
Q1/1 
𝟑𝒙(𝒙 + 𝟏) ≤ 𝒙(𝒙 + 𝟓) 

3𝑥(𝑥 + 1) − 𝑥(𝑥 + 5) ≤ 0 

⇒ 𝑥(3𝑥 + 3 − 𝑥 − 5) ≤ 0 

⇒ 2𝑥(𝑥 − 1) ≤ 0  

𝑆 = {𝑥 ∈ ℝ: 0 ≤ 𝑥 ≤ 1}  

 

Q1/2 

𝒄𝒐𝒔 (𝟐𝒔𝒆𝒄−𝟏 (
𝟏

𝒙
)) − 𝟏 ≤ 𝟎. 

⇒ cos(2𝑐𝑜𝑠−1(𝑥)) − 1 ≤ 0           

     (since 𝑠𝑒𝑐−1 (
1

𝑥
) = 𝑐𝑜𝑠−1(𝑥)) 

⇒ 2cos2  (𝑐𝑜𝑠−1(𝑥)) − 1 − 1 ≤ 0     

(since cos(2𝑐𝑜𝑠−1(𝑥)) 

= 2cos2  (𝑐𝑜𝑠−1(𝑥)) − 1) 

⇒ 2cos2  (𝑐𝑜𝑠−1(𝑥)) − 2 ≤ 0 ⇒

cos2  (𝑐𝑜𝑠−1(𝑥)) − 1 ≤ 0  ⇒ 

𝑐𝑜𝑠  (𝑐𝑜𝑠−1(𝑥)) 𝑐𝑜𝑠  (𝑐𝑜𝑠−1(𝑥)) − 1 ≤ 0 ⇒

𝑥2 − 1 ≤ 0     (since 𝑐𝑜𝑠  (𝑐𝑜𝑠−1(𝑥)) = 𝑥) 

⇒ (𝑥 − 1)(𝑥 + 1) ≤ 0  

𝑆 = {𝑥 ∈ ℝ: −1 ≤ 𝑥 ≤ 1}  

 

Q2/1 
 

𝒇(𝒙) = √𝒙 − 𝒔𝒈𝒏(√𝒙),   𝑎𝑡 𝒙 = 𝟏 
 

lim
𝑥→1+

𝑓(𝑥) = √1 − 𝑠𝑔𝑛 (√𝑥 → 1+) = 0 

lim
𝑥→1−

𝑓(𝑥) = √1 − 𝑠𝑔𝑛(√𝑥 → 1−) = 0 

𝑓(1) = √1 − 𝑠𝑔𝑛(√1) = 0 

∴ Continuous!  

Q2/2 
 

𝒇(𝒙) = ⌊𝒙⌋ − ⌊−𝒙⌋, 𝑎𝑡 𝒙 = 𝟎 
 

lim
𝑥→0+

𝑓(𝑥) = ⌊𝒙 → 𝟎+
⌋ − ⌊−𝒙 → 𝟎+

⌋ = 0 

lim
𝑥→0−

𝑓(𝑥) = ⌊𝒙 → 𝟎−⌋ − ⌊−𝒙 → 𝟎−⌋ = 2 

𝑓(0) = ⌊𝟎⌋ − ⌊−𝟎⌋ = 0 
∴ Not Continuous! 
 

Q3/1 
𝒚 = |𝐬𝐢𝐧(𝒙)| 

              𝐷𝑓 = ℝ,           𝑅𝑓 = [0,1]  

 

Q3/2 

𝒚 = −√𝒙𝟐𝟑
 

𝐷𝑓 = ℝ,          𝑅𝑓 = (−∞, 0] 
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Q4/1 

