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Abstract

In the present study, we discussed the finite elements method, it is numerical
techniques used to solve differential equations. The first chapter explains the
mechanism of using the finite elements method for one and two-dimensional
differential equations by means of two examples and then applying them in
detail for both dimensions.

In the second chapter, we discussed the problem of differential equation (1-D)
with boundary conditions. The results were compared between the analytic

solution and numerical results and the results for the two methods were almost
identical.
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Introduction

Differential equation is a mathematical equation that relates some function
with it is derivatives. In applications the function usually represent physical
quantities, the derivatives represent their rates of change, and the equation
defines a relationship between the two. Because such relations are extremely
common, differential equations play a prominent role in many disciplines
including engineering, physics, economics and biology.

Generally, these equations can be divided into several types, Ordinary /
Partial, Linear / Non-Linear, and Homogeneous / In homogeneous ( For more
details [2]).

The mathematical model is complete and for practical applications, the
solution of these differential equations is very important. Therefore, many
researchers concentrated on the solution of the differential equations.

The solutions are divided into two types: the first is analytical, which is used
to find the exact solution for a specific problem and this includes separation of
variables and the transformations such as a Laplace transform, Fourier
transform ... etc [2]. The other is numerically.

There will be times when solving the exact solution for the equation way be
available or other times the solution it will be unavailable, since the complex
nature of problem.

At the present time, there are many approaches that can be employed to solve
the differential equations and found the approximation solution of these
equation.

Basically, the main methods are like finite difference method (FDM), finite
volume method (FVM) and finite element method (FEM). However, as
presented in numerous paper of numerical method, the finite element method
has emerged as available tool for the solution of differential equation.

The finite element method is numerical techniques to find the approximate
solution of differential equations. Here, the principle idea of the finite element
method is to divided the domain into a number of sub-domain so that the
unknown function can be defined by shape (interpolation) functions with
anonymous coefficients (see [3], [4], [5]).

Historically, this approach is suggested in an important work by Richard
curant in (1943), but at that time unfortunately the important of this article is
not recognized and the idea was forgotten. This method is discovered by
engineers in the early (1950), but the mathematical analysis of finite element
appeared much later, in (1960) and in (1968) the first significant result are due
to Milo's Lama. From that time, the finite element approach has become most
powerful tool to tread the differential equations numerically

1



Chapter 1

Finite Element Method

1.1 Introduction

The finite element method (FEM) is a numerical techniques for finding
approximate solutions for differential equations. The basic idea in the finite
element method is to find the solution of a complicated problem by replacing
it by a simple one. Since the actual problem is replaced by a simpler one in
finding the solution, we will be able to find only an approximate solution
rather than the exact solution(see [1]). For some problem, the existing
mathematical tools will not be sufficient to find the exact solution (and
sometimes, even an approximate solution) of most of the practical problems.
Thus in the absence of any other convenient method to find even the
approximate solution of a problem, we prefer the finite element method.

1.2 Description of the finite element method

In this section, we introduce the finite element method, which include the
following steps:
1. Discretization of the domain or solution region into sub-domains.

2. Selection of an interpolation model to represent the variation of the field
variables.

3. Derivation of element characteristic matrices and vectors.

4. Assemblage of element characteristic matrices and vectors to obtain the
system equations.

5. Solving the system equation to find the modal value of field variable.

6. Post processing of the results.

1.3 Basic Element Shapes

The discretization of the domain or solution region in to sub region is the first
step in the finite element method. Shapes, sizes, numbers and configurations
of the element have to be chosen carefully such that the original body or
domain is simulated as closely as possible without increasing the computation
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effort needed for the solution. For any given physical body we have to use
engineering in selecting appropriate elements for discretization. Mostly the
choice of the type of element is dictated by the geometry of the body and the
number of independent spatial coordinates necessary to describe the system.
Some of the popularly used one-, two-, three-dimensional are shown in
figures (2.1) , (2.2) and (2.3) respectively.

