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Edge addition and edge deletion of graphs
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Abstract; Let P(z,d) (resp. C(¢,d) ) be the minimum diameter of a connected graph obtained

from a single path (resp. from a single circle) of length d by adding ¢ extra edges.

that P(t.d) =[4—F |

It is proved

—+1 if  and d satisfy the following conditions: t =>4 and t+4<d<\t+7,t=

4 and d=10k+1 (k==1). For some ¢ and d., the exact value and the best lower bound of C(z,d)
are determined, and so the conjecture of Schoone, et al [J. Graph Theory, 1987,11:409-427] is

settled partially.
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0 Introduction

We follow ref. [ 1] for graph-theoretical
Let G
be a simple undirected graph with vertex-set V =
V(&) and edge-set E = E(G).

Let P(z,d) denote the minimum diameter of a

terminology and notation not defined here.

graph obtained by adding ¢ extra edges to a path
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L A fed, R T Clad) 84AA G TR, 530 % T Schoone % #9458 J. Graph

B,V ; Schoone & #4945 18

P =(x, a5, s241) of length d. For some small
t’s and special d’s, the values of P(¢,d) have been

determined. It is easy to verify that P(1l,d) =

LdﬁLlJford > 2. Rel. [2] determines P(2,d) =

[ ford = 3 and PGLd) =[4 72 |ford =5,

Biography : NAJIM Alaa A.male,born in 1968, PhD candidate. Research field: graphs and combinatorics. E-mail ; alaaamer6(@hotmail. com

Corresponding author: XU Jun-ming, Prof. E-mail: xujm@ustc. edu. cn



% 34

Edge addition and edge deletion of graphs 255

Ref. [ 3] determines P(z,(2k— 1) (t+1)+1) = 2k

for any positive integer &,

=

fort =4,5andd >

Liﬂ PG, d><V+1 J+3.

Also ref. [ 4] determines

d
+1

4 and in general

Prd) <[~ 41

(d+ﬂ+2 ifde I'thr,

P(,d) <
1 W—I— 1 otherwise,

t+1
where I'(t,k) = {2kt +1) +1,2k(t+1) + 2,2k (¢ +
1D —t+1}y U {2kG+1)—t+h:h=6,7,+,¢} and the
integerst = 6,d =2 and k > 1.

Let C(¢,d) denote the minimum diameter of a

graph obtained by adding ¢ extra edges to a circle of

length d. It is easy to verify that C(1,d) = L%

Jfor

d = 2. Ref. [ 2] determines C(2,d) = (dTHW for

d == 4. For generalt =3 andd =5, ref. [ 5] obtains
d

< <[]

odd and 2 if it is even. WU and XU® prove that for

+3foriequal 1ifzis

d}B,(iwf 1 << C@3,d) <(%W and in general

— 9+
PR

2 if ¢t is even for any integer t > 4.

C(tsd) <( PrSforzequal 1ifzis odd and

Let f(t.d) denote the maximum diameter of a
connected graph obtained after deleting ¢ edges
from a connected graph of diameter d. Fort = 1,
ref. [ 6] determines f(1,d) = 2d. For small ¢ and
d, Schoone, et al’?! prove that f(2,d) = 3d — 1,
f@3,d) =4d—2ford >1, f(z,2) is equal toz+3
fort =1.2.3,4,6 and ¢ + 2 otherwise, f(t.d) <
(t 4+ 1)d for any positive integers ¢t and d, and f(z,
d) =G+ 1)d—tfordis even. Also WU and XU®
prove f(t,d) = (t+1)d—2t+4 fort =4 and d is
odd not less than 3.

In this paper we first prove that P(t,d) =

Ffﬂhl fort= 4,144 <d<t+7and fort =

4,d =10k+1 (k=1). Then we prove that forz >
3,C(t,d) = 3fort+6<d << t+8, and the lower
bound C(¢,d) is 3 ford = t+ 9 and 2k ford = (2%
— 1D (t+2)+2(k=1). These bounds are tight for
some ¢ and d.

After that we prove the conjecture of Schoone
et al ft,d) < +Dd—t+1,fort =4,0+4<
d<t+7,andd = 2k(t+1)—t.,k =1, and forzt =
4 and d = 10k + 1. This upper bound is tight for

some d.

1 Several lemmas

Lemma 1.1  For any integer # > 1, let
I'(tk) =2k 4+1)+1,2k+1) +2,2k(t+1) —
If+1} U {2k(t+1)_l‘+hh - 6779"'9t}. Then

d . :
ﬂtﬂhz ifdeIab.
P(z,d><1

d—
t+1

6, andd >

For given positive integers

|<pPear <9 |+35 In

WJr 1 otherwise,

for the integerst >

Lemma 1.2’

andd(=2). [~

particular, P(¢,(2k— 1) (t+ 1) +1) = 2k for any

positive integer k, P(t,d) < L‘i J + 1if £ is large

enough, and( _’_J<P(t d)<( _'_JJrlfort—
495 andd/
Lemma 1.3 Let G be a connected

undirected graph, S C E(G) with |S| =1t Ifh =

d(G—S) is well defined, then d(G) = P(t,h).
Lemma 1.4° Ford >5andr =>4,

Clt,d) <

=

Udzti_zqﬂdgtrgw< I=045 ifeisodd

Also (%W —

if ¢ is even,

1< 0B <[4].
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2 Proof of main results

2.1 Edge addition
Theorem 2.1 Fort >4,

_[d=2 _
PG,d) _(H—il—‘_‘_l =3,
wheret +4 < d <t+7.

