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Abstract: et P(z,d) (resp. C(t.d)) denote the minimum diameter of a graph obtained by adding
t extra edges to a path (resp. cycle) of lengthd. Let Tp(p,d) (resp. Tc(p,d)) be the minimum
number of edges added to a path (resp. cycle) of length d in order to obtain a graph of diameter
not greater than p. Let f(¢,d) denote the maximum diameter of a connected graph obtained after
deleting # edges from a connected graph of diameter d. Some new lower and upper bounds of these
parameters were presented. In particular, it is proved that T¢(3,d) = d—8 for d =12 conjectured
by Grigorescu [ J. Graph Theory, 2003,43(2):299-303], and it is partially proved that f(z,d) <C
(t+1d—t+1 conjectured by Schoone et al [J. Graph Theory, 1987,11(3) :409-427].
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graph with a vertex-set V.= V() and an edge-set
E = EWG).
This paper is the series paper of Refs. [5] and Let P(t,d) (resp. C(t,d)) denote the

0 Introduction

[6]. We also follow Ref. [ 1] for graph-theoretical minimum diameter of a graph obtained by adding ¢
terminology and notation not defined here. As extra edges to a path (resp. cycle) of lengthd. For
Ref. [ 6], let G =(V,E) be a simple undirected some small ’s and special d’s, the exact values of
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P(t,d) and C(t,d) have been determined. For

example,

Q..
1\3

C2.d) —(

determined by Schoone et alt?', and
P, 2k—DG+1+1) =2k
for any positive integer £ determined by DENG and
XU, Schoone et alt? proved that the problem
determining the values of the two parameters for
general integers ¢ and d is NP-complete. However,
many lower and upper bounds of P(z,d) and
C(t.d) have been established by

[2~7]

several
authors
Let Tp(p,d) Te(p,d)) be the

minimum number of edges that have been added to

( resp.

a path (resp. cycle) of length d to transform it into
a graph of diameter at most p. Schoone et al‘*
proved that it is NP-complete to determine the
Tp(p,d) and Te(p,d). Alon
Tp(2.d) =d—2ford =273, Tc(2,d) =d— 3,
d—99<Tpr(3,d)s d — 100 < T¢(3,d) << d — 6
and, in general, Tp(p.d) << (d + 1)/|3/2J

Grigorescu™” provedd —59<C T¢(3,d) <<d—8 and
conjectured T¢(3,d) = d —8 ford = 12.

Let f(z,d) denote the maximum diameter of a

81 determined

connected graph obtained after deleting ¢ edges
from a connected graph of diameter d. Plesnik!"”
determined f(1.,d) = 2d. Schoone et al'* proved
f2,d) = 3d — 1, f(3,d) = 4d — 2 for d>1,
f@.2>=t+3 for t=1,2,3,4,6, and ¢t + 2
otherwise; and conjectured

fG,.d) << +Dd—t+ 1

1 Main results

2
i < Pea) <

In this paper we prove (d —

42 1 for s = tand odd d = 3; Pd) =
[t for e = dand 3+ 1 < d < 3+ 35
Cld 2[§ 5 Jlori = 3andd = 2: [ ]~ 1<
T <[4 |~ 1for p = dandd =12, and
=T <[ 75 | 1 for some

special integers p and d. In particular, we prove
the conjecture of Grigorescu that T¢(3,d) =d —8
ford = 9.

For the conjecture of Schoone et al, we obtain

(t+1Dd—t+1 if d =3 and is odd or

f.d) < P@.d) = ( +J+1

1(z+1)d21 if Pod) =42 42,

=

which is tight when d is even and

d=2,

P.d) =[]

2 Several lemmas

Lemma 2. 17!
I'(tk) =2kt +1)+ 1,26 +1)+2,2k(4+1) —
t+1y U {2k(t+1) —t+h:h = 6,7,+++,¢}. Then

ﬂfﬂ |42 itaeran.

U?Jrl W—O— 1 otherwise

6 and d = 2.

For any integer £ = 1, let

P(t,d) <

for any integers t =
; d—
[6]
Lemma 2.2  P(t,d) = ( 1 W+1 where

=>4, 1+4<d<<t+7,andt =4, d = 10k+1,
/e}l. Fort >3, C(t,d) = 3 wheret+6 < d <
t+8.

