Constant curvature of a locally conformal
almost cosymplectic manifold

Cite as: AIP Conference Proceedings 2086, 030003 (2019); https://doi.org/10.1063/1.5095088
Published Online: 02 April 2019

Habeeb M. Abood, and Farah Hassan Al-Hussaini

s A N
D &
View Onlin Export Citation

72
o
=
O
0
7
%,
o
e
o
©
Y|
c
o
e
L
c
o
O
o
-

roceedings
Get all nter Promotion Code | /1] 71/] at checkout

print proceedings! “

AIP Conference Proceedings 2086, 030003 (2019); https://doi.org/10.1063/1.5095088 2086, 030003

AlP ‘
Publishing|

© 2019 Author(s).



https://printorders.aip.org/?utm_source=Scitation&utm_medium=banner&utm_campaign=PDF%20Cover%20Page%20POD
https://doi.org/10.1063/1.5095088
https://doi.org/10.1063/1.5095088
https://aip.scitation.org/author/Abood%2C+Habeeb+M
https://aip.scitation.org/author/Al-Hussaini%2C+Farah+Hassan
https://doi.org/10.1063/1.5095088
https://aip.scitation.org/action/showCitFormats?type=show&doi=10.1063/1.5095088

Constant Curvature of A Locally Conformal Almost
Cosymplectic Manifold

Habeeb M. Abood!®®) and Farah Hassan Al-Hussaini>®

YUniversity of Basrah, Basrah, Iraq.
2University of Basrah, Basrah, Iraq.

diragsafwan2006 @ gmail.com
PURL: http://www.aip.org
9farahalhussaini14 @yahoo.com

Abstract. The purpose of the present paper is to discuss the geometrical properties of a locally conformal almost cosymplectic
manifold of constant curvature. In particular, the necessary and sufficient conditions for the aforementioned manifold to be of
constant curvature have been determined.
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INTRODUCTION

The concept of a constant curvature is one of the important concepts in contact geometry. Blair [2] established that a
cosymplectic manifold of constant curvature is locally flat. Moreover, Goldberg and Yano [5] obtained that an almost
cosymplectic manifold of constant curvature is cosymplectic if and only if it is locally flat. Seo [11] exclusively,
determined a classification of the translation hypersurfaces with a constant mean curvature in an Euclidean space.

PRELIMINARIES

This section provides a summary of the basic concepts and facts which are related to the discussion of our results.

Definition 0.1 [2] Let M be a 2n + 1 dimensional smooth manifold , n be a differential 1-form called the contact
form, & be avector field called the characteristic vector field, ® be an endomorphism of the module of the vector fields
X(M) called a structure endomorphisim, then the triple (, &, @) is called an almost contact structure if the following
conditions hold
@) =1; Q) 0E) =0; Q) no®=0; (4) O’ = —id +n®&.

Moreover, if there is a Riemannian metric g = (., .) on M such that (®X, ®Y) = (X, Y) - n(X)n(Y), X,Y € X(M), then
the set of the tensors (n,&,®, g) is called an almost contact metric structure. In this case the manifold M equipped
with this structure is called an almost contact metric manifold.

Definition 0.2 [9] At each point p € M2 there is a frame in T;,'(M) of the form (p, €, €1, ..., €, Ef, ..., Ex), where

&4 = \/En(ea), &y = \/Eir(ea), a=a+n, g = &y The frame (p, &9, &1, ..., En, Ef, ..., &) IS called an A-frame. The set
of such frames defines a G-structure on M with the structure group 1 X U(n). This G-structure is called an adjoined
G-structure space.

Lemma 0.1 [9] The matrices components of the tensors ®©, and g, in an A-frame have the following forms,
0 0 0 1 0 O

respectively: (d);) =| 0o +-1I, 0 , (gij) = [ 0o 0 -I, ], where I, is the identity matrix of order n.
0 0 —v-1i, 01, 0
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Definition 0.3 [5] An almost contact metric structure S = (n,¢, @, g) is called an almost cosymplectic structure
( AC-structure) if the following conditions hold:

I dp=0;
2. dQ=0.