∫ 𝑠𝑖𝑛(5𝑥)𝑐𝑜𝑠(2𝑥)𝑑𝑥 

= ∫
1

2
(𝑠𝑖𝑛(5𝑥 − 2𝑥) + 𝑠𝑖𝑛(5𝑥 + 2𝑥))𝑑𝑥  

                                    =
1

2
∫(sin(3𝑥) + sin(7𝑥)) 𝑑𝑥   

                                    =
1

2
∫ sin(3𝑥) 𝑑𝑥 +

1

2
∫ sin(7𝑥) 𝑑𝑥 

                                    = −
1

6
cos(3𝑥) −

1

14
cos(7𝑥) + 𝑪 

 

Q4/2 

∫
𝐱𝟑 + 𝐱

𝐱 − 𝟏
𝐝𝐱 

∫
𝑥3 + 𝑥

𝑥 − 1
𝑑𝑥 = ∫ (𝑥2 + 𝑥 + 2 +

2

𝑥 − 1
) 𝑑𝑥 

                         =
𝑥3

3
+

𝑥2

2
+ 2𝑥 + 2𝑙𝑛|𝑥 − 1| + 𝑐 

 

Q5/1 

𝒍𝒊𝒎
𝒙⟶

𝝅
𝟐

𝐬𝐞𝐜𝟗𝟗(𝒙) 

𝑙𝑖𝑚
𝑥⟶

𝜋
2

+
(

1

cos(𝑥)
)

99

= (
1

cos(𝑥) → 0−
)

99

= −∞ 

 

𝑙𝑖𝑚
𝑥⟶

𝜋
2

− (
1

cos(𝑥)
)

99

= (
1

cos(𝑥) → 0+
)

99

= ∞ 

 
There is no limit (Right limit≠Left limit) 
 

Q5/2 

 𝒍𝒊𝒎 
𝒙⟶∞

𝟑𝒙 + 𝟑−𝒙

𝟑𝒙 − 𝟑−𝒙
 

 𝑙𝑖𝑚 
𝑥⟶∞

3𝑥

3𝑥 +
3−𝑥

3𝑥

3𝑥

3𝑥 −
3−𝑥

3𝑥

 

 

=  𝑙𝑖𝑚 
𝑥⟶∞

1+3−2𝑥

1−3−2𝑥  = 
1+3−∞

1−3−∞ = 
1

1
= 1 

 
 

Q6/ 

Find all the asymptotes of the function 𝒇(𝒙) =
𝒙𝟐−𝒙+𝟒

𝟐𝒙+𝟐
 

 

                                          
1

2
 𝑥 − 1 

      

𝑥2 − 𝑥 + 4       2𝑥 + 2 

                                                 𝑥2 + 𝑥 

       Oblique Asymptote 

     −2𝑥 + 4 

     −2𝑥 − 2 

 

      6 

 

 

Also, 2𝑥 + 2 = 0 ⟹ 𝑥 = −1        is the vertical asymptote  

 

Ali H
as

an
 Ali



 
 

 

Q7/ 
Prove that the function 𝒇(𝒙) = |𝒙 − 𝟐| is 

continuous, but not differentiable at 𝒙 = 𝟐. 

𝑓(𝑥) = |𝑥 − 2| = {
𝑥 − 2;         𝑥 ≥ 2
−(𝑥 − 2);  𝑥 < 2

 

      1. Continuity 

       a) 𝑓(2) = |2 − 2| = |0| = 0 ⇒
𝑓 is defined at 𝑥 = 2  

       b) Let's compute the right and left limits 

separately: 

           lim
𝑥→2+

𝑓(𝑥) = lim
𝑥→2+

|𝑥 − 2| = lim
𝑥→2+

(𝑥 − 2) =

2 − 2 = 0 

           lim
𝑥→2−

𝑓(𝑥) = lim
𝑥→2−

|𝑥 − 2| = lim
𝑥→2−

−(𝑥 −

2) = −(2 − 2) = 0 

       ∴  lim
𝑥→2+

𝑓(𝑥) = lim
𝑥→2−

𝑓(𝑥) = 0 

      ∴  lim
𝑥→2

𝑓(𝑥) = 0 (the limit exist) 

      c) lim
𝑥→2

𝑓(𝑥) = 𝑓(2) = 0 

       ∴ 𝑓(𝑥)  is continuous at 𝑥 = 2 

 

