement (in the r direction) and v is the
tangential displacement associated with the angular coordinate 6,

1o,y

rd0 aF r

ou 1dv

€r = ;’ €pp= = + 39 Vo= Zere (2.87)

A machine part in the form of a parallelopiped (Figure E2.8) is deformed into the shape indicated
by the dashed straight lines (small displacements). The displacements are given by the following
relations: u = Cxyz, v=Cyxyz, and w = C3xyz.

(a) Determine the state of strain at point £ when the coordinates of point £* for the deformed body
are (1.504, 1.002, 1.996).

(b) Determine the normal strain at E in the direction of line EA.

(c) Determine the shear strain at E for the undeformed orthogonal lines EA and EF.,
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The magnitudes of C,, C,, and C; are obtained from the fact that the displacements of point E are
known as follows: uz = 0.004 m, vg = 0.002 m, and wg = —0.004 m. Thus,

u= 0'004x ;
3 y

v = O'Oozxyz
3

W= ———Xxyz

(a) The strain components for the state of strain at point E are given by Egs. 2.81. At point £,
=M _ 0004, _ 000267, €, = 000200, €, = ~0.00200

€x = EC 3
_1fdv, du) _ 1{0.002 0.004 _
€y = E[;?}+-8—y] = 5[—3 yz+—3 xz | = 0.00267
Yy = 2€xy = 0.00533, vy,,=2¢e, = -0.00067
Yy = 2€yz = —0.00300

(b) Let the X axis lie along the line from E to A. The direction cosines of EA are I, = 0, m; = -1/ S5,
and ny; = -2/ 5 . Equations 2.61 and 2.82 give the magnitude for €yy. Thus,

€xy = eyymf + ezznf + 2€yzm1”1
= 0.0(;200 _ 0.002;)0(4) - 0~003500(2> = —0.00240

(c) Let the Y axis lie along the line from E to F. The direction cosines of EF are I, =~ 1, m, =0, and
ny = 0. The shear strain ¥y = 2€yy is given by Eq. 2.76d. Thus,
= 2€xy = 25)0,12m1 +2¢,,l,n,
. (0.00533) . (-0.00067)(2) _ 0.00179
J5 J5

Yxy

G* F

F*

D* E/f/ 2.000 m

1
]
: c
] cr oy
]

1.500 m

FIGURE E2.8
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EXAMPLE 2.9
State of Strain
in Torsion-
Tension Member

Solution

A straight torsion-tension member with a solid circular cross section has a length L = 6 m and radius
R = 10 mm. The member is subjected to tension and torsion loads that produce an elongation AL = 10 mm
and a rotation of one end of the member with respect to the other end of 7/3 rad. Let the origin of the
(r, 6, z) cylindrical coordinate axes lie at the centroid of one end of the member, with the z axis
extending along the centroidal axis of the member. The deformations of the member are assumed to
occur under conditions of constant volume. The end z = 0 is constrained so that only radial displace-
ments are possible there.

(a) Determine the displacements for any point in the member and the state of strain for a point on the
outer surface.

(b) Determine the principal strains for the point where the state of strain was determined.

The change in radius AR for the member is obtained from the condition of constant volume. Thus,

TR°L = n(R + AR)*(L + AL)

10%(6 x 10%) = (10 + AR)*(6010)
AR = ~0.00832 mm

(a) The displacements components

" = (é_R)r = ~0.000832r [mm]

v

(52_3)” = 0.00017457z [mm]

w = (‘%)z = 0.001667z [mm]

satisfy the displacement boundary conditions at z = 0. The strain components at the outer radius are
given by Egs. 2.85. They are (rounded to six decimal places)

ou u, lav
€, = 5 = -0.000832, €gp= ;+;%= —-0.000832
ow lou v v
€, = > = 0.001667, Yo = 2,4 = ;(9—94—;_; =0
du  ow d  low
yrz = 2€rz = 52- + 5 = 0, 'sz = 2592 = ;Z—- + ;'a—e = 0.001745

(b) The three principal strains are the three roots of a cubic equation, Eq. 2.77b, where the three
invariants of strain are defined by Egs. 2.78. Choose the (x, y, z) coordinate axes at the point on the
outer surface of the member where the strain components have been determined in part (a). Letx =1,
y =6, and z = z. From Egs. 2.78,

T, = ¢, +eppte,, = —0.000832~0.000832 +0.001667 = 0
= 2 2 2
1 2 = €,€pgT errezz +E€gef., — €97 €, €g;
= (~0.000832)(~0.000832) + (~0.000832)(0.001667)
2
+ (~0.000832)(0.001667) (@9%2‘2)

—2.838x 107°



EXAMPLE 2.10
Mohr's Circle for
Plane Strain

Solution
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~0.000832 0 0
- Err €ro 0 -0.000832 0.001745
I3 = | €q, €pp €g,| = 2
Ezr €0 ezz 0 (&;Mé 0.001667
= 1.785x 107

Substitution of these results into Eq. 2.77b gives the following cubic equation in € (= M):
€ -2.838x10 %~ 1.785x 10 = 0
One principal strain, €, = ~0.000832, is known. Factoring out this root, we find
€* - 0.000832¢ - 2.146 x 107° = 0

Solution of this quadratic equation yields the remaining two principal strains. Thus, the three princi-
pal strains are

€, = 0.001939
€, = —0.000832
€, = —0.001107

A state of plane strain (€, = €., = €,, = 0) at a point in a body is given, with respect to the (x, y, z) axes,
as €, = 0.00044, €y = 0.00016, and €y = ~0.00008. Determine the principal strains in the (x, y)
plane, the orientation of the principal axes of strain, the maximum shear strain, and the strain state on

a block rotated by an angle of 8" = 25° measured counterclockwise with respect to the reference axes.

Since the components of strain form a symmetric second-order tensor, they are transformed in pre-
cisely the same way as stresses. Thus, plane strain states can be represented by Mohr’s circle in the
same way as plane stress states. By analogy to the development for plane stress, Mohr’s circle for
plane strain is defined by the equation (see Eq. 2.32)

1 2 2 _ 1 2, 2
[exx = (et €] +(e=0) = 3 (eme, )+, @
Equation (a) is the equation of a circle in the (exy, €xy) plane with center coordinates

B(e’“ +e,), 0] ®)

i 2 2
R = Z(exx—eyy) +€,, ©

The orientation of the principal axes of strain is given by the angle 6, where

2
tan 20 = X (@
€xx " Cyy

and radius
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and 6 is measured with respect to the reference x axis, positive in the counterclockwise sense. The
principal strains are

(e, t€,) 2 2

€ = 2 Sl %(exx—eyy) ve, )
(ect€y) M 2 2

62 = __X.X_Z_&_ Z(Exx_eyy) +€xy (f)

The maximum shear strain is simply the radius of the circle as given by Eq. (¢).

For the data given, the state of strain may be expressed as €, = 440, €,, = 160y, and €,, = - 80y,
where g = 107°, This representation of strain is known as microstrain. The Mohr’s circle for these
data is shown in Figure E2.10a. By Eqgs. (b) and (c), the center of the circle is located at point C with
coordinates (3004, 0) and its radius is R = 161y. By Egs. (e) and (f), the principal strains are

€, = 300p+ 161y = 461 (&

300u— 1611

it

€ 139u (h)
On Mohr’s circle, they correspond to points Q and Q’, respectively. The reference strain state is plot-
ted at points P(€,, €,) and P'(e,,, ~ €,). Note that the positive €yy axis is directed downward, as is
done with the plane stress case. By Eq. (d) the principal axis corresponding to €, in the body is
located at an angle of 6= — 14.87° with respect to the x axis. On Mohr’s circle, this corresponds to an
angle 20 =-29.74° from line CP to line CQ.