1 2
@ L

Fig 2.1 One — dimensional finite elements
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Fig 2.2 three — dimensional finite elements
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Fig 2.3 three — dimensional finite elements



1.4 Finite Element Method (FEM) One-Dimensional

The basic idea of FEM is to subdivided the region € into sub regions, called
finite element (atypical element is denoted (2.). In 1D case, these sub regions
are intervals, the collection of finite elements in domain is called a finite
element mesh of the domain.

Next, we choose in each sub regions a finite number of points, preferably on
boundary of the sub regions. The points are called nodal points. Nodal points
will be denoted by x;, j=1,..,n.
Finally, we defined a basic function (shape function),
@:Q — R for each nodal points x; in Q. These function must satisfy the
following properties:
1.
1, i=j
q)i(xj) - {0’ i ¢j
2. @; has prescribed behavior on each sub region. For example, linear or
quadratic depending on the number of nodal points on each sub region.

3. ¢; is continuous on Q.

Using these shape functions ¢; an approximation function can be constructed
as following:

(W Y=\T+1
u(X)=X721 uj@; (x)
where u; are the values of the solution u(x) at the nodal x;.

Example:-

d

——(A (iu)) =f(x) for0<x<1 (1.1) Strong form

dx dx

With Boundary Condition

d
u(0) = u, ,A(au> lx=1=q¢q
Step 1

Discretization of the domain into a set of finite elements (mesh generation)



—
=0 x, x,, X x, =1
_:_x(/1 (dx )) flx)=0 (1.2)
Step 2

To set up a weak formulation of the differential equation
I- Multiply the equation by a weight function W(x) and integral the equation

over the domain Q¢
Qew(—:—x(/l (:—xu)) —f) dx =0 (1.3)

Ii- Move the differentiation to the weight function by doing integration by
parts
Xe

Joe =252 (2) dx — [Lowf dx + [waZe] ¢ =0 (1.4) "\Weak form

Xe—1

d d
SUppose Gy = A=-uClx, - > = AZ-ul,

W= W(Xe)d2 ,  WO1= W(Xe.1)0s1.
We will get that
xe

d e
WA% Xo_q w(xXe)qz — W(Xe-1)4s-
Step 3

The polynomial approximation of the solution within a typical finite element

Q° is assumed to be of the form
2

e e e

j=1
Where  Ax, = x, — Xo_q
e _ Xe—X e X—Xe—q
(pl Axe 1 <p2 Axe "
d e _ 1 d e _ 1
dx P1= Ax, ' dx P2 = Axe

From the weak form
— 1 A (T epuf ) dx — [7° wfdx + (W) ge — W(e-1)de-1) =0 (1.5)

Xe—1



The choice w = g;

L d e -
— [ ( §=1E(p]e'uje) dx — f;e_l Qi fdx + (9 (xe) 42 — Q7 (Xe-1)q1=0.

Xe-1 dx
Suchthat M = @7 (x.)q, — 9§ (xe_1)q1  ,i=12,..,n

Xe dq)ie d o ¢ Xe e —
=» — [ 2% f_laq)juj)dx—fxe_l(pi fdx+ M =0,

Xe—1 -

which takes the form kfuf = f° + qf

=]
Xe Xe
. a ,..d . .
kij=— | A @) ej)dx f == | ¢i fdx
Xe—1 Xeo—1
Therefore (i=1, j=1)
Xe Xe
d d
=> - j Aa‘h (E(@l)) dx u, — j . fdx+M =10
Xe-1 Xe—1
Xe Xe
=> f L4 f Te " Hax+M =0
Xe-1 Xe—1
=>> A [x]%¢ u, + . fl(xe —x)?]%¢ +M=0
(Ax,)2 " Xe-r 1 T 2Ax, 0 HE Xe-1
A (AXe) +M=0
= Ty w\ M=
Ky = — 1= (AXe +M
11 — (Axe) 'fl - 2 )f
Therefore (i=1, j=2)
Xe Xe

d d
=>> - jlaq)l(a(goz))dxuz— ff(pldx+M=()