 

2. Differentiable 

    𝑓′(𝑥) = lim
∆𝑥→0

𝑓(𝑥+∆𝑥)−𝑓(𝑥)

∆𝑥
=

lim
∆𝑥→0

|(𝑥+∆𝑥)−2|−|𝑥−2|

∆𝑥
 

∴ 𝑓′(2) = lim
∆𝑥→0

|(2+∆𝑥)−2|−|2−2|

∆𝑥
= lim

∆𝑥→0

|0+∆𝑥|−|0|

∆𝑥
  

              = lim
∆𝑥→0

|∆𝑥|

∆𝑥
 

 Let's compute the right and left limits separately: 

 lim
∆𝑥→0+

|∆𝑥|

∆𝑥
= lim

∆𝑥→0+

∆𝑥

∆𝑥
= lim

∆𝑥→0+
1 = 1  

 lim
∆𝑥→0−

|∆𝑥|

∆𝑥
= lim

∆𝑥→0−

−∆𝑥

∆𝑥
= lim

∆𝑥→0+
(−1) = −1  

∴  lim
∆𝑥→0+

|∆𝑥|

∆𝑥
≠ lim

∆𝑥→0−

|∆𝑥|

∆𝑥
  

∴  lim
∆𝑥→0

|∆𝑥|

∆𝑥
  dose not exist  

∴ 𝑓′(2) dose not exist 

∴ 𝑓(𝑥) is not differentiable at 𝑥 = 2. 
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Q8/ 

Evaluate 𝐥𝐢𝐦
𝒙→𝟏

(∫ 𝒕√𝒕 + 𝟏𝒅𝒕 
𝒙

𝟎
) 

    At first we evaluate   ∫ 𝑡√𝑡 + 1𝑑𝑡 
𝑥

0
 

    Let 𝑡 + 1 = 𝑢 ⇒ 𝑥 = 𝑢 − 1 ⇒ 𝑑𝑡 = 𝑑𝑢 

    If 𝑡 = 0 ⇒ 𝑢 = 1, if  𝑡 = 𝑥 ⇒ 𝑢 = 𝑥 + 1 

   ∴ ∫ 𝑡√𝑡 + 1𝑑𝑡 
𝑥

0
= ∫ (𝑢 − 1)√𝑢

𝑥+1

1
 𝑑𝑢 =  ∫ (𝑢

3

2 − 𝑢
1

2)
𝑥+1

1
 𝑑𝑢 

                             = [
2

5
 𝑢

5

2 −
2

3
 𝑢

3

2]0
𝑥+1 = (

2

5
 (𝑥 + 1)

5

2 −
2

3
 (𝑥 + 1)

3

2) − (
2

5
 (1)

5

2 −
2

3
 (1)

3

2) 

                             = (
2

5
 (𝑥 + 1)

5

2 −
2

3
 (𝑥 + 1)

3

2) − (
2

5
−

2

3
)    

 ∴  lim
𝑥→1

(∫ 𝑡√𝑡 + 1𝑑𝑡 
𝑥

0
) = lim

𝑥→1
((

2

5
 (𝑥 + 1)

5

2 −
2

3
 (𝑥 + 1)

3

2) +
4

15
) = (

2

5
 (2)

5

2 −
2

3
 (2)

3

2 +
4

15
) 

                                      = (
8√2

5
−

4√2

3
) +

4

15
=

4√2

15
+

4

15
=

4(√2+1)

15
 

 

Q9/ 

Suppose that 𝐥𝐢𝐦
𝒙→𝟏

𝒇(𝒙) = 𝟐 and 𝐥𝐢𝐦
𝒙→𝟏

𝒈(𝒙) = 𝟒. Find 𝒍𝒊𝒎
𝒙→𝟏

(
𝒇(𝒙)

𝒈(𝒙)
)

𝟐

 

 

𝐥𝐢𝐦
𝒙→𝟏

(
𝒇(𝒙)