The maximum value of shear strain is €xy(max) = R = 1614. It occurs at an orientation of £45° from
the principal axis for €; (+90° from line CQ on Mohr’s circle). Note that this is the maximum shear
strain using the tensor definition of strain. The maximum engineering shear strain is Yyymax) =
2€xy(max) = 32244 (Eq. 2.73). The strain state on a block at §"= 25° (50° on Mohr’s circle) is identified

by points S(¢’,,, €,,) and S'(€,,, - €',,). By geometry of the circle, the strain quantities are

[

€ = OC+R cos(20”-26) = 329u

XX

e;y = OC—-R cos(26'-26) = 271u
e;y = —Rsin(26'-26) = 295u

In Figure E2.105, the deformed shape of an element in the reference orientation is shown. Also illus-
trated is the deformed shape in the principal orientation, which is at an angle of 8 = —14.87° with
respect to the x axis. Notice that in this orientation, the deformed element is not distorted, since the
shear strain is zero. Finally, the deformed shape at 6" = 25° with respect to the reference orientation is

shown.
Sy, €'y)
€, =13%
y
Pley, €y) ==
, Orientation
0 [ [4 ”eat g,l D Deformed
Exx [j Undeformed
Pleyy ~ey Syinaa = 1610 = 9]
Reference
S'(e’ o) orientation
(€ =€y Principal strain
€, =461u orientation
€y (@) ®)

FIGURE E2.10 (a) Mohr's circie for plane strain. {(b) Deformed element in three different
orientations.
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Displacement
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For small-displacement plane strain, the strain components in the plate ABCD (Figure E2.11), in
terms of the coordinate system (x, y), are

€ = COY(L-x), €, =Dy(L-x), 7, = —(C+D)A>~y") @)

where A, C, and D are known constants. The displacement components (#, v) atx=y =0 are

u(0,0) =0, v(0,0)=0 (b)
and the slope du/dy atx=y=01is
o =0 ©
8_)2 x=y=0

Determine u and v as functions of (x, y).

y
B C
v
(x, y) u
0 X
A D
FIGURE E2.11
By Eqs. 2.81 and (a), we have
ou
€, =Cy(L-x) = 5 @
€, =DyL-x) = % (e)
Yoy = 2, = ~(C+D)(A% =) = %+§—; ®
Integration of Egs. (d) and (e) yields
u = Cy(Lx—%x2)+Y(y) (g)
v = %DyZ(L—x)+X(x) )

where X and Y are functions of x and y, respectively. Substituting Egs. (g) and (h) into Eq. (f) and
regrouping terms, we obtain

2
d_X+c(Lx_x_) = 1p2 (c+Dya -yh @
dx 2 dy 2
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For Eq. (i) to be satisfied, both sides of the equation must be equal to the same constant. That is,

dX 1 2

a+C(Lx—-2-x)=E G
ay |1, 2 2 2

—-@+§Dy -(C+DYA"-y) =E k)

where E is a constant.
Then integrations of Eqgs. (j) and (k) yield

X(x) = _C[le2—1x3j+Ex+J O
2 6
Y(y) = éDy3—(C +D)(A2y—%y3)—Ey+K (m)

where J and KX are constants. By Egs. (g), (h), (1), and (m), we find

= Cy (Lx—%x2]+(%C+%DJy3+[E—(C +D)A2]y+F @)
_ 1 2 _ _ 1 2_1 3 _
Vv = EDY (L-x) C(zLx 6x ) Ex+J (o)

By Egs. (b), (n), and (0), F = 0 and J = 0. Then by Egs. (c) and (n), E is determined as
E = (C+D)A°

Equations (n) and (o) are modified accordingly.

2.9 STRAIN MEASUREMENT AND STRAIN ROSETTES

For members of complex shape subjected to loads, it may be mathematically impractical
or impossible to derive analytical load—stress relations. Then, either numerical or experi-
mental methods are used to obtain approximate results. Several experimental methods are
used, the most common one being the use of strain gages.

Strain gages are used to measure extensional strains on the free surface of a member or
the axial extension/ contraction of a bar. They cannot be used to measure the strain at an interior
point of a member. To measure interior strains (or stresses), other techniques such as photoelas-
ticity may be used, although this method has been largely superseded by modern numerical
techniques. Nevertheless, photoelastic methods are still useful when augmented with modemn
computer data-acquisition techniques (Kobayashi, 1987). Additional experimental procedures
are also available. They include holographic, Moir¢, and laser speckle interferometry tech-
niques. These specialized methods lie outside of the scope of this text (see Kobayashi, 1987).
We shall discuss only the use of electrical resistance (bonded) strain gages.

Electric strain gages are used to obtain average extensional strain over a given gage
length. These gages are made of very fine wire or metal foil and are glued to the surface of
the member being tested. When forces are applied to the member, the gage elongates or
contracts with the member. The change in length of the gage alters its electrical resistance.
The change in resistance can be measured and calibrated to indicate the average exten-
sional strain that occurs over the gage length. To meet various requirements, gages are
made in a variety of gage lengths, varying from 4 to 150 mm (approximately 0.15 to 6 in.),
and are designed for different environmental conditions.
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Surface of a
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b b
60"~ | 60 .t e N
e b
c ( \},f;
=
(a) (»

FIGURE 2.20 Rosette strain gages. (a) Delta rosette. {b) Rectangular rosette.

Three extensional strain measurements in three different directions at a point on the
surface of a member are required to determine the average state of strain at that point.
Consequently, it is customary to cluster together three gages to form a strain rosette that
may be cemented to the free surface of a member. Two common forms of rosettes are the
delta rosette (with three gages spaced at 60° angles) and the rectangular rosette (with
three gages spaced at 45° angles), as shown in Figure 2.20. From the measurement of
extensional strains along the gage arm directions (directions a, b, ¢ in Figure 2.20), one
can determine the strain components (€,,, yys exy) at the point, relative to the (x, y) axes.
Usually, one of the axes is taken to be aligned with one arm of the rosette, say, the arm a.
For instance, we might mount the rosette such that €., = €, the average extensional strain
in the direction a. Then, the components (e,,, €,,) may be expressed in terms of the mea-
sured extensional strains €, €, and €, in the directions of the three rosette arms a, b, and c,
respectively. (See Example 2.12.)

A strain rosette with gages spaced at an angle 0 is cemented to the free surface (,; = €,, = €, = 0) of
a member (Figure E2.12). Under a deformation of the member, the extensional strains measured by

gages a, b, ¢ are €,, €, €, respectively.
(a) Derive equations that determine the strain components €, € € in terms of €,, €, €, and 6.

(b) Specialize the results for the delta rosette (8= 60°) and rectangular rosette (6 = 45°).

