1.3.2 Solution through characteristic curves

To find the general solution of Lagrange’s equation (1.4) through the curveI”, we define the
characteristic curves

{3 e
: = t € la, b,
fi - i(t) (1.6)

the integral curves in {2 of the characteristic system

dr

%' - a(mﬂy)u)

'_1;” = b(.’l’:,y,u) (17)
i c(z,y,u).

The last system can be rewritten shortly as

de  dy  du 18
alz,y,u)  blz,y,u)  c(z,y,u)’ (1.8)
which is an autonomous system of ODEs. Here, we need to find the relationship

between ¢, and c,in the general solution (F(c;,c,) =0).

Example: Find the solution of the equation

through the curve Xy =x+y, z=1.

The characteristic equations are

%_ﬂ_ dz

X2 y? _7?
Thus,
d__dz 1. 1_. _ x+z_,
X2 72 X z ° XZ 1
d_>2/ _d_::>1+£:C2 :u:CZ
y Z y z yz

Now, we can write the curves by using t as
t
z=1 x-=t, =—,
y t-1
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li—Cl —+l:C]_ :>t:

t C—
and

t
1+—

t—1 t—1 1 1 1

=Cc, > —+1=¢, 21-—-+1=¢c, > 2-—-=¢, > —/——=¢C
Tt 2 " 2 i 2 P 2 1 2
t-1 ¢ -1
Therefore,
X+Z y+7_,
Xz yz
Example: Find the solution of the equation
0z 0z
X—=y)—+(y—-X-2)—=12,
( y)8X (y )ay

through the curve x2 +y? =1, z=1.
The characteristic equations are

dx _  dy _dz

(x=y) (y-x-2) z
Thus,

&2 XYy

(x-y) z z
Ay dy=2"%*"%q;

(y—-x-2) z z
Thus,
dx+dy+dz:(X;y+y_;(_z+l)dz:(x_y+y_x_z+z)dz:0,

dx+dy+dz=0 = x+y+z=c,.

Also,
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dx—dy+dz _dz

2x—y+z) 7 In(x—y+2)=2In(z)+c

=In(x-y+2z)-In(z®)=¢c = x-y+z=0,2°

Now, we can write the curves by using t as

z=1 x=t, y=+1-t2.

Thus,
t+V1-t® +1=c, (*)
t—V1-t* +1=c,, (**)

From (*) and (**), we have

C,+C,—2

2t+2=c,+C, = t= 5

By substitution into (*)

2
2 2

L [ete =2 2:_0 (e =2 o (G4 -2 ?
2 s 2 2

| 2
4—(c+c, -2 =4fcf —201(1+L22_2j+(1+%j }

C,+C,—2 2
{Cl—(l+—1 2 ﬂ ,
2

¢? +c¢3 —2¢,—2¢, =0.
Thus,

(X—Yy+2)? 2(X—Yy+12)
— = =0

(x+y+2)%+ —2(X+y+12)-

Example: Find the solution of the equation
4yzg+g+zy:0,
oX oy

through the curve x+z=2 , y>+z?=1.

The characteristic equations are
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dx dy dz

4y 1 -2y

Thus,

dy_dz ~y?=z4+¢c = y*+z=c,

1 -2y

and,

X 92 k=2 = —x=2%+¢, = x+12%=c,.
4yz -2y

Now, we can write the curves by using t as

x=t, z=2-1, y=+1-(2-1)2.

Thus,
1-2-1)2+(2-t)=¢,, = -t*+3t-1=c¢, (*)
t+(2-t)%=c,, = t2-3t+4=c,, (**)

From (*) and (**), we have
c +C, =3, = (y? +2)+(x+2%)=3.

1.3.3 Existence and uniqueness of solution

In this section we need to present the conditions which are used to show that whether there
may not exist solution, there may exist solution, or there exist infinitely may distinct
solutions. In other words, either there is no existence of solution or no uniqueness.

Consider the first-order PDE

a@+b@:c. (1.9
oX oy

Here, we want to find the solution of equation (1.9) through the curve which is defined by
x=x(t), y=y(), z=z(t).
Now,

dz _oz dx oz dy

oz oz
dz = Z ax+ 2y, dz_0ozdx, ady
x oy dt ox dt oy dt

Thus, we have
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,0z  ,07 _,

X'—+y' —=17".
OX y oy
Then, from equations (1.9) and (1.10), we have the following system
0z
a b)ox| (¢
X' yr @ - 7' :
oy
Now,
nHi |, |#0 = ay'-bx'#0
Xy

Then, the system (1.11) has a unique solution.

a b
2) |, |=0 = ay'—bx'=0, then
Xy
C
2a) | , /=0 = az'-cx'=0.
z

Then, there exist infinitely distinct solutions.

a

, #0 = az'—cx' #0.
X

2b)

4

Then, there may not exist a solution.
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