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Chapter 1 

Partial Differential Equations 

Definition:  
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1.1 Elimination of arbitrary functions 

The partial differential equations can be obtained by eliminating the arbitrary functions as 

explain in the following examples: 

Example: find the partial differential equation by eliminating the arbitrary function 
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1.2 Elimination of arbitrary constants 

The partial differential equations can be obtained by eliminating the arbitrary constants as 

explain in the following examples: 
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Example: find the partial differential equation by eliminating the arbitrary constants 
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Definition: (degree of PDEs) is the degree of the highest order partial derivative occurring in 

the equation. 

Definition: A PDE is linear if it is linear in the unknown function and its derivatives.     

Note: The PDEs is called linear PDEs if it is satisfied the following conditions: 

1- All the derivatives from first order and do not occur as products. 

2- The dependent variable does not occur as product with derivative, raised to power or 

in non-linear function. 

Example: 

a) xuyux xyxx tan2   ;   Linear/ Second-order/ First-degree. 

b) 
23 )( yyxy uyuyx   ;   non-Linear/ Second-order/ Second-degree. 

c) 
2uuxuy xyxxx   ;   Non-Linear/ Third-order/ First-degree. 

Theorem (1-1): Let ),,( zyxuu  and ),,( zyxvv  be independent functions 

of zandyx, , 0),( vu , and ),( yxzz  . Then  RQzPz yx  , where 
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yzzy vuvuP  ,      zxxz vuvuQ       and      xyyx vuvuR   

Proof:  
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Thus, 

0)()(  xzxvxzxu zvvzuu  .         (1) 

Similarly, 

0)()(  yzyvyzyu zvvzuu  .         (2) 

Therefore, we have the system 
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To solve this system, we should have,  
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Example: Find the PDE, which has a general solution 0),(
3


x

y

x

z
 , where  is an arbitrary 

function and ),( yxzz  . 

First method: 

Let 0),(
3

 vu
x

y
vand

x

z
u  . 



6 

 

0),(  xvxux vuvu  , 

xzxx zuuu     and   xzxx zvvv   

0)()(  xzxvxzxu zvvzuu  .         (1) 

0)()(  yzyvyzyu zvvzuu  .         (2) 
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By substituting into (3), we have  
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Second method :( Using Theorem (1-1))  
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Therefore, by applying theorem (1-1), the PDE is given by 
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