FIGURE E2.12

(a) The direction cosines of arms a, b, and c are, respectively,
(I, my, n,) = (1,0,0), (I, my, n,) = (cos8, sin6, 0), (I, m, n;) = (cos 20, sin 20, 0)

The extensional strain of a line element in the direction (/, m, r) is given by Eq. 2.61. Hence, by Eq.
2.61, the extensional strains in the directions of arms q, b, ¢ are

ea = GXX
€, = exx(cosze) + eyy(sinze) + 2exy(cos 6)(sinB) (a)
€, = exx(cos229) + eyy(sin229) + 2€xy(cos 20)(sin 26)
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given angle 8. The solution is

€xx = €

Equations (a) are three equations that may be solved for €,

, €y, and €, in terms of €, €,, and ¢, fora

_ (e,—2€,)sin 40 + 2¢€ sin 20

€yy

45in° sin 20 b)

2€a(sin29 COSZQB— sin2 26 0052 o) + 2(ebsin229-— ecsin2 6)

ny

Eqgs. (b) yield

eXX = ed’

yield

PROBLEMS

(b) For 8=60°, cos 8=1/2, sin 8=

4sin2 0 sin26

J3/2,cos 260 =-1/2, and sin 20= ./3/2. Therefore, for 8= 60°,

_ 2(e,+€.)~¢€, €,—¢€,

= ©

€yy = 3 » Exy 3

For §=45°, cos 8=1/2, sin 8=1/J/2, cos20=0, and sin 20= 1. Therefore, for 6= 45°, Egs. (b)

1
vy e €y T eb_i(fa""sc) d

Sections 2.1-2.4

Many of the problems for Sections 2.1-2.4 require the determi-
nation of principal stresses and maximum shear stress, as well
as the location of the planes on which they act. These quantities
are required input in design and failure criteria for structural and
mechanical systems.

2.1, The state of stress at a point in a body is given by the fol-
lowing components: o,, = 50 MPa, 6,, = -30 MPa, ©,, =
20 MPa, o, = 5 MPa, 0,, = -30 MPa, and o), = 0. Find op,,
Opy, Op;, and Opg for point P on a cutting plane Q with normal
vector N: (1/ /3, 1/ /3, 1/ J3).

2.2, The thin, flat plate shown in Figure P2.2 is subjected to uni-
form shear stress. Find the normal and shear stress acting on the
cutting plane A-A.

L

A

FIGURE P2.2

2.3. At a point in a beam, the stress components are 0, = 20
MPa, 6, = 10/3 MPa, and 0,, = 0,, = 0, = 0, = 0.
a. Determine the principal stresses 0, 2 6, 2 3.

b. Determine the direction cosines of the normal to the plane on
which o acts.

2.4, The stress components at a point in a plate are ¢, = —100
MPa, 0, = 0,, = 20 MPa, 0,, = 6, =0, and 0,, =80 MPa.

a. Determine the principal stresses oy 2 0, 2 3.

b. Determine the octahedral shear stress.

c. Determine the maximum shear stress and compare it to the
octahedral shear stress.

d. Determine the direction cosines of the normal to one of the
planes on which the maximum shear stress acts.

2.5. The stress components at a point in a plate are o, = 80
MPa, 6,, = 60 MPa, 0,, = 0,, = 20 MPa, 0,, = 40 MPa, and
0,, = 10 MPa.

a. Determine the stress vector on a plane normal to the vector
i+2j+k

b. Determine the principal stresses 0; = 6, = G;.

¢. Determine the maximum shear stress.

d. Determine the octahedral shear stress.

2.6. The stress array (Eq. 2.5) relative to axes (x, y, z) is given by

L

il
(NS RECN
D O =
w0 O N

where the stress components are in [MPa].



a. Determine the stress invariants of T.

b. Consider a rotation of the (x, y) axes by 45° counterclockwise
in the (x, y) plane to form axes (X, Y). Let the Z axis and the z
axis coincide. Calculate the stress componeunts relative to axes
(X, Y, Z). Note that the direction cosines between axes (x, y, z)
and (X, ¥, Z) are given by Table 2.2, where the rotation of 45°
determines [y, my, ny, ....

¢. With the results of part (b), determine the stress invariants
relative to axes (X, ¥, Z) and show that they are the same as the
invariants of part (a).

2.7. Relative to axes (x, , z), body A is loaded so that o, = G,
and the other stress components are zero. A second body B is
loaded so that o, = 7, and the other stress components are zero.
The octahedral shear stress 7, has the same value for both
bodies. Determine the ratio op/ 7.

2.8. The stress components at a point in a flywheel are o, =
0,, =0,,=0and 6,, = 0, = 0,, = .

a. In terms of 1, calculate the principal stresses.

b. Determine the directions of the principal stress axes, insofar
as they are determinate.

2.9. The principal stresses o) and 03 are known, and 0} 2 0, 2
0;. Determine the value of o, for which the octahedral shear

stress T, attains an extreme value.

2.10. The nonzero stress components relative to axes (x, y, z)
are 0, = -90 MPa, g,, = 50 MPa, and o,, = 6 MPa.

a. Determine the principal stresses, 0; 2 0, 2 0.

b. Calculate the maximum shear stress.

¢. Calculate the octahedral shear stress.

d. Determine the angle between the x axis and the X axis, where
X is in the direction of the principal stress 0;.

2.11. Let (o, 0,, 0,) be siress vectors on planes perpendicular,
respectively, to the (x, y, z) axes. Show that the sum of the
squares of the magnitudes of these stress vectors is an invariant,
expressible in terms of the stress invariants I; and /,.

2.12. Determine the principal stresses and their directions for
each of the sets of stress components listed in Table P2.12. Also
calculate the maximum shear stress and the octahedral shear
stress. The units of stress are [MPa].

TABLE P2.12

Oxx Oyy Ozz Oxy Oxz Oyz
(a) 15 -4 10 -3 0 1
(b) 10 -5 0 -5 0 0
(c) -10 -5 10 2 3 4
(d} 10 -5 -5 2 2 0
(e) 10 0 0 0 0 0

2.13. The state of stress at a point is specified by the following
stress components: O, = Oy, = 0,, = 0, 0,, = 75 MPa, 0, =
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65 MPa, and o,, = —55 MPa. Determine the principal stresses,
direction cosines for the three principal stress directions, and
maximum shear stress.

2.14. Consider a state of stress in which the nonzero stress com-
ponenis are G, 0y,, 0,;, and G,,. Note that this is not a state of
plane stress since g, # 0. Consider another set of coordinate
axes (X, Y, Z), with the Z axis coinciding with the z axis and the
X axis located counterclockwise through angle 6 from the x
axis. Show that the transformation equations for this state of

stress are identical to Eq. 2.30 or 2.31 for plane stress.

2.15. The state of stress at a point is specified by the following
stress components: 0, = 110 MPa, ¢, = -86 MPa, o,, =
55 MPa, ¢, = 60 MPa, and oy, = 0, = 0. Determine the princi-
pal stresses, direction cosines of the principal stress directions,
and maximum shear stress.

2.16. Solve Problem 2.15 using the transformation equations
for plane stress (Eq. 2.30 or 2.31).

2.17. The state of plane stress is specified by the following stress
components: Oy, =90 MPa, 0,,, = ~10 MPa, and 0,,, = 40 MPa. Let
the X axis lie in the (x, y) plane and be located at 8= 7/ 6 clockwise
from the x axis. Determine the normal and shear siresses on a plane
perpendicular to the X axis; use Egs. 2.10-2.12.

In Problems 2.18 through 2.21, the Z axis for the transformed
axes coincides with the z axis for the volume element on which
the known stress components act.

2.18. The nonzero stress components are O,, = 200 MPa,
0y, = 100 MPa, and 0,, = ~50 MPa. Determine the principal
stresses and maximum shear stress. Determine the angle
between the X axis and the x axis when the X axis is in the direc-
tion of the principal stress with largest absolute magnitude.

2.19. The nonzero stress components are O, = —90 MPa,
0,, =50 MPa, and o), = 60 MPa. Determine the principal
stresses and maximum shear stress. Determine the angle
between the X axis and the x axis when the X axis is in the direc-
tion of the principal stress with largest absolute magnitude.

