1.3 First-order Partial Differential Equations

The general form of a first-order PDE for a function v = u(zy, ..., zy) of n
independent variables (z1,...,z, ) is

F(T1, oy Ty Uy Vg ooy U, ) = 0, (1.2)

where F' is a given function and u,;, = du/0z;, j = 1,...,n are the partial
derivatives of the unknown function %. In the case of two independent variables
z,y the above form is

F(z,y,u,us,uy) = 0. (1.3)
1.3.1 Lagrange’s Equation
The general form of first-order partial differential equations with dependent variable z and
two independent variables x and y can be expressed in the form
0z 0z
a(x,y,z)—+b(x,y,z2)—=c(x,Y,2), (1.4)
OX oy
where its coefficients a, b and c are functions of x, y and z. Equation (1.4) is called
Lagrange’s equation
e Ifpand qare functions of x and y only, then the equation (1.4) is called a linear equation.

Theorem (1.2): the general solution of Equation (1.4) is F(u,Vv) =0, where F is arbitrary
function of U(X,Y,z)=c¢; and V(X, Y, Z) =C,, which are solution curves of characteristic
equations

ax _dy _dz (15)
a C

The solution curves defined by u(x,y,z) =c; and v(X,Y, z) =C,are called the family of
characteristic curves of equation (1.4).

Example: Find the solution of the following PDEs

1) (x+1)g—yg= 22
OX

oy

The characteristic equations are

dx  dy dz

(x+1) - y 2z

Thus,



dx :—% = In(x+1) =-=In(y)+c = In(x+D)+In(y)=c = In(y(x+1)=c

(x+1) y
y(x+1D)=c, = u(xy,z)=y(x+1).

Also,
(Xd-i)-(l) :% = 2In(x+1) =In(z) +¢' = In(x+1D)? -In(z) =¢' = In((x+1)2):c'

1(x +1)% =c, = V(x,y,2)= 1(x+1)2.
yA Z
Therefore the solution of PDE can be written as:

Fuv)=0 = F(y(x+1),%(x+1)2).
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The characteristic equations are

0z
2) (y+2)—a +y_—=X-Yy
X

dx dy dz

(y+z) y (x-y)

Thus,

dx+dz _dy _ d(x+z) _dy In(x+z) =In(y)+c = In(x+z)-In(y) =c

X+1Z y X+12
X+1Z X+2 X+2
=In(——)=¢c = —=¢, = u(x,y,z2)=—o.
y y
Also,

dx—dy: dz :d(x—y): dz
z X—y yA X—y
2 2 2 2
=2’ —(x-y)* =¢;, = V(x,y,2)=2" —(x-y).
Therefore the solution of PDE is

= (x—y)d(x—y) =1zdz :>%(x—y)2—%z2 =c'

Fuv)=0 = F(’(Lyz,z2 —(x=y)?).

a
oy

3) <y—z)§+(x—y) —7-x



The characteristic equations are

dx _ dy _ dz
(y-2) (x=y) (z2-%

Thus,

& _ 92 =YX
(y-x) (z-x) Z—X
dy dz

_ ¢y
Gy @ YT

dx+dy+dz—(y )dz+( y)dz+dz—

(y—x+x—y+z—x)dZ:O
Z—X
dx+dy+dz=0 = x+y+z—c1 = Uu(X,y,2)=X+y+z

Also,

xdx+zdy+ydz_x( )dz+z( )dz+ydz_

xdx+zdy+ydz=0 = xdx+d(yz)=0 = %xz +yz=c, = V(X,Y,2) :%x2 +yz
Therefore the solution of PDE is

F(uv)=0 = F(x+y+z, %xz +Y2).
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