Definition 0.4 [10] A conformoi transfgrzzation of an AC-structure £ = (¢, <I)Lg) on a manifold is a transfor-
mation from S to an AC-structure S = (7,&,D,g) such that = ey, £=e"¢, O®=0, g=e g, whereo is
a determining function of the conformal transformation.

Definition 0.5 [10] An AC-structure S on a manifold M is said to be a locally conformal almost cosymplectic
(LCAC -structure) if the restriction of this structure to some neighborhood U of an arbitrary point p € M admits a
conformal transformation of an almost cosymplectic structure. This transformation is called a locally conformal. A
manifold M equipped with an LCAC j-structure is called a locally conformal almost cosymplectic manifold (LCAC -
manifold).

Lemma 0.2 [6] In the adjoined G-structure space, the Cartan structural equations of LCAC -manifold have the
following forms:

dw“=—a)Z/\wh+B‘C"’w”/\a)b+B”b"a)b/\a)c+BZa)/\wh+B”ha)/\a)b;
_ b b b b b.
dw, = Wy A wp + B we A @ + Bapew” N W + Baw A wp + Bopw A w75
dw = Cpw A WP + CPw A wp;
a _ _,.a c acd a c d ac,.d a c ac0
dwy = —wi A W) + A7 we A wg + Aj 0 AW + AW A 0 + A qw A 0 + AT A w.

AN~

Here, B, Buye; B, By BY, Bb; C, Cop; CP, Cpy A%, AL - A £SO AD - Babci B, o DI Dy and oy are

smooth functions in the adjoined G-structure space. B are the components of the second structure tensor.

Lemma 0.3 [7] In the adjoined G-structure space, the components of the Riemannian curvature tensor of
LCAC -manifold have the following forms:

1. Ry, =2A5, + 456 Baypy — 00Byad®);

2. RS =20260% +2B" By - 6(.0% 07);

3. RO .= A+ 4ol 5]lor 08 — 4B Boy, + BBy — 505103,
4. Ry =2QBicaia) = 201aByica + BateBap);

5. Rg, = 2000 + B Byeq — 2015 Bayy);

6. Ry = Ay + 0B = 5000

7. RZCO = ZBcahO + 2Bcah0-0;

8 R4, =000 — 8402 — BypB — 0 — 0oy, + 2018 o,
9. RY =200B" - D - 0% - oo + 28",

060

and the other components are conjugate to the above components or can be obtained by the properties of symmetry
for R or are equal to zero.

Definition 0.6 [71 An almost contact manifold is called a Kenmotsu manifold if the equality
Vx(@)Y = (X, Y)§ - n(Y)X;

holds for each X,Y € X(M)

Definition 0.7 [4] The Ricci tensor is a tensor of type (2,0) which is defined by r;; = —Rffjk.

Lemma 0.4 [1] In the adjoined G-structure space, the components of the Ricci tensor of LCAC -manifold are
given as follows:

- ol h
1. Yap = 2(_2Agah)c - 4(0-[L5[[],Bc]ha + U[Cé[jBCJhb) + 0080[6621 + 0'03[,[66;] + ZO-OBab —Dupo—Tap — 00y + 2Bbah0'h;
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2. rap = =450 — o0y oS — L6y oy + BY By, + B Beig) + (B By — BpB™) + AL — 840700 — 2n0g —
O'Z — ooy,
h
3. rap = —AS = 0 Bae + n000q + 20018y + B Bpea — 20716 Bayn);

4. 1oy = =2n(000 + 02) = 2By B = 2(0C + 0C0) + 418 o,
and the other components can be obtain by taking the conjugate operator to the above components.

Definition 0.8 [8] An AC-manifold is said to be of constant curvature k, if the Riemannian curvature tensor
satisfies the relations R;ji = k(gikgji — git& ji)-

Lemma 0.5 [8] In the G-adjoined structure space, the nonzero components of the Riemannian curvature tensor
of a manifold M of constant curvature have the forms

Ripeq = k5?§ Raped = ké%ﬁ Raoco = ko

Definition 0.9 [8] The manifolds of constant curvature are called the special forms. The manifolds of zero
constant curvature are said to be planes.