2.20. The nonzero stress components are o,, = 80 MPa,
0., = —60 MPa, and 0,, = 30 MPa. Determine the principal
stresses and maximum shear stress. Determine the angle
between the X axis and the x axis when the X axis is
in the direction of the principal stress with largest absolute
magnitude.

2.21. The nonzero stress components are o,, = 150 MPa,
0,, =70 MPa, 0,, = -80 MPa, and g, = —45 MPa. Determine
the principal stresses and maximum shear stress. Determine the
angle between the X axis and the x axis when the X axis is in the
direction of the principal stress with largest absolute magnitude.

2.22, Using transformation equations of plane stress,
determine Oyy and Oyy for the X axis located 0.50 rad clock-
wise from the x axis. The nonzero stress components are given
in Problem 2.18.
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2.23. Using transformation equations of plane stress, determine
Oyx and Oyy for the X axis located 0.15 rad counterclockwise
from the x axis. The nonzero stress components are given in
Problem 2.19.

2.24. Using transformation equations of plane stress (see Prob-
lem 2.14), determine Oyy and Oyy for the X axis located 1.00
rad clockwise from the x axis. The nonzero stress components
are given in Problem 2.20.

2.25. Using transformation equations of plane stress (see Prob-
lem 2.14), determine Oyy and Oyy for the X axis located 0.70
rad counterclockwise from the x axis. The nonzero stress com-
ponents are given in Problem 2.21.

2.26. Using Mohr’s circle of stress, determine Oyy and oyy for
the X axis located 0.50 rad clockwise from the x axis. The non-
zero components of siress are g, = 200 MPa, 0y, = 100 MPa,
and 0, =-50 MPa.

2.27. Using Mohr’s circle of stress, determine Oyy and Oyy for
the X axis located 0.15 rad counterclockwise from the x axis.
The nonzero components of stress ate d,, = -90 MPa, ¢,
50 MPa, and Oy = 60 MPa.

2.28. Using Mohr’s circle of stress, determine Oyy and Oy for
the X axis located 1.00 rad clockwise from the x axis. The non-
zero components of stress are o, = 80 MPa, 0,, = —60 MPa,
and 0,, = 30 MPa.

2.29. Using Mohr’s circle of stress, determine oyy and oyy for
the X axis located 0.70 rad counterclockwise from the x axis.
The nonzero components of stress are d,, = 150 MPa, o, =
70 MPa, o, = —80 MPa, and o, = -45 MPa.

2.30. A volume element at the free surface is shown in Figure
P2.30. The state of stress is plane stress with o, = 100 MPa.
Determine the other stress components.

y:

Free
surface

Xy
9 UXX
ONN
ONs
B —
a,

xy

FIGURE P2.30

2.31. Determine the unknown stress components for the volume
element in Figure P2.31.
2.32. Determine the unknown stress components for the volume
element in Figure P2.32.

2.33. Determine the unknown stress components for the volume
element in Figure P2.33.

4y = 120 MPa
Ty =0 \(y =70 MPa
5
X
Y 6
4
(Tyy =0;

FIGURE P2.31

FIGURE P2.32

FIGURE P2.33

X, oxx=120MPa

oyy = 50 MPa

»y

oyy = 60 MPa




In Problems 2.34 through 2.38, determine the principal stresses,
maximum shear stress, and octahedral shear stress.

2.34. The nonzero stress components are o, = —100 MPa,
0y, = 60 MPa, and 0, = -50 MPa.

2.35. The nonzero stress components are O, = 180 MPa,
Oy = 90 MPa, and Oy = 50 MPa.

2.36. The nonzero stress components are O,, = —150 MPa,
0,,=-70 MPa, 0,, = 40 MPa, and 0,, = 60 MPa.

2.37. The nonzero siress components are 0, = 80 MPa, 0, =
~35 MPa, 0,, =-50 MPa, and 6, = 45 MPa.

2.38. The nonzero stress components are 0, = 95 MPa, o,
6, = 60 MPa, and 0, =55 MPa.

2.39. The state of stress at a point is given by g, = —120 MPa,
0,y = 140 MPa, 0, = 66 MPa, 0,, = 45 MPa, 0,, = -65 MPa,
and o, = 25 MPa. Determine the three principal stresses and
directions associated with the three principal stresses.

=0,

2.40. The state of stress at a point is given by 0, = 0, 0}, =
100 MPa, o,, = 0, 0,, = 60 MPa, 0;, = 35 MPa, and o,, =
50 MPa. Determine the three principal stresses.

2.41. The state of stress at a point is given by o, = 120 MPa,
0,y =~55 MPa, 0,, = -85 MPa, 0, = —55 MPa, 0,, = 33 MPa,
and o, = —75 MPa. Determine the three principal stresses and
maximum shear stress.

Sections 2.5-2.8

The problems for Sections 2.5-2.8 involve displacements,
deformations, and strain states at a point in a structural or
machine member. These quantities, as with their stress counter-
parts, are important in design and failure criteria.

2.46. Verify the reduction of Egs. 2.46 to Eqgs. 2.50.

2.47. Verify the reduction of Eqgs. 2.46 to Egs. 2.53.

2.48. Verify the reduction of Eqgs. 2.50 to Eqs. 2.54.

2.49. Show that Egs. 2.65-2.67 yield Eqgs. 2.68.

2.50. By the procedure outlined in the text, derive Eq. 2.71.
2.51. By the procedure outlined in the text, derive Eq. 2.76d.

2.52. By the procedure outlined in the text, derive Egs. 2.76e
and 2.76f.

2.53. The tension member in Figure P2.53 has the following
dimensions: L = 5 m, b = 100 mm, and A = 200 mm. The (x, y,
z) coordinate axes are parallel to the edges of the member, with
origin 0 located at the centroid of the left end. Under the defor-
mation produced by load P, the origin 0 remains located at the
centroid of the left end and the coordinate axes remain parallel
to the edges of the deformed member. Under the action of load
P, the bar elongates 20 mm. Assume that the volume of the bar
remains constant with €, = €.
a. Determine the displacements for the member and the state of
strain at point O, assuming that the small-displacement theory
holds.
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2.42. The state of stress at a point is given by o,, = -90 MPa,
0,y = —60 MPa, 0, = 40 MPa, 0, = 70 MPa, 5,, = 40 MPxa,
and o,, = ~55 MPa. Determine the three principal stresses and
maximum shear stress.

2.43. The state of stress at a point is given by ©,, = —150 MPa,
o,, = 0, o;; = 80 MPa, g, = 40 MPa, ¢, = 0, and 0, =
50 MPa. Determine the three principal stresses and maximum

shear stress.

2.44. a. Solve Example 2.1 using Mohr’s circle and show the
orientation of the volume element on which the principal
stresses act.

b. Determine the maximum shear stress and show the orienta-
tion of the volume element on which it acts.

2.45. At a point on the flat surface of a member, load—stress rela-
tions give the following stress components relative to the (x, y, z)
axes, where the z axis is perpendicular to the surface: o, =

240 MPa, 6, = 100 MPa, 0,,, = 80 MPa, and 6,, = 0, = 0,,, =O0.

a. Determine the principal stresses using Eq. 2.20 and then
again using Eqgs. 2.36 and 2.37.

b. Determine the principal stresses using Mohr’s circle and
show the orientation of the volume element on which these
principal stresses act.

¢. Determine the maximum shear stress and maximum octahe-
dral shear stress.

L2 v /” h
P L Y P
<_—"oﬁ—'__'—'_Q'—'/4—'_’_"_’ z
b

FIGURE P2.53

b. Determine €,, at point Q based on the assumption that dis-
placements are not small.

