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ABSTRACT. The purpose of this paper is to study the (EA)-property and noncompatible maps
of a hybrid pair of single-valued and multivalued maps in fixed point considerations. Such maps
have the remarkable property that they need not be continuous at their common fixed points. We
use this property to obtain some coincidence and fixed point theorems for strictly contractive
hybrid maps without using their continuity and completeness or compactness of the space.
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1. INTRODUCTION

The notion of compatible maps, due to Jundck [6, 7], has proven fruitful in fixed point consid-
erations. On the other hand, noncompatible maps appear to play a vital role in metric fixed point
theory for contractive type maps. Pantl[14], Pant etlall [15], [16], Aamri and El Moutawakil
[1] and others have initiated work along these lines. However, the concept of the (EA)-property
[1] generalizes both compatible and noncompatible maps. It is remarkable that maps having
(EA)-property need not be continuous at their common fixed pointsi(see [14] and [19]). For an
excellent discussion on the continuity of maps on their fixed points, one may refer to Rhoades
[17] and Hicks and Rhoades [4].

The purpose of this paper is to extend the concept of (EA)-property to a hybrid pair of single-
valued and multivalued maps on an arbitrary nonempty set with values in a metric space, and
use the same to study coincidence and fixed points of contractive type hybrid maps without
appealing to the continuity of the maps involved. Our results extend, improve and generalize
several results for single-valued and multivalued maps on metric spaces.

2. PRELIMINARIES

We generally follow the definitions and notations usedin [2], [7] [10]| [11] and [21]. Given a
metric spacé€ X, d), let (CL(X), H) and(CB(X), H) denote respectively the hyper spaces of
nonempty closed and nonempty closed bounded subsatswlifiereH is the Hausdrorff metric
induced byd. Notice that the hyper spac@L(X) contains the spac€B(X). Throughout,
d(A, B) will denote the ordinary distance between subsétand B of X andd(z, B) will
stand ford( A, B) when A is the singletor{ x}. Further, letY” be an arbitrary nonempty set and
C(S,A) = {u: Su € Au}, the collection of coincidence points of the maps X — X and
A: X — CL(X).

The following definition is due to Ito and Takahashi [5] (see also [21], page 488) When
X andS and A both are self-maps ofX.

Definition 2.1. Let Y be a nonempty sef§ : ¥ — Y andA : Y — 2Y, the collection of
nonempty subsets af. Then the maps of the hybrid pdif, A) are (IT)-commuting at € YV

if SAz C ASz. They are (IT)-commuting oY if SAx C ASx for eachx € Y. (This
formulation in [22], p. 625 is correct with the interchange of symbols for single-valued and
multivalued maps).

Maps A and S are commuting at € Y whenASx = SAx. Clearly a commuting hybrid
pair of maps is IT-commuting and the reverse implication is not true. For exampe =f
[0,00), Sz = 4z and Az = [3 + z,00),z € Y, then the pair(S, A) is not commuting but
(IT)-commuting.

The following definition is essentially due to Kaneko and Selssa [9] and Beg and Azam [2]
whenS : X — CB(X).

Definition 2.2. [22]. MapsA : X — C'L(X)andS : X — X are compatible ifAx € CL(X)
for eachr € X andlim,, .. H(ASz,,SAzx,) = 0 wheneve{z, } is a sequence iX such that
limy, Az, = M € CL(X) andlim, .Sz, =t € M. They are weakly compatible if
SAz = ASz wheneverSx € Az [8].

For fundamental discussions and applications of compatible self-maps of metric spaces, one
may refer to Jungck [6]-I7]. For a good comparison of various weaker forms of commuting
maps (such as weakly/R-weakly commuting maps, compatible maps etc.), one may refer to
Singh and Tomar [23]. We remark that commutativity, compatibility, R-weak commutativity
and weak compatibility oft : X — CL(X)andS : X — X are equivalent at their coincidence
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points (cf. [21] and[[22]). Further, the maps are noncompatible if there exists at least one
sequence€z,} in X, such thatim,, .., Az, = M andlim,_..Sz, =t € M for somet € X
butliim, ...H(SAx,, ASx,) is either nonzero or nonexistent.

Definition 2.3. [20], [21]. MapsA : X — CL(X)andS : X — X are R-weakly commuting if
SAxz € CL(X) forall z € X, and there exists a real numbr> 0 such that? (ASz, SAz) <
Rd(Sz, Ax). Further, A and S may be called pointwise R-weakly commutindahgiven x
in X there exists? such thatd (ASz, SAz) < Rd(Sx, Ax).

If R =1, we get a similar concept due tabt and Gajt [3]. If the mapA is also single-
valued then we get the definition of R-weak commutativity of single-valued maps due to Pant
[12,[13].

Definition 2.4. Let A : Y — CL(X) andS : Y — X. ThenA andS will be called to satisfy
the (EA)-property if there exists a sequeresg } in Y such that

limp oAz, = M € CL(X) and lim,,_ooSx, =t € M

In this definition, if A is a map onY” with values inX then we get the definition of (EA)-
property due to Singh and Kumar [19]. If we také = X then we get the definition of
(EA)-property (also called tangential maps by Sastry and Muithy [18]) for two self-maps on
X essentially due to Aamri and EI Moutawakil [1].

