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Chapter 1

Partial Differential Equations

Definition:

Let © = u(zy,...,z,) be a function of n independent variables zi,...,2,. A
Partial Differential Equation (PDE for short) is an equation that contains
the independent variables 1, ..., T,, the dependent variable or the unknown
function u and its partial derivatives up to some order. It has the form

F('Tla vy Ty Uy Uy -y umn»uwlml:'“:umiﬂ?ﬁ ) = 07 (11)
where F' is a given function and u,, = du/02;, Uy, = 0%u/0x;0z;, i, =

1,...,n are the partial derivatives of u.

Definition: The order of a PDE is the order of the highest derivative which appears
in the equation.

Definition: A solution of the equation (1.1) we mean a function u such
that the substitution of u and its derivatives up to the order
in (1.1) makesit an identity

Some examples of PDEs ( all of which occur in Physics ) are:

1. uz +uy, = 0 ( transport equation )

2. ug +uuy = 0 ( shock waves )

3. u +u? =1 ( eikonal equation )

4, uy — ugyy = 0 ( wave equation )

5. Ut — Uze = 0 ( heat or diffusion equation )
6. Uyy + tuyy = 0 ( Laplace equation )

7. Ugpprs + 2Uppyy + Uyyyy = 0 ( biharmonic equation )
8

. Uy — Ugg +uS = 0 ( wave with interaction )
Each one of these equations has two independent variables denoted either
by z,y or «,t. Equations 1, 2 and 3 are of first-order. Equations numbered

as 4, 5, 6, 8 , 9 are of second-order; 7 is of fourth-order.

2



1.1Elimination of arbitrary functions

The partial differential equations can be obtained by eliminating the arbitrary functions as
explain in the following examples:

Example: find the partial differential equation by eliminating the arbitrary function

1) u="f(x+y) :>8_u:f' and @:f' :8_u:8_u
OX oy X oy
ou ou ou ou
2) u=f(x —=yf" and — =xf' X—=Yy—
) (y)jax yf By =X y8y
ou 1 ou
3 y == f _— ! f’:___
) u(x,y) y(><)+><g(y):>(,5X yi'+g = y(ax g)
and
ou 1, 0u
—=f+xg" =>9'=-(--f1)
oy X oy
o°u 1 éu 1,6u
:f’—|— ,:——— + — __f’
vy 0= G0+ G )
Thus,
o°u ou ou ou  éau
XYy ———=X(—=09)+yY(——-f)=x—+y——(xf +
yaxay (ax g) y(ay ) = yay( yg)
Therefore
o’u  au  ou
Xy ———X——Yy— =
oxoy  ox "oy
H.W.

Dux,y)=f(x+y)+g(x-y)
2) D u(x,y) = f(x=3y) +9(2x-Y)

1.2Elimination of arbitrary constants

The partial differential equations can be obtained by eliminating the arbitrary constants as
explain in the following examples:



Example: find the partial differential equation by eliminating the arbitrary constants
1) u=ax?+by?+ab (*)

u, =2ax :aziux
2X
u, =2by = b:iu
y 2y y
by substitutng in (*), we have

1 1 1
U= 2 XU+ S YUy Uy

4xy

2) 2(x,y)=(x"+a)(y’ +h) ()

1
z, =2x(y? +b) = (y? er)zzzX

z, =2y(x*+a) = (x° +a)=2izy

by substitutng in (**), we have

Z= (2—1yzy)(%zx) :Zli)(yzxzy

Definition: (degree of PDES) is the degree of the highest order partial derivative occurring in
the equation.

Definition: A PDE is linear if it is linear in the unknown function and its derivatives.

Note: The PDEs is called linear PDEs if it is satisfied the following conditions:

1- All the derivatives from first order and do not occur as products.

2- The dependent variable does not occur as product with derivative, raised to power or
in non-linear function.