2.54. In many practical engineering problems, the state of strain is
approximated by the condition that the normal and shear strains for
some direction, say, the z direction, are zero; that is, €,, = €,, = €, =
O (plane strain). Assume that €,,, €,,, and ¢,, for the (x, y) coordi-
nate axes shown in Figure P2.54 are known. Let the (X, Y) coordi-

nate axes be defined by a counterclockwise rotation through angle

)

FiGURE P2.54
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6 as indicated in Figure P2.54. Analogous to the transformation for
plane stress, show that the transformation equations of plane strain
are

€x = €, COS” O+ €y sin? 6+ 2€,, sin fcos 6

€yy = €, SN0+ €, cos’0— 2¢,, sin Ocos 6

€xy = —€, sin O cos O+ ¢, sin Bcos 6 + e)cy(cos2 6—sin” 6)
(See Eg. 2.30.)

2.55. A square panel in the side of a ship (Figure P2.55) is
loaded so that the panel is in a state of plane strain (€, = €,, =
€,=0).

a. Determine the displacements for the panel given the defor-
mations shown and the strain components for the (x, y) coordi-
nate axes.

b. Determine the strain components for the (X, Y) axes.

FIGURE P2.55

2.56. A square glass block in the side of a skyscraper (Figure
P2.56) is loaded so that the block is in a state of plane strain
(€,=€, = €, = 0).

a. Determine the displacements for the block for the deformations
shown and the strain components for the (x, y) coordinate axes.

b. Determine the strain components for the (X, Y) axes.

y

—| <3 mm IE?T_{
RS0 — %
25mm| A —\ \_B|3-5mm

T

X

Straight lines
1 mm

___L.E_ Cc* ¢

v 2mm—>| LC-F *

FIGURE P2.56

2.57. Determine the orientation of the (X, Y) coordinate axes for
principal directions in Problem 2.56. What are the principal
strains?

2.58. A rectangular airplane wing spar (Figure P2.58) is loaded
so that a state of plane strain (€, = €,, = €,, = 0) exists.

a. Determine the displacements for the spar for the deforma-
tions shown and the strain components at point B.

b. Let the X axis extend from point 0 through point B. Deter-
mine eyy at point B.

[~—
///(’;B* 6 mm
(1

Straight lines

|
|
|
[

c*

FIGURE P2.58

2.59. The nonzero strain components at a point in a machine
member are €,, = 0.00180, €,, = -0.00108, and ¥,, = 2¢,, =
—0.00220. Using the transformation equations for plane sirain
(see Problem 2.54), determine the principal strain directions
and principal strains.

2.60. Solve for the principal strains in Problem 2.59 by using
Eqgs. 2.77b and 2.78.

2,61, Determine the principal strains at point E for the
deformed parallelepiped in Example 2.8.

2.62. When solid circular torsion members are used to obtain
material properties for finite strain applications, an expression
for the engineering shear strain ¥,, is needed, where the (x, z)
plane is a tangent plane and the 7z axis is parallel to the axis of
the member as indicated in Figure P2.62. Consider an element
ABCD in Figure P2.62 for the undeformed member. Assume
that the member deforms such that the volume remains constant
and the diameter remains unchanged. (This is an approximation
of the real behavior of many metals.) Thus, for the deformed
element A*B*C*D*, A*B* = AB, C*D* = CD, and the distance
along the z axis of the member between the parallel curved

=7

FIGURE P2.62



lines A*B* and C*D* remains unchanged. Show that Eq. 2.71
gives the result y,, = tan ¢, where « is the angle between AC
and A*C*, where 7,, = 2¢,, is defined to be the engineering
shear strain.

2.63. A state of plane strain exists at a point in a beam, with the
nonzero strain components €, = -2000 , €,, =400 1, and €, =
—900 u.

a. Determine the principal strains in the (x, y) plane and the ori-
entation of the rectangular element on which they act. (See
Example 2.10.)

b. Determine the maximum shear strain in the (x, y) plane and
the orientation of the rectangular element on which it acts.

c. Show schematically the deformed shape of a rectangular ele-
ment in the reference orientation, along with the original unde-
formed element. (See Example 2.10.)

2.64. A square plate, 1 m long on a side, is loaded in a state of
plane strain and is deformed as shown in Figure P2.64.

y
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FIGURE P2.64

a. Write expressions for the u and v displacements for any point
on the plate.

b. Determine the components of Green strain (Eq. 2.62) in the plate.

¢. Determine the total Green strain (Eq. 2.61) at point B for a
line element in the direction of line OB.

d. For point B, compare the components of strain from part b to the
components of strain for small-displacement theory (Eq. 2.81).

e. Compare the strain determined in part ¢ to the corresponding
strain using small-displacement theory.

2.65. Determine whether the following statements are true or false.
a. Strain theory depends on the material being considered.

b. Stress theory depends on strain theory.

¢. The mathematical theories of stress and strain are equivalent.
d. The correct strains of a strained material must be compatibie.

Section 2.9

The problems for Section 2.9 involve the determination of prin-
cipal strains and maximum shear strain from measurements by
strain rosettes.

PROBLEMS 77

2.66. Show that the strain components of Example 2.11 are
compatible.

2.67. For a problem of small-displacement plane strain, the
strain components in a machine part, relative to axes (x, y, 2),
are

€, = A(L-x), eyy=B(L—x), €4y = 0 (a)
Determine the (x, y) displacement components (u, v), for the
case where the displacement components (i, v) vanish at x=y=0
and the slopes (du/ dy, dvl dx) are equal at x =y = 0. That is,

u|x=y=0=v|x=y=0=0 (b)
u =& ©
ayx=y=0 axx:y:O

2.68. Show that Eqs. 2.84 reduce to Egs. 2.85 for cylindrical
coordinates.
2.69. Show that Eqs. 2.84 reduce to Egs. 2.86 for spherical
coordinates.
2.70. Show that Egs. 2.84 reduce to Eqgs. 2.87 for plane polar
coordinates.
2.71. Assume that the machine part shown in Figure E2.8
undergoes the (x, y, z) displacements

U =cixg, V=0,Y7, W=042
where the meter is the unit of length for (i, v, w) and (x, y, z).
Use small-displacement theory to:
a. Determine the components of strain at point E, in terms of ¢,
Co, and C3.
b. Determine the normal strain at E in the direction of the line
EC, in terms of ¢y, ¢,, and c3.
¢. Determine the shear strain at E for the lines EF and ED, in
terms of ¢y, ¢,, and ¢3.
d. Obtain numerical values for parts a, b, and c, for ¢; = 0.002
m™, ¢, =0.004 m™!, and c; = -0.004 m™.
2.72. The small-displacement strain components in a cam lobe
are -

3
€, = Az,

2 2z
eyy—-Bx , €,=Cx

2
Dxy, €,, = Exz", €, = Fxz

ny

where A, B, C, D, E, and F are small constants. Determine
whether or not these strain components can be compatible.

2.73. Show that for Example 2.12, when & = 45°, the principal
strains are given by
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1
€ = §(€a+€c)+R

1
€, = §(€a+€c)"R
12
1 2 2
R = 5[(6‘1—66) +(2€b—ea—ec):|

and the maximum strain ¢; is located at angle ¢, counterclock-
wise from the x axis, where

26, —€_—¢€
ta_[12¢= #—E

€, €,

2.74. Show that for Example 2.12, when 8 = 60°, the principal
strains are given by

€ = %(ea+eb+€c)+R

1
€ = §(ea+eb+ec)-R

1 2 2 12
R = §|:(ZEa—eb—eC) +3(€,—€,) ]

and the maximum strain €; is located at angle ¢, counterclock-
wise from the x axis, where

ﬁ(eb - éc)

tan 2¢ = 3
€€~ ¢

2.75. For the rectangular strain rosette (Figure 2.20b), let arm a
be directed along the positive x axis of axes (x, y).

a. Show that the maximum principal strain is located at angle 6,
counterclockwise to the x axis, where

26, —€_—¢€
tan 26 = __b___a__c_‘
€.~ €

b. Show that the two principal surface strains €, and €, are
given by

REFERENCES

€ +€E € _+€

where

1 2 7'
R = §[(ea—ec) +(2e,—€,—€,) ]

¢. Construct the corresponding Mohr’s circle for the rectangular
rosette.