Xe—1 Xe—1
Xe Xe
=> f 4 fxe_xd +M=0
= (Axe)z xuz f ( Axe ) X =
xe—l xe_l
A 1

Xe

=5 Gy Wit + g (e = 0P + M =0
e e




A Ax,
=> Uy- ( >f+M—0

(Ax,) A
wy A=)

kiz=u
From the equation above we have (k,, = k,;)
Therefore @i=2 , j=2)

Xe

d
= - f/l—q)z( x((p2)>dxu2— ff(pzdx+M=0

Xe—%e X Xe—1
> — j L g, — f j(m)dHM:o
(Ax,)? Ax,
xe_l xe—l
T R
(Axe)Z Xe—1 ZAxe e— Xe—1
=> A (Axe> +M=0
7 T ax,) T\ 72 f+M=
k G (AX )f+m
= —Uu , =
22 2 (Axe) 2

Solving this system, we obtain the approximation solution for differential
equation.

A 2
ki ki  (Ax, Ae\ Ao
kl-,-=<k21 k22>: ) (xxl)/_(Axe)( ' _11)

(Ax.)  (Ax,)

r=()- EA";;:Z

In this case, stiffness matrix can be written as

kiy ki, 0
k = k%1 k%z + k%1 k%z
0 k3 k3,
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In this case, stiffness matrix can be written as

kL, ki, 0 0
K = k1 Koy + ki ki, 0
0 k3 k3, +ki; ki
0 0 k§1 k;’z
Generalization
/Klu k1> \
K14 k24 k14 K12 0
k%21 K22+ k11
K:
0 K22+ k™44 k™4,
kn+121 kn+122

.3 J

1.5 The Finite Element Method — Two Dimensional

The finite element analysis of two-dimensional problems involves the same
basic steps as those described for one-dimensional problems in section(1.4).
The analysis is same that complicate by the fact that two-dimensional
problems are described by partial differential equations over geometrically
complex regions. Therefore, the finite element mesh consists of a simply
two-dimensional element, such as triangles, rectangles and quadrilaterals, that
allow unique derivation of the interpolation functions.



Example:
9%u 0%u
~ (a5 + an i) —f =0

92 92
Joe =W (alla—xz+ azza—;:) dxdy — [,ewfdxdy =0

ow du N ow du f s d
411 Ox 0Ox 22 dx dy wf dxdy
e Qe QB

ou ou
—[frnnxwa+frnnyw oyl =0

(1.9)

(1.10)

Connectivity

Element Local node number
B ) (E) (LNN)
2 _ 1 2 3
A4 > = > X
1 a

Fig.1.4 The triangular element.
We define the approximation of u

u(x,y) = z Y
=1

Suppose that

Ju Ju
q = Nyagy a + nyas; @



Qe j=1 j=1
— fwfdxdy —f.wqu=0
Qe

0y
fge%( a1 Xi- 1 a u] dxdy)+a22 3y (azzZ, 1 a u] dde)
fo Wif dxdy — piqds = 0

We will choice

i=1,j=1
a1 j%aal/: dx dyu1+a22f %%dx dyu,
Qe
—jlplfdxdy—jéz,blqu=0
Q.
i=1,j=2
a1 f%aal/: dx dyu2+a22f %%dx dyu,
Qe
—lelfdxdy—jéz,blqu=0
Q.
i=1,j=3
a1 jaal/; 661/;3 dx dyus + a,; f %%dx dyus
Q.
—lelfdxdy—flplqu=0
Qe
[=2,j=2

10
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0, 0, 0P, 09,
allfax Bx dx dyu2+a22J ay ay dx dyu,