Proof
path and G an altered graph obtained from P by

Let P= (xosx1s***sx4) be an (&g sx4)-

adding ¢ extra edges and having diameter d(G) =
P(t,d), whered =t -+ 4.
If d(G) = 1, then the number of the extra
edges is equal to
t=d—1D+d—2)++1=
dld—1D/2>d—3=1t+1,
a contradiction.

If d(G) = 2, then let x; be the smallest
numbered vertex that G has no edge (x;,x;) with
j >i-+1. For eachj = 0,1,+++,i — 1, there exists
aj’ (' =j+2) such that (x;,2;) € E(G) is an
extra edge, and so such edges are at least i.

Since d(G) = 2, we must be able to reach
every other vertex in two steps from x;,. Hence we
need edges (x; .x;) with j = j +2 for all j with i+
3 <(j <d, since these vertices could not be reached
in two steps from x; in P. Such edges are at least
d+1—G+3)—1=d — i — 3,
appearance of (— 1) is due to the possibility that

where the

there may be an extra edge (x;; »x;) in the first (i)

extra edges when ;" =i—1. Note that if ;' <<i—1,

then (&;, x;) and (xy ,x;) are extra edges. Thus
t=i+d—i—3)=d—3=1r+1,

a contradiction.,

Thus P(t,t+4) = d(G) =3. Since P(t,d) <
P(t.d") ifd<<d'.P(t,d) =3 ford =t+4. On the
other hand, sincet+4,t+5,t+6.c+7 & I'(z,k)
fork =1, from Lemma 1.1,

Py <[4F]+1 =3 for 1 =6,
d

For¢ = 4.5, from Lemma 1.2, P(t.d) < 7 |+

1 =3ford>=4. Thus, P(t,d) =3fort+4<d<<
t+7andt = 4. L]

Theorem 2.2 P(4,d) = (%W+ 1 where d

= 10k+1and b > 1.
Proof First we prove that P(4,d) <C (%W
-+ 1, whered = 10k + 1 and # = 1. We add four
edges
€1 — 1Ty s €2 — LypXgrt2 s
€3 — LopXept1 s €4 T Lokl Ldt]
to the path P = x x5+ x411 of length d (see Fig. 1
fork = 2 and d = 21). Now the end-vertices of
these edges divide P into five segments
L, = P(xy,22) L, = P(aysan) s
L; = Py sxan) s Ly = P(xa sxane) »

L; = P<Isk+2 aIdH)-

X X Xg X, Xig ZIxzz

Fig. 1 Construction of Theorem 2. 2 for
k=2andd = 21

Define ten cycles as follows
C'=L UtL: +e,

C=L U+L;+e +e,
CC=L U+L,+e +e +es,
C'=L U+L;s+e +e+es+ey,
C =1L, Ut L;s+e,
C*=1L,U+L,+e +es,
C'=L, U+ Ls+e +e +ers
C*=L,U+L,+e,

C=L; U+L;s+e +es,

C" =L, U+ Ls +e.

Their lengths are
e(C") = 4k;
e(C) =4k 42,
e(C") <4k +1;
e(CH <4k+3; for i=3,4.6,7,8,9.

Then any vertices x and y of G are contained in

for: = 2,5;

some cycles C' defined above. Thus
max(d(Ci):1 < i< 10) < | %53 = 2t 1.
This means that ford = 10k+1and k> 1,

PO <d(@) < 2%+1=[4=2]4 1,
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From Lemma 1. 2 we have

(108 E < Paas 10+ D).
Since
10k+17_[10k—1
e =[P
for k =1, the theorem follows. L]

Theorem 2.3 For t = 3,C(¢,d) = 3 where
146 <d <t+8;3C(t,d) <4 ford =1t+9; and
2k < C(t,d) < 2k+1ford = Qk—1D@&+2)+2
andzis even andk > 1or¢is odd and k# = 1,2,3.

Proof It is easy to verify that,

Ci,d+1) =Pa+1,d),

since one way of adding t 41 edges to a path Py, is

to first add one edge joining two end vertices of

P, and then to add ¢ edges in an optimal way to

result in a cycle Cy;. Then from Theorem 2.1 we

have
Cltd+1) =3 fort+5<d<<t+8,0>=3.
Also from LLemma 1. 2 we have
C(tsd+1) = 2k, fort =3,
d=Ck—DG+2)+ 1,k =1,

Now from Lemma 1. 4 we have fort =3
Clt,d+1) <3, fort+5<d<<rt+7,
Clt.d+1) <4, ford=1+8,

and C(¢t,d+1) < 2k+1ford = Q2k— 1D (t+2)+

1, andtisevenandk>1ortisodd andk =1,2,3.

So the theorem follows. []

2.2 Edge deletion
Theorem 2.4  f(¢z,d) < (¢t + 1Dd —t+1 for

t=dandt+4<d<<t+7,andd = 2kt +1) —¢

andk >1, also fort =4 andd = 10k + 1.

Proof Letz>=4. From Theorem 2. 1 we have

_[d—2
Pa.d) =[{7[+1. foritd<d<i+7,
From Theorem 2. 2 we have
d—2

P.d) =92 |4 1 for d = 106+ 1 and & = 1.

5

From Lemma 1. 2 we have
P(t,(2k— D@+ 1 +1) = 2k
This means
Py =4+,

ford= QCk—DCG+D+1, k=1,

Now let G be an undirected graph with
diameter d,S C E(G) with | S| = ¢ such that d(G—
S) =h = f(t,d). Thus from Lemma 1. 3 and for ¢
>4,d € I,(t,1), andd = 2k(z+1) —¢+5, also

fort =4andd = 10k+1and k=1, we have

2241 = Pau <d.
Then
h+t—1
T =
Thus
fG.d) =h<G+Dd—t+1.
The theorem follows. L]
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