2.76. For the delta strain rosette (Figure 2.20a), let arm a be
directed along the positive x axis of axes (x, y).

a. Show that the maximum principal strain is located at angle 6,
counterclockwise to the x axis, where

’Jé(sb - Ec)

€, €p— €

tan 26 =

b. Show that the two principal surface strains €; and e, are
given by

€, €, +E, €, tE,TE,
= +R, = —R
€y 3 € 3
where
R=10 243 b
=3 (2¢,~€,—€.) +3(e,—€)

¢. Construct the corresponding Mohr’s circle for the delta
rosette.

2.77. Let the arm a of a delta rosette (Figure 2.20a) be directed
along the positive x axis of axes (x, y). From measurements,
€,=2450 i1, €, = 1360 g, and €. = ~1310 . Determine the two
principal surface sirains, the direction of the principal axes, and

the associated maximum shear strain €y

2.78. Let the arm a of a rectangular rosette (Figure 2.205) be
directed along the positive x axis of axes (x, y). Using Mohr’s
circle of strain, show that 2¢,, = ¥, = 26, — €, — €.

BORESI, A. P., and CHONG, K. P. (2000). Elasticity in Engineering
Mechanics, 2nd ed. New York: Wiley-Interscience.

KOBAYASHI, A. S. (Ed.) (1987). Handbook on Experimental Mechan-
ics. Englewood Cliffs, NJ: Prentice Hall.

MURNAHAN, F. D. (1951). Finite Deformation of an Elastic Solid. New
York: Wiley.



	Cover
	Title Page
	Copyright Page
	Preface
	Dedication Page
	CONTENTS
	1. Introduction
	1.1 Review of Elementary Mechanics of Materials
	1.1.1 Axially Loaded Members
	1.1.2 Torsionally Loaded Members
	1.1.3 Bending of Beams

	1.2 Methods of Analysis
	1.2.1 Method of Mechanics of Materials
	1.2.2 Method of Continuum Mechanics and the Theory of Elasticity
	1.2.3 Deflections by Energy Methods

	1.3 Stress-Strain Relations
	1.3.1 Elastic and Inelastic Response of a Solid
	1.3.2 Material Properties

	1.4 Failure and Limits on Design
	1.4.1 Modes of Failure

	Problems
	References

	2. Theories of Stress and Strain
	2.1 Definition of Stress at a Point
	2.2 Stress Notation
	2.3 Symmetry of the Stress Array and Stress on an Arbitrarily Oriented Plane
	2.3.1 Symmetry of Stress Components
	2.3.2 Stresses Acting on Arbitrary Planes
	2.3.3 Normal Stress and Shear Stress on an Oblique Plane

	2.4 Transformation of Stress, Principal Stresses, and other Properties
	2.4.1 Transformation of Stress
	2.4.2 Principal Stresses
	2.4.3 Principal Values and Directions
	2.4.4 Octahedral Stress
	2.4.5 Mean and Deviator Stresses
	2.4.6 Plane Stress
	2.4.7 Mohr's Circle in Two Dimensions
	2.4.8 Mohr's Circles in Three Dimensions

	2.5 Differential Equations of Motion of a Deformable Body
	2.5.1 Specialization of Equations 2.46

	2.6 Deformation of a Deformable Body
	2.7 Strain Theory, Transformation of Strain, and Principal Strains
	2.7.1 Strain of a Line Element
	2.7.2 Final Direction of a Line Element
	2.7.3 Rotation between Two Line Elements (Definition of Shear Strain)
	2.7.4 Principal Strains

	2.8 Small-Displacement Theory
	2.8.1 Strain Compatibility Relations
	2.8.2 Strain-Displacement Relations for Orthogonal Curvilinear Coordinates

	2.9 Strain Measurement and Strain Rosettes
	Problems
	References

	3. Linear Stress-Strain-Temperature Relations
	3.1 First Law of Thermodynamics, Internal-Energy Density, and Complementary Internal-Energy Density
	3.1.1 Elasticity and Internal-Energy Density
	3.1.2 Elasticity and Complementary Internal-Energy Density

	3.2 Hooke's Law Anisotropic Elasticity
	3.3 Hooke's Law Isotropic Elasticity
	3.3.1 Isotropic and Homogeneous Materials
	3.3.2 Strain-Energy Density of Isotropic Elastic Materials

	3.4 Equations of Thermoelasticity for Isotropic Materials
	3.5 Hooke's Law Orthotropic Materials
	Problems
	References

	4. Inelastic Material, Behavior
	4.1 Limitations on the Use of Uniaxial Stress-Strain Data
	4.1.1 Rate of Loading
	4.1.2 Temperature Lower Than Room Temperature
	4.1.3 Temperature Higher Than Room Temperature
	4.1.4 Unloading and Load Reversal
	4.1.5 Multiaxial States of Stress

	4.2 Nonlinear Material Response
	4.2.1 Models of Uniaxial Stress-Strain Curves

	4.3 Yield Criteria: General Concepts
	4.3.1 Maximum Principal Stress Criterion
	4.3.2 Maximum Principal Strain Criterion
	4.3.3 Strain-Energy Density Criterion

	4.4 Yielding of Ductile Metals
	4.4.1 Maximum Shear-Stress (Tresca) Criterion
	4.4.2 Distortional Energy Density (von Mises) Criterion
	4.4.3 Effect of Hydrostatic Stress and the pi-Plane

	4.5 Alternative Yield Criteria
	4.5.1 Mohr-Coulomb Yield Criterion
	4.5.2 Drucker-Prager Yield Criterion
	4.5.3 Hill's Criterion for Orthotropic Materials

	4.6 General Yielding
	4.6.1 Elastic-Plastic Bending
	4.6.2 Fully Plastic Moment
	4.6.3 Shear Effect on Inelastic Bending
	4.6.4 Modulus of Rupture
	4.6.5 Comparison of Failure Criteria
	4.6.6 Interpretation of Failure Criteria for General Yielding

	Problems
	References

	5. Applications of Energy Methods
	5.1 Principle of Stationary Potential Energy
	5.2 Castigliano's Theorem on Deflections
	5.3 Castigliano's Theorem on Deflections for Linear Load-Deflection Relations
	5.3.1 Strain Energy U_N for Axial Loading
	5.3.2 Strain Energies U_M and U_S for Beams
	5.3.3 Strain Energy U_T for Torsion

	5.4 Deflections of Statically Determinate Structures
	5.4.1 Curved Beams Treated as Straight Beams
	5.4.2 Dummy Load Method and Dummy Unit Load Method

	5.5 Statically Indeterminate Structures
	5.5.1 Deflections of Statically Indeterminate Structures

	Problems
	References

	6. Torsion
	6.1 Torsion of a Prismatic Bar of Circular Cross Section
	6.1.1 Design of Transmission Shafts

	6.2 Saint-Venant's Semiinverse Method
	6.2.1 Geometry of Deformation
	6.2.2 Stresses at a Point and Equations of Equilibrium
	6.2.3 Boundary Conditions

