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1.3.3 Existence and uniqueness of solution 

In this section we need to present the conditions which are used to show that whether there 

may not exist solution, there may exist solution, or there exist infinitely may distinct 

solutions. In other words, either there is no existence of solution or no uniqueness. 

Consider the first-order PDE 
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Here, we want to find the solution of equation (1.9) through the curve which is defined by 
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Thus, we have 
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Then, from equations (1.9) and (1.10), we have the following system 
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Now,  
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Then, the system (1.11) has a unique solution. 
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Then, there exist infinitely distinct solutions. 
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Then, there may not exist a solution. 

Example: z
y

z
zxy

x

z
yx 









 )()( , through the curve 1,122  zyx . 

,1

1
1

1,

2

2










z

t

t
yty

xtx

 

and,  

111,1 22  zcttbttyxa . 

Thus, 

2

2

2

2

2
2

2

2

2

22

1

1)12(1

121
1

)11()
1

(

1
1

111

t

tt

tt
t

t
ttt

t

t

t

t
tttt

yx

ba

























 Example: 1









y

z

x

z
z , through the curve yzyx  ,2 2 . 

1,

2

1

1,

2







ztz

txtx

yty

 

and,  

11,  cbtza . 

Thus, 

.0
1

1

,0
1

1







tt
t

t

zx

ca

and

tt
t

t

yx

ba

 



22 

 

Therefore, there exist infinitely distinct solutions. 

Example:  Find the solution of the equation 
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, through the curves   yzx ,222 , where   and 

  are constants 
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Therefore, there exists a unique solution. 

 The characteristic equations are 
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Thus, 
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From (*) and (**) we have 
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Therefore, the general solution is 
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1.4 Partial differential equation of high-order 

The general form of this type of equation is 
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where, naaaa ,,,, 21   are constants. 

1.4.1 Partial differential operator 

The operator D uses in the PDEs to represent the partial derivatives, and define as 
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                                                                                 (1.13) 

Therefore, by using (1.13) equation (1.12) can be expressed as 
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In addition, equation (1.14) can be written also as 

),(),( yxfzDDL yx                                                                                               (1.15) 

In the case of 0),( yxf , equation (1.15) is called homogeneous equation, in contrast if 

0),( yxf  equation (1.15) is called inhomogeneous equation. In the case of 

inhomogeneous equation (1.15), firstly we have to find the general solution for the 

homogeneous equation 0),( zDDL yx , and then the particular solution for inhomogeneous 

equation ),(),( yxfzDDL yx  .       