Example:

a) XUy, + y2 Uy, =tanXx ; Linear/ Second-order/ First-degree.

b) Xyu,, = y3 (uyy)2 ; non-Linear/ Second-order/ Second-degree.
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C) YUy + XUy, =U"; Non-Linear/ Third-order/ First-degree.

Theorem (1-1): Let u=u(X,Y,z)and V=V(X, Y, Z) be independent functions
ofX,y and z, ¢(u,v) =0,and z=2(X,y). Then Pz, +Qz, =R, where



P=uyv,-u,v Q=u,v,—uyv, and R=uv,—uUyVv

2Vy» yVx
Proof:
¢ (U,V) = dyUy + vy =0,
uxzuxg+uyﬂ+u2$=ux+uzzx,
dx dx dx
V, =V %-FV ﬂ+v E:v +V,2
© Xdx o Ydx o fdx f PN
Thus,
¢, (U, +u,z,)+¢, (v, +v,2,)=0. (1)
Similarly,
¢u(uy+uzzy)+¢v(vy+vzzy):0. )

Therefore, we have the system

LlX—l_uZZX VX+VZZX |:¢u:| {Oj|
U, +u,z, Vv, +Vv, 2, | @, 0

To solve this system, we should have,

Uy +U,Z, Vi +V,2,|

u,+U,z, Vv, +Vv,2,
Uy +u,z,)(vy +v,2,)— (v, +V,2,)(U, +u,z,) =0,

UyVy +U,V,Z, +V,U,2, +U,2,V,Z, =V, Uy, =V, U, 2, —=U,V,Z, —V,Z,U,Z, =0,
(Vyu, —uyVv,)zy + (U, —V,U,)z, =V Uy, —U,V,,

(uyv, =vyu,)z, +(v,Uu, UV, )z, =Uu,v, —V,U,,

Pz, +Qz, =R.

, : : z
Example: Find the PDE, which has a general solution ¢(—3,X) =0, where ¢ is an arbitrary
X® X

function and z = z(X, ).

First method:
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letu=—= and v=2 = ¢(u,v) =0.
X X



¢X(U,V) :¢uux +¢\/Vx =0,

u, =u, +u,z, and V,v,+V,Z,

¢u(ux+uzzx)+¢v(vx+szx):O- 1)
¢u(uy+uzzy)+¢v(vy+vzzy):0. (2)
and

Uy +U,Z, Vy+V, 2]

Uy +U,Z, Vy+V,Z,

(u, +uZzX)(vy +vzzy)—(vx +szX)(uy +uzzy) =0,

UyVy +UyV, 2y +VyU, 2, +U,Z,V,Z, —V,U, —V,U,Z, —U

(vyu, —uyVv, )z, + (U, —v,U,)z, =V,U, —U,V,,

y —Uyv,z,-v,z,u,z, =0,

(UyV, =vyu, )z, + (Vi U, —UyV, )z, =U,V, —V,Uy. 3
Since,
0 == 4 =0, u,=-2
X~ 24 = ) 7 = " a
x4 y 3
— 1
vxz—zy, vy=—, u,=0
X X

By substituting into (3), we have

((X—l?,xi) - (0)(0>j 2, +[(‘X—iz)(0) - (‘X—Zyxx—ls)j 2, = ()0 - (‘X—ﬁz)(i),
%Zx +l52y :3—§ = Xz, +Yyz, =31
X X X

Second method :( Using Theorem (1-1))

Since
-3z 1

x:_47 y:O ’ UZ:_31
X X
- 1

vxz—zy, Vy ==, u,=0
X X

Thus,



1

P=uyv, =(0)(0) - ( )(—)——4

Q=u;%, ~UV, =( )(—y) (—)(0) -3,
-3z,,1 -3z

R=u,v, —u,v, —( )(—) (0)( )——

Therefore, by applying theorem (1-1), the PDE is given by

AP A 3 = Xz, +Yyz, =3z
— X — = — X = .
X4 X5 y X5 y