	6.3 Linear Elastic Solution
	6.3.1 Elliptical Cross Section
	6.3.2 Equilateral Triangle Cross Section
	6.3.3 Other Cross Sections

	6.4 The Prandtl Elastic-Membrane (Soap-Film) Analogy
	6.4.1 Remark on Reentrant Corners

	6.5 Narrow Rectangular Cross Section
	6.5.1 Cross Sections Made Up of Long Narrow Rectangles

	6.6 Torsion of Rectangular Cross Section Members
	6.7 Hollow Thin-Wall Torsion Members and Multiply Connected Cross Sections
	6.7.1 Hollow Thin-Wall Torsion Member Having Several Compartments

	6.8 Thin-Wall Torsion Members with Restrained Ends
	6.8.1 I-Section Torsion Member Having One End Restrained from Warping
	6.8.2 Various Loads and Supports for Beams in Torsion

	6.9 Numerical Solution of the Torsion Problem
	6.10 Inelastic Torsion: Circular Cross Sections
	6.10.1 Modulus of Rupture in Torsion
	6.10.2 Elastic-Plastic and Fully Plastic Torsion
	6.10.3 Residual Shear Stress

	6.11 Fully Plastic Torsion: General Cross Sections
	Problems
	References

	7. Bending of Straight Beams
	7.1 Fundamentals of Beam Bending
	7.1.1 Centroidal Coordinate Axes
	7.1.2 Shear Loading of a Beam and Shear Center Defined
	7.1.3 Symmetrical Bending
	7.1.4 Nonsymmetrical Bending
	7.1.5 Plane of Loads: Symmetrical and Nonsymmetrical Loading

	7.2 Bending Stresses in Beams Subjected to Nonsymmetrical Bending
	7.2.1 Equations of Equilibrium
	7.2.2 Geometry of Deformation
	7.2.3 Stress-Strain Relations
	7.2.4 Load-Stress Relation for Nonsymmetrical Bending
	7.2.5 Neutral Axis
	7.2.6 More Convenient Form for the Flexure Stress sigma_zz

	7.3 Deflections of Straight Beams Subjected to Nonsymmetrical Bending
	7.4 Effect of Inclined Loads
	7.5 Fully Plastic Load for Nonsymmetrical Bending
	Problems
	Reference

	8. Shear Center for Thin-Wall Beam Cross Sections
	8.1 Approximations for Shear in Thin-Wall Beam Cross Sections
	8.2 Shear Flow in Thin-Wall Beam Cross Sections
	8.3 Shear Center for a Channel Section
	8.4 Shear Center of Composite Beams Formed from Stringers and Thin Webs
	8.5 Shear Center of Box Beams
	Problems
	Reference

	9. Curved Beams
	9.1 Introduction
	9.2 Circumferential Stresses in a Curved Beam
	9.2.1 Location of Neutral Axis of Cross Section

	9.3 Radial Stresses in Curved Beams
	9.3.1 Curved Beams Made from Anisotropic Materials

	9.4 Correction of Circumferential Stresses in Curved Beams Having I, T, or Similar Cross Sections
	9.4.1 Bleich's Correction Factors

	9.5 Deflections of Curved Beams
	9.5.1 Cross Sections in the Form of an I, T, etc.

	9.6 Statically Indeterminate Curved Beams: Closed Ring Subjected to a Concentrated Load
	9.7 Fully Plastic Loads for Curved Beams
	9.7.1 Fully Plastic versus Maximum Elastic Loads for Curved Beams

	Problems
	References

	10. Beams on Elastic Foundations
	10.1 General Theory
	10.2 Infinite Beam Subjected to a Concentrated Load: Boundary Conditions
	10.2.1 Method of Superposition
	10.2.2 Beam Supported on Equally Spaced Discrete Elastic Supports

	10.3 Infinite Beam Subjected to a Distributed Load Segment
	10.3.1 Uniformly Distributed Load
	10.3.2 beta L' Less-Than or Equal to pi
	10.3.3 beta L' Rightwards Arrow Infinity
	10.3.4 Intermediate Values of beta L'
	10.3.5 Triangular Load

	10.4 Semiinfinite Bean Subjected to Loads at its End
	10.5 Semiinfinite Beam with Concentrated Load near its End
	10.6 Short Beams
	10.7 Thin-Wall Circular Cylinders
	Problems
	References

	11. The Thick- Wall Cylinder
	11.1 Basic Relations
	11.1.1 Equation of Equilibrium
	11.1.2 Strain-Displacement Relations and Compatibility Condition
	11.1.3 Stress-Strain-Temperature Relations
	11.1.4 Material Response Data

	11.2 Stress Components at Sections Far from Ends for a Cylinder with Closed Ends
	11.2.1 Open Cylinder

	11.3 Stress Components and Radial Displacement for Constant Temperature
	11.3.1 Stress Components
	11.3.2 Radial Displacement for a Closed Cylinder
	11.3.3 Radial Displacement for an Open Cylinder

	11.4 Criteria of Failure
	11.4.1 Failure of Brittle Materials
	11.4.2 Failure of Ductile Materials
	11.4.3 Material Response Data for Design
	11.4.4 Ideal Residual Stress Distributions for Composite Open Cylinders

	11.5 Fully Plastic Pressure and Autofrettage
	11.6 Cylinder Solution for Temperature Change Only
	11.6.1 Steady-State Temperature Change (Distribution)
	11.6.2 Stress Components

	11.7 Rotating Disks of Constant Thickness
	Problems
	References

	12. Elastic and Inelastic Stability of Columns
	12.1 Introduction to the Concept of Column Buckling
	12.2 Deflection Response of Columns to Compressive Loads
	12.2.1 Elastic Buckling of an Ideal Slender Column
	12.2.2 Imperfect Slender Columns

	12.3 The Euler Formula for Columns with Pinned Ends
	12.3.1 The Equilibrium Method
	12.3.2 Higher Buckling Loads; n > 1
	12.3.3 The Imperfection Method
	12.3.4 The Energy Method

	12.4 Euler Buckling of Columns with Linearly Elastic End Constraints
	12.5 Local Buckling of Columns
	12.6 Inelastic Buckling of Columns
	12.6.1 Inelastic Buckling
	12.6.2 Two Formulas for Inelastic Buckling of an Ideal Column
	12.6.3 Tangent-Modulus Formula for an Inelastic Buckling Load
	12.6.4 Direct Tangent-Modulus Method

	Problems
	References

	13. Flat Plates
	13.1 Introduction
	13.2 Stress Resultants in a Flat Plate
	13.3 Kinematics: Strain-Displacement Relations for Plates
	13.3.1 Rotation of a Plate Surface Element

	13.4 Equilibrium Equations for Small-Displacement Theory of Flat Plates
	13.5 Stress-Strain-Temperature Relations for Isotropic Elastic Plates
	13.5.1 Stress Components in Terms of Tractions and Moments
	13.5.2 Pure Bending of Plates

	13.6 Strain Energy of a Plate
	13.7 Boundary Conditions for Plates
	13.8 Solution of Rectangular Plate Problems
	13.8.1 Solution of nabla^2 nabla^2 w = p/D for a Rectangular Plate
	13.8.2 Westergaard Approximate Solution for Rectangular Plates: Uniform Load
	13.8.3 Deflection of a Rectangular Plate: Uniformly Distributed Load