Lemma 2. 3" For any positive integers ¢ and

d d—
hTJ g{ t41 J+ 3 In
particular, P(z,(2k—1)(t+1) + 1) = 2k for any

d= 2. | < P(t,d)

positive integer £, F(t,d) < g |+ 1ifdis large

enough,and( +1W<P(t d) <(TM—1 fort =

4,5and d = 4.
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Lemma 2.4 Let G be a connected
undirected graph, S C E(G) and |S| =1t If h =

d(G—S) is well defined, then d(G) = P(z,h).
Lemma 2.5 Let:>=4. P(t,d) < ?—0—3
ford =2, and
Clt,d) <
Jt+2+3 if ¢ is even,
dti1—67 [dti—17_d—8 . o .
[[E S bt d 8 g o,
d d
and| € |~ 1< CG.a) <| 4 [ford = 5. Also

f(,d) =G+ 1)d —2t+ 4 for any oddd = 3
3 Proof of main results

3.1 Addition of edges
Theorem 3.1 Fort >4,

_[d—2 _
Pd) =[ {7 [ H1 =4,
where 3t +1<Cd < 3t+3.
Proof LetP = (xysx1s*:*sxy) be an (2 s24) -

path and G an altered graph with diameter d(G) =
P(t,d) obtained from P plus ¢ extra edges, where
d =3t +1. From Lemma 2. 3, d(G) > 3. So, it is
sufficient to prove d(G) = 3. Assume the contrary
d(G) = 3. For 0 << i < d, let x; be the smallest
numbered vertex that G has no edge (x;,x;) with j
>+ 1. Thus, for eachh = 0,1,+++, i — 1, there
exists a j(j == h + 2) such that (z,,2;) € E(&) is
1, let A, be
the set of extra edges incident with the vertex z,
and B the set of other extra edges. Then |A,| > 1
for each h = 0,1,-, i — 1, |UA,| = i and
|U A, |+ |Bl=u

Suppose that there are three consecutive

vertices xj 1 sa; and x4y 5 i+4<Cj < d—1 such that

an extra edge. For eachh =0,1,++, i—

none of them is incident with some extra edge.
Then z; needs at least 4 steps to reach x;, which
contradicts the hypothesis of d(G) = 3. Thus, at
least one of the three consecutive vertices x—; ,x;
and x4 in Xp = { Xy » X500 5 24 1s incident with
some extra edge. We consider the worst case, that

is, exactly one vertex in {x;— »x;-x;11 ) 1s incident

with only one extra edge. Since the distance
between x; and x; is at least two in G, the only
vertex incident with the only extra edge must be
z;. Let the only extra edge bee;. So, any shortest
path P {from x; to x; with length two must contain
either the vertex x;; or some vertex x, in X, =
{xo»x15°°*»x1 ). U the former happens, thene; =
xinx; and e¢; € B.
| A |= 2if h<Ci—2. Thus, the vertex x; needs at

d+D—0G+4D
3

all vertices in X, by at most three steps, where

If the later happens, then

least( W— 0 extra edges to reach

8= 01if i =0, and at most one step otherwise. Let
E, be the set of these edges.

Since every edge in E, must reach either the
vertex x;1; or some vertex x, in X, , then the graph
needs at least two new extra edges to become
graph of diameter at most three.

Thus we have

d+1D —
3

H BRI,

Thus P(z,3t+ 1) = 4. Since P(¢t,d) << P(t,d") if
d<<d's P(t,d) =4 ford = 3t+ 1. On the other
hand, since 3¢+1,3t+2,3t+3 & I'(¢,k) for any k,

+2—0=

t>i+( (i+4)w

from Lemma 2. 1, P(t.d) <( +1=4fort>

=l
6. Fort = 4,5, from Lemma 2. 3,

<L+L1H1:4ford>4

Thus, P(t,d)=4 for 3t+1<d<3t+3 and t>=4.
Remark From Theorem 3.1 and Lemma 2. 3,

3L PG,d) <4fort+8<d< 3tandt > 4.
Theorem 3.2 Fort>=3andd =2, C(t,d) >

P(,d)

(%W, which is tight when ¢ is even, k(¢ +2) +

2<d<<k(t+2)+6 and £#=0. Furthermore,C(¢,d)
=4, where (z,d) € {(3,13), (3,14), (3,15),
(4,16),(4,17),(4,18),(5,19),(6,22) }.
Proof It is easy to verify that
Ci,d+1) =Pa+1,d), (D
since one way of adding -+ 1 edges to a path P,., is

to first add one edge joining two end vertices of
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P4, and then to add ¢ edges in an optimal way to
the resulting cycle Cyy. Then from Lemma 2. 3 we

have

Cd 2[4 .