𝒈(𝒙)
)

𝟐

= (𝐥𝐢𝐦
𝒙→𝟏

𝒇(𝒙)

𝒈(𝒙)
)

𝟐

= (
𝟐

𝟒
)

𝟐

=
𝟏

𝟒
 

Q10/ 

Use the definition of the derivative to prove that  
𝒅

𝒅𝒙
(𝒙𝒏) = 𝒏 𝒙𝒏−𝟏 

 
𝑑

𝑑𝑥
(𝑥𝑛) = lim

ℎ→0

(𝑥 + ℎ)𝑛 − 𝑥𝑛

ℎ
 

 = lim
ℎ→0

𝑥𝑛+(
𝑛
1)𝑥𝑛−1ℎ+(

𝑛
2)𝑥𝑛−2ℎ2+(

𝑛
3)𝑥𝑛−3ℎ3+⋯+(

𝑛
𝑛−1)𝑥ℎ𝑛−1+ℎ𝑛−𝑥𝑛 

ℎ
 

 = lim
ℎ→0

(
𝑛
1)𝑥𝑛−1ℎ+(

𝑛
2)𝑥𝑛−2ℎ2+(

𝑛
3)𝑥𝑛−3ℎ3+⋯+(

𝑛
𝑛−1)𝑥ℎ𝑛−1+ℎ𝑛 

ℎ
 

 = lim
ℎ→0

ℎ((
𝑛
1)𝑥𝑛−1+(

𝑛
2)𝑥𝑛−2ℎ1+(

𝑛
3)𝑥𝑛−3ℎ2+⋯+(

𝑛
𝑛−1)𝑥ℎ𝑛−2+ℎ𝑛−1) 

ℎ
 

 = lim
ℎ→0

((
𝑛
1

) 𝑥𝑛−1 + (
𝑛
2

) 𝑥𝑛−2ℎ1 + (
𝑛
3

) 𝑥𝑛−3ℎ2 + ⋯ + (
𝑛

𝑛 − 1
) 𝑥ℎ𝑛−2 + ℎ𝑛−1) 

 =𝑛𝑥𝑛−1 + 0 + ⋯ + 0 = 𝑛𝑥𝑛−1. 
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Q11/ 

Find all the points (𝒙, 𝒚) on the graph of 𝒚 = 𝒙𝟐 with tangent lines passing through the point 
(𝟑, 𝟖) 

𝑚 =
𝑦−8

𝑥−3
  

𝑓(𝑥) = 𝑥2 ⇒ 𝑓′(𝑥) = 2𝑥; 𝑚 = 𝑓′(𝑥) ⇒ 𝑚 = 2𝑥 

 ⇒
𝑦 − 8

𝑥 − 3
= 2𝑥 ⇒

𝑥2 − 8

𝑥 − 3
= 2𝑥 ⇒ 𝑥2 − 8 = 2𝑥2 − 6𝑥 

     ⇒ 𝑥2 − 6𝑥 + 8 = 0 ⇒ 𝑥 = 4 𝑜𝑟 𝑥 = 2 

     ⇒ 𝑓(4) = 16, 𝑓(2) = 4 ⇒ (4,16) 𝑜𝑟 (2,4).  

 

Q12/ 

Suppose that 𝒇(𝒙) =
𝒆𝒙−𝒆−𝒙

𝒆𝒙+𝒆−𝒙. Evaluate 𝒇′(𝟎) 

 

𝑓′(𝑥) =
(𝑒𝑥 + 𝑒−𝑥)(𝑒𝑥 + 𝑒−𝑥) − (𝑒𝑥 − 𝑒−𝑥)(𝑒𝑥 − 𝑒−𝑥)

(𝑒𝑥 + 𝑒−𝑥)2
= 𝟏 −

(𝑒𝑥 − 𝑒−𝑥)2   

(𝑒𝑥 + 𝑒−𝑥)𝟐
 

 

𝑓′(0) = 1 −
(1 − 1)2   

(1 + 1)𝟐
= 1 
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