Example 2.1. Let X = [0, 00) with the usual metricAz = [0,3z/2] and Sx = z/2. We
consider the sequende,, = 1+ 1/n : n > 1} to see thatd and S satisfy the(EA)-property.

Example 2.2.Let X = [2, 00) with the usual metric andlx = {1 + x} and Sz = 2x + 1. We
see that there does not exist a sequeficgl in X for which{Az,} and{Sz, } both converge
to the same element. Sband .S lack the (EA)-property.

3. MAIN RESULTS

First we present a basic result for a hybrid pair of maps.

Theorem 3.1.LetA:Y — CL(X)andS : Y — X be such that
(i) AY C SY;

(i) the pair (S, A) satisfies the (EA)-property;

(i) H(Az, Ay) < m(x,y) whenm(z,y) > 0, where

m(z,y) = max{d(Sz, Sy), a[d(Sz, Ax) + d(Sy, Ay)|, a[d(Sz, Ay) + d(Sy, Az)|},

0<a<l.

If A(Y) or S(Y) is a complete subspace &f thenC(S, A) is nonempty. FurtherA and
S have a common fixed point provided thta$> = Sz and A and S are (IT)-commuting at
ze€ C(S,A).

Proof. Since the paif A, S) satisfies the (EA)-property, there exists a sequdngé in Y such
thatlim,, ... Az, = M € CL(X) andlim,_..Sz, =t € M. If SY is a complete subspace of
X, there exists a point € Y such that = Sz. Suppose'z ¢ Az. Then by (jii),

d(Az, Ax,) < H(Az, Ax,) < maz{d(Sz, Sx,), ald(Sz, Az)+d(Sx,, Az,)], a[d(Sz, Az,)+
d(Sz,, Az)]}.

Making n — oo yields H(Az, M) < ad(Az,Sz), a contradiction. S&z € Az, and
C(S,A) is nonempty. Further, iSz = Sz and A, S are (IT)-commuting at € C(S, A)
thenSz € SAz C ASz, andSz is a common fixed point oA andS. If A(Y) is a complete
subspace oK, then in view of (i),C'(S, A) is evidently nonemptya
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We remark that the Proof of Theor¢m|3.1 may also follow from Thegrein 3.2 (below). Notice
that Theoren 3]1 (without the commutativity requirement) guaranteesAttaatd S have a
coincidence, while4, B, S andT" of Theoreni 3.R (without the commutativity requirements)
need not have a common coincidence. Indeed, the conclusion “..CthénS) andC (B, T)
are nonempty” in Theorem 3.2 clearly means that there exist point Y such thatSu € Au
and7Tv € Bv, and notice the important feature thitaand7" have the same coincidence value,
i.e.,Su=Tv.

Example 3.1.Let X = [1, co) be endowed with the usual metrity = [1,2z—1] andSz = z?.
We consider a sequenée,, = 1+ 1/n,n > 1} to see that the map4 and S satisfy the (EA)-
property. AlsoA and S are (IT)-commuting at = 1. Indeed, it is easy to verify that and .S
satisfy all the hypotheses of Theoienj 3.1. Evidesitly- 1 € Al.

The following is our main result for a hybrid quadruple of maps on an arbitrary nonempty
set.

Theorem 3.2. Let (X, d) be a metric space and, B : Y — CL(X)andS,T : Y — X such
that
(iv) AY C TY and BY C SY;
(v) one of the pairgsS, A) or (T, B) satisfies the (EA)-property;
(vi) H(Ax, By) < M(x,y) whenM (z,y) > 0, where

M(z,y) = maz{d(Sz, Ty), a[d(Sz, Ax) + d(Ty, By)],

ald(Ty, Ax) + d(Sz, By)]},0 < a < 1.

If A(Y)or B(Y)orS(Y)orT(Y)isacomplete subspace &fthenC(S, A) andC(B, T) are
nonempty. Further,
() A and S have a common fixed poistu. provided thatSSu = Su and A, S are (IT)-
commuting at. € C(S, A);
(I B and T have a common fixed poifitv provided thatl'Tv = Twv and B, T are (IT)-
commuting ab € C(T, B);
(1 A, B, S andT have a common fixed point provided that (1) and (Il) are true.

Proof. If the pair(B, T') satisfies the (EA)-property then there exists a sequéngckin Y such
thatlim,,_...Bx, = M € CL(X) andlim,,_..,Tx, =t € M.

SinceBY C SY for eachz,, there exist a sequendg,, } in Y such thatSy,, € BX,, and
lim, oSy, =t € M = lim,_...Bz,. We show thatim,, ... Ay, = M. If not, there exists a
subsequencéAy, } of { Ay, }, a positive integer N, and a real numler 0 such that for some
k > N we haveH (Ayx, M) > €. From (vi),

< max{d(Syg, Txy), a[d(Syk, Ayx) + d(Bxg, Txg)], ald(Txy, Ayk) + d(Syx, Bxy)|} + H(Bxyg, M).
< maz{d(Syg, Try), a|d(Syx, M) + H(M, Bxy) + d(Bxg, Txy)],

ald(Tzg, M) + H(M, Ayy) + d(Syx, Bxg)|} + H(Bxyg, M).