Clearly, from Lemma 2. 4, the boundary above is
tight for any evenz > 3,
k(t+2)+2<d<<
and £k =0
From Theorem 3.1 and Inequality (1) we

k(t+2)+6

have

Cl,d+1) =4 for 3t +4<d<<3t+6.,t >

Also from Lemma 2. 4 we have that fort >3,
Clt,d+1) <4,

where (z,d) € {(3,13), (3,14), (3,15), (4,16),

(4,17),(4,18),(5,19),(6,22) }.

So the theorem follows. L]
Theorem 3.3 For p >4 andd > 12
di_ 4 d—71
s nea <[f= -1

In particular,
d—2 d—2
(ﬁ}— <Tp<p,d)<Lﬁj—1
for (p=23.d=T) (p=4,d=12), (p = 2k.,d =
10£—8), and (p = 2k +1,d = 10k—3), k= 1.

Proof From Lemma 2.1 and Lemma 2.5 we

have( d P(t,d) < 7+3forz‘ 4 and

[Jrl—‘ t+1
d = 2. Put p = P(t,d). Let p =4 then we getd >
t+ 8, which means that d = 12. Since

d—

PSS t+1 +3’

we have
d—7

tgb)igj—l

Sincep>(%w>il, we have
d
z>(;}—1

So, for p =4 andd > 12,

Sl =g <[f ]

From Theorem 3.1, and Lemmas 2.2 and 2. 3 we

have P(tod) =42 |4 1 or 1= 4. 31 <d <

t+4, t+4<d<<t+7,andd = 2k— 1D +1)
+1,and forr =4, d =10k+1, k=>=1. Letp =3

then d g 2 +2>=3, this meansd —>7. Also in same
way we haved =12, 10k—8, 10k—3 Whenp =4,
2k,2k + 1, respectively. Since p < ? + 2, we
have
d—2
Also since p > >d— Jr 1, we have
o t+1
d—2
So the theorem follows. []

Theorem 3.4 Ford >11, To(3,d) =d — 38
andd —7 < Tp(3,d) << d—3.
Proof From Lemma 2.2,

Ctyd) =3fort+6<d<{t+8andt >3
Then we have C(¢,d) = 3 ford —8<t<{d—6 and
d =11, which means

Tc(3,d) >=d—8.
Since Grigorescu” proved Tc(3,d) << d — 8, we
have
Tc(3,d) = d—8. (2
It is easy to verify that
Te(p.d+1) < Tp(p,d.
Then from Equality (2) and Theorem 3. 3 we have
d—7<Tp3,d) < d—3.
The theorem follows. L]
3.2 Deletion of edges
Theorem 3.5
d=1,
f.d) <
G+Dd—it+1 dd=

Pa.d) =[4=F |+ 1.

For any integers t > 2 and
3 and is odd or

C+Dd—2 i Ped =[S e,

This bound is tight when d is even and P(t,d) =

(‘f;fhl
Proof It is clear that for any ¢t >4,
=l =l e
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From Lemma 2. 1 and Lemma 2. 3 we have fort >4
andd = 2,
Py =[9=F [ +i. for somei=0.1.2.

(3
Let G be an undirected graph with diameter d,
S C E(G) and | S | = t such that
d(G—S) =h= f.d.
Then from Lemma 2.4 and Equality (3) there

exists some 7 such that

2= Pt D <

t+1
Then
h thr—iz‘ +1 ~d
Thus
fa,d) =h<GG+Dd—it—i+2
So, from LLemma 2.5, the theorem follows. []

From Lemma 2.5 and Theorem 3.5, we
immediately have
Corollary 3.6 1If:

then(dJF1 Wg

4, andd == 3 and is odd,
2

=
P(,d) <
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