	13.9 Solution of Circular Plate Problems
	13.9.1 Solution of nabla^2 nabla^2 w = p/D for a Circular Plate
	13.9.2 Circular Plates with Simply Supported Edges
	13.9.3 Circular Plates with Fixed Edges
	13.9.4 Circular Plate with a Circular Hole at the Center
	13.9.5 Summary for Circular Plates with Simply Supported Edges
	13.9.6 Summary for Circular Plates with Fixed Edges
	13.9.7 Summary for Stresses and Deflections in Flat Circular Plates with Central Holes
	13.9.8 Summary for Large Elastic Deflections of Circular Plates: Clamped Edge and Uniformly Distributed Load
	13.9.9 Significant Stress When Edges are Clamped
	13.9.10 Load on a Plate When Edges are Clamped
	13.9.11 Summary for Large Elastic Deflections of Circular Plates: Simply Supported Edge and Uniformly Distributed Load
	13.9.12 Rectangular or other Shaped Plates with Large Deflections

	Problems
	References

	14. Stress Concentrations
	14.1 Nature of a Stress Concentration Problem and the Stress Concentration Factor
	14.2 Stress Concentration Factors: Theory of Elasticity
	14.2.1 Circular Hole in an Infinite Plate under Uniaxial Tension
	14.2.2 Elliptic Hole in an Infinite Plate Stressed in a Direction Perpendicular to the Major Axis of the Hole
	14.2.3 Elliptical Hole in an Infinite Plate Stressed in the Direction Perpendicular to the Minor Axis of the Hole
	14.2.4 Crack in a Plate
	14.2.5 Ellipsoidal Cavity
	14.2.6 Grooves and Holes

	14.3 Stress Concentration Factors: Combined Loads
	14.3.1 Infinite Plate with a Circular Hole
	14.3.2 Elliptical Hole in an Infinite Plate Uniformly Stressed in Directions of Major and Minor Axes of the Hole
	14.3.3 Pure Shear Parallel to Major and Minor Axes of the Elliptical Hole
	14.3.4 Elliptical Hole in an Infinite Plate with Different Loads in Two Perpendicular Directions
	14.3.5 Stress Concentration at a Groove in a Circular Shaft

	14.4 Stress Concentration Factors: Experimental Techniques
	14.4.1 Photoelastic Method
	14.4.2 Strain-Gage Method
	14.4.3 Elastic Torsional Stress Concentration at a Fillet in a Shaft
	14.4.4 Elastic Membrane Method: Torsional Stress Concentration
	14.4.5 Beams with Rectangular Cross Sections

	14.5 Effective Stress Concentration Factors
	14.5.1 Definition of Effective Stress Concentration Factor
	14.5.2 Static Loads
	14.5.3 Repeated Loads
	14.5.4 Residual Stresses
	14.5.5 Very Abrupt Changes in Section: Stress Gradient
	14.5.6 Significance of Stress Gradient
	14.5.7 Impact or Energy Loading

	14.6 Effective Stress Concentration Factors: Inelastic Strains
	14.6.1 Neuber's Theorem

	Problems
	References

	15. Fracture Mechanics
	15.1 Failure Criteria and Fracture
	15.1.1 Brittle Fracture of Members Free of Cracks and Flaws
	15.1.2 Brittle Fracture of Cracked or Flawed Members

	15.2 The Stationary Crack
	15.2.1 Blunt Crack
	15.2.2 Sharp Crack

	15.3 Crack Propagation and the Stress Intensity Factor
	15.3.1 Elastic Stress at the Tip of a Sharp Crack
	15.3.2 Stress Intensity Factor: Definition and Derivation
	15.3.3 Derivation of Crack Extension Force G
	15.3.4 Critical Value of Crack Extension Force

	15.4 Fracture: Other Factors
	15.4.1 Elastic-Plastic Fracture Mechanics
	15.4.2 Crack-Growth Analysis
	15.4.3 Load Spectra and Stress History
	15.4.4 Testing and Experimental Data Interpretation

	Problems
	References

	16. Fatigue: Progressive Fracture
	16.1 Fracture Resulting from Cyclic Loading
	16.1.1 Stress Concentrations

	16.2 Effective Stress Concentration Factors: Repeated Loads
	16.3 Effective Stress Concentration Factors: Other Influences
	16.3.1 Corrosion Fatigue
	16.3.2 Effect of Range of Stress
	16.3.3 Methods of Reducing Harmful Effects of Stress Concentrations

	16.4 Low Cycle Fatigue and the epsilon-N Relation
	16.4.1 Hysteresis Loop
	16.4.2 Fatigue-Life Curve and the epsilon-N Relation

	Problems
	References

	17. Contact Stresses
	17.1 Introduction
	17.2 The Problem of Determining Contact Stresses
	17.3 Geometry of the Contact Surface
	17.3.1 Fundamental Assumptions
	17.3.2 Contact Surface Shape after Loading
	17.3.3 Justification of Eq. 17.1
	17.3.4 Brief Discussion of the Solution

	17.4 Notation and Meaning of Terms
	17.5 Expressions for Principal Stresses
	17.6 Method of Computing Contact Stresses
	17.6.1 Principal Stresses
	17.6.2 Maximum Shear Stress
	17.6.3 Maximum Octahedral Shear Stress
	17.6.4 Maximum Orthogonal Shear Stress
	17.6.5 Curves for Computing Stresses for Any Value of B/A

	17.7 Deflection of Bodies in Point Contact
	17.7.1 Significance of Stresses

	17.8 Stress for Two Bodies in Line Contact: Loads Normal to Contact Area
	17.8.1 Maximum Principal Stresses: k = 0
	17.8.2 Maximum Shear Stress: k = 0
	17.8.3 Maximum Octahedral Shear Stress: k = 0

	17.9 Stresses for Two Bodies in Line Contact: Loads Normal and Tangent to Contact Area
	17.9.1 Roller on Plane
	17.9.2 Principal Stresses
	17.9.3 Maximum Shear Stress
	17.9.4 Maximum Octahedral Shear Stress
	17.9.5 Effect of Magnitude of Friction Coefficient
	17.9.6 Range of Shear Stress for One Load Cycle

	Problems
	References

	18. Creep: Time-Dependent Deformation
	18.1 Definition of Creep and the Creep Curve
	18.2 The Tension Creep Test for Metals
	18.3 One-Dimensional Creep Formulas for Metals Subjected to Constant Stress and Elevated Temperature
	18.4 One-Dimensional Creep of Metals Subjected to Variable Stress and Temperature
	18.4.1 Preliminary Concepts
	18.4.2 Similarity of Creep Curves
	18.4.3 Temperature Dependency
	18.4.4 Variable Stress and Temperature

	18.5 Creep under Multiaxial States of Stress
	18.5.1 General Discussion

	18.6 Flow Rule for Creep of Metals Subjected to Multiaxial States of Stress
	18.6.1 Steady-State Creep
	18.6.2 Nonsteady Creep

	18.7 An Application of Creep of Metals
	Summary

	18.8 Creep of Nonmetals
	18.8.1 Asphalt
	18.8.2 Concrete
	18.8.3 Wood

	References

	19 - The Finite Element Method
	19.1 - Introduction
	19.2 - Formulation for Plane Elasticity
	19.3 - The Bilinear Rectangle
	19.4 - The Linear Isoparametric Quadrilateral
	19.5 - The Plane Frame Element
	19.6 - Closing Remarks
	Problems
	References

	Appendices
	Appendix A: Average Mechanical Properties of Selected Materials
	Appendix B: Second Moment (Moment of Inertia) of a Plane Area
	B.1 Moments of Inertia of a Plane Area
	B.2 Parallel Axis Theorem
	B.3 Transformation Equations for Moments and Products of Inertia
	B.3.1 Principal Axes of Inertia

	Problems

	Appendix C: Properties of Steel Cross Sections

	Author Index
	Subject Index