Qe
= [ ot dxdy = $ w045 =0
Qe
i=2,j=3
0, 0y 01, 05
allj % Ox dx dyu; + a,, WWdXdy%
Qe Qe
= [ ot dxdy ~ $uads =0
Qe
i=3,j=3
013 03 013 03
a1 jg ox dx dyu3+a22f Ewdxdyu:;
Qe

fw#dx@/ fwwds—o

So that, the three shape functlons Y;, Y, and Y5 are defined
as

1
Y=o (a; + Bix + 4;y),
Where

a; = XYk —XYj, ¢p=ab,a; =0 ,a3=0

Bi=Yi =Yk, Bi=-b,B=b ,B3=0

Ai=—=(xj—xx), 4=—a,1,=0,43=a

ab
2A=0a;+a, +a3 =>24A=ab =>>A=7

Where, A is the area of the element’s triangular and «;, f;and A; are
coefficients.

Such that

11



W B O B s B
dx 24" o0x 24 'ox 24
o, A 0, A, s Ay

dy 24 9y 24 'dy 24

Thus,
AZ
ki1 = 4A2a11ﬂdAu1 4A2a22deAu1
ﬁZ /11 ﬁZ AZ
k = ad11 55— 4A2 Au1 + Az —— 4A2 Aul =>> kll a1 4Au1 + dyp —— a4 uq
B1B2 14,
ki, = aq; 134?3 Uy + Ay f’il Uy = kqip = kyy
1P3 113
ki3 = aq; g Y T G2 Uz =2 ki3 = k31
BZ AZ
;2; aiq 4A1;2;_a22 4Au2
2P3 243
ka3 = ag; a1 Us + 222 a1 Us =2>> ka3 = ks,
B3 A3
k33 all4Au3+azz4Au3
Thus

[k¢] = a11P2P1 + azpA244 a11ﬁ22 + azzl% a11P2P3 + a3

4A
110301 + Az24341  ay1 B3P, + azAsi; ‘111332 + ‘122/1:2;

a11,312 + azzﬁ 110102 + Aoy, a1f1Bs + a22/11/13]

Then we have
Ay b> —b%* 0
[k¢] = Sah —b% b%2 0
Plo o o

az;
+ —
2a

a’> 0 —a?
0 0 0
a’> 0

Also

e_1A —_ e __ e __ e_ab — e_ab 1
fi —§ fe =>> f1 —fz —f3 _?fe =>> {f}—?fe 1

If we want to extend the results for 2-elements, as shown in Figure (1.5).

12



y k 4 : P
A Connectivity
Element Local node number
b > (E) (LNN)
2 1 1 zZ 3
1 2 2 4 3
Fig.1.5 The triangular elements
2 4 3
1 2 3
|
2 i 1 [a$,b? + as,a?| —a$b? | —as,a®
i | i g e 1,2
[K] =5 & 2 agib aj,b 0
: _ae CL2 0 ae a2
31 3 22 22
|
1| 2 3 4
rafib®+a5;a® —af,b? —a$,a? 0
- e 1,2 € .2 € 2 ol 2
K] = 1 ai,b 2a5,b* + a5,a as,a as,b
2ab|  —a$,a® —a$,a’ i W o 0
L 0 _agzbz 0 agzbz J
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Chapter 2

2.1 Introduction

The finite element methods are useful to obtain approximate solution to
differential governing equation. In order to explain the finite element method
and comparison with exact solution, we consider the following sample
problem

d2
—u—u=—x. 0<x <1 (2.1)

dx?

With Boundary Condition
u(0) =0 and u(1) =0 atx =05
2.2 Exact Solution of problem

d2
—u—u=—x. 0 <x <1
dx?