Definition 0.10 [3] A pseudo-Riemannian manifold M is called an n-Einstein manifold of type («, B) if its Ricci
tensor satisfies the equation r = ag + n ® n, where a and 8 are suitable smooth functions. If B = 0, then M is called
an Einstein manifold.

Definition 0.11 The Riemannian curvature tensor of LCAC -manifold has the first special property, if
170 RE®*X, ®*Y)D*Z = 5y o (R(DX, DY)D>Z + R(D*X, DY)DZ + R(DX, D*Y)DZ);
hold for each X,Y,Z € X(M).
Definition 0.12 The Riemannian curvature tensor of LCAC j-manifold has the second special property, if
1 0 [R(®X, )D°Y + 157 o (R(DX, £)DY] = 0;
hold for each X, Y, € X(M).

THE MAIN RESULTS

Theorem 0.1 The necessary and sufficient conditioni for a LCAC| to be a manifold of constant curvature k is
AZ‘CJ = B¢ = Bib = o = ¢ = 0. Moreover, k = —0'3.
Proof. Comparing the components of the Riemannian curvature tensor in the Lemmas 0.3 and 0.5, we have
b
2026107} + 2B"" Byac — 57,0,0%) = ko%h

Consequently, we get

_ 2
k=-0oy

Moreover, we have
A + 4015 o) — AB“" By, + B By — 506y 0 = koo,
Making use of the equality RZC 4 = 0, consequently we obtain
d
A =0
Now, according to the Lemma 0.3, item 3, it follows that Bbe =

According to the relation R, = Ragc0, We get

—00000 — 6‘0‘0'(2) — BB — ol -0+ 20'[“616710';1 = k&

Now, making use of R?)iao =0, we get o“o®? = 0 and according to the Lemma 0.2, items 9 and 10, we have o = 0,
which means
ago) = 0

Conversely, we can get the requirement directly from the lemmas 0.2 and 2.3. O
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Theorem 0.2 The LCAC-manifold M which is a special form has nonpositive curvature. Moreover,
(1) M is a conformally flat Kenmotsu manifold if and only if k = —1;
) If k = 0, then M is a locally flat cosymplectic manifold.

Theorem 0.3 Suppose that a LCAC p-manifold M is an n-Einstein manifold of type (a, 8), then a = %Afff) —000—
2n0% - Lot + 00, and B=-1A%0 - 2n—1)og + (L - 2)(04 + 0“0,) hold. In addition, if M is a manifold of
constant curvature, then M is an Einstein manifold with a cosmological constant a = —2n0'(2).

Proof. Comparing the components of the Ricci tensor in the Lemma 0.3 and 0.5 , we have
: 1 :
40y = 01867 = S oGl + BBy, + B Boya)
+(BBy. — B, B + Af,ﬁ — 830700 — Zno% —op—cop =ady, . 0.1
Symmrtrizing and antisymmrtrizing (0.1) by the indices (a, &) and then symmrtrizing by the indices (b, ¢), we get
Afjg’) + B%B,, - 0p000 — 2n0'(2) -0y —co, =ad, . 0.2)

Contracting (0.2) by the indices (a, b), we obtain
. 1 . 1
a= —AE;;’) + —B“By. — 0o0 — 2no'(2) - —(04 +0%,)
n n

Moreovere, we have

—2n(0rg0 + 03) — 2By B = 2(0¢ + 0C0) + 4o Moy = a+ B . (0.3)

Symmrtrizing and antisymmrtrizing (0.3) by the indices (c, &), we conclude
1 .. 1 1
B= ——Ag‘c") — —B“B,;c — 2n— oo + (= = 2)(04 + 0%0,)
n n n

Now, if M is of constant curvature, then by the Theorem 0.1, directly we get that M is an Einstein manifold with a
cosmological constant «. O

Theorem 0.4 The Riemannian curvature tensor of LCAC j-manifold M has the first special property, if M has
the constant curvature k.

Theorem 0.5 The Riemannian curvature tensor of LCAC p-manifold M has the second special property, if M has
the constant curvature k = 0.
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