With Boundary Condition

u(0) =0 and u(1) =0 atx=0.5

solution :- u = up + uy
uy =(D*—Du=0
D?—1=0=» D =71
Uy = c1e + c,e™*

- (2) = up =~ ()

Up =3
=>> Up = —[—x] =X

Then u=up+uy=x+ce*+ce
u0) =0 =>» c;+c,=0 =>» ¢, =—¢
u(1)=0 =>» ce+cet+1=0

—-X

14



€1 o — o
=>> = =
B
— 1
u= e + e ¥ +x
e—e . e—e
u(0.5) = — (€% + 7% +0.5)
e—e
5) = —1.64 : 5) =0.
u(0.5) 2.782—0.367( 648 + 0.606 + 0.5) = 0.566
2.3 Numerical Solution of problem
d2
WU u=-—x

u(0) =0 and u(1) =0

TZu—utx=0

fw ud— [pwudQ+ [wxdQ =0

dw du
o 1 — JywudQ + [ wxdQ =0
du,
g = w(l) e~ w(0) e = () o= () T =0
X
dw d
=> — Qd—w d—udQ JowudQ + [ wx dQ =0

15
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@1 =3, —x) . @
%2_3 do,

dx
_ dei 49;
Q dx dx

dx

i=1.j=1
de, do,

") ax ax 0

L j=2

Q
i=1

— — dQ
dx dx A u,
Q
ki, = kyq
[1=2 . j=2
do, do,

=) ax ax 0w

_fd(pl do,

Q
dg,

X=0 ‘ f ]
h=1/3
X~ *a h that b = o
h suc a = 3
=3(x —x4)

< _3

W dQ— [ i@ dQu + [ @;xdQ =0

—j<p1<p1dQu1+f<p1de=O

@)
@)

_j¢1¢2dﬂu2+f¢1xdﬂzo
Q Q

—j<p2¢2d9u2+fg02xd9=0
Q Q

X=1

2
k11=—j(a) dQu1—f(<P1)2 dQu, , fi =fg01xdﬂ
Q

Q

do; do
kiz = — - -

Q

dx dx

Q

o T dQuz‘j‘PﬁOz dQuy =k

Q

16



d
Koz = — fg(%)z dQ u, — fﬂ(‘/’z)z dQu, , fo = fg @2 x df)

f1=j¢1de - f2=f<p2xdx

0

Q

Element (1):

1 =1—-3x . @, =3x
Then we will have

—28
11~ g Uq
B 9
f1_486
I " 53
12 = K21 = 7g
" —28
22 = g Uy
B 1
f2—27

can by written as

2omas a1l ) * (G037 ]

Element (2):

p1=2—3x . @,=3x—-1
Then we will have




f1=ﬁ
k12 == k21 == 53/18
" _—28
22 = g Us
B 45
f2_486

can by written as

2oma 3111l lua) * [5.0926

Element (3):

2 1
X, == . Xp =
a 3 b
1 =3—3x , @,=3x—2
Then we will have

I —28
11~ g Us
B 21
fi= 162
I " 53
—28
22 = g Uy
B 4
f2 = 57

can by written as

2ouaa —ai1) e * [o a1

18



Assemble the element equations to obtain the global system

—3.1111  2.9444 0 0 ;] [0.0184
29444 —6.2222 29444 0 Uz 401111} _
0 29444 —6.2222 29444 ||us|  [0.2222
0 0 29444 —3.1111]1us] [0.1481
Imposition of boundary conditions
1 0 Uq 0
29444 —6.2222 2. 9444 } qu N —0.1111 0
0 29444  —6. 2222 2. 9444 Us —0.2222
0 0 Uy 0
Uy o 1'[ o
Uz 2. 9444 —6. 2222 2.9444 0 —0.1111
Us 2. 9444 —6.2222 29444 —0.2222
Uy 0 0

Solution gives u; = 0 , u, = 0.04448 ,

U3 == 00569 and Uy = 0

The comparison in results between the analytic solution and numerical results is

illustrated in Table 1.

Table 1: Comparison of Solution to Equationat x = 0.5

Exact Numerical
Solution Solution
0.0566 0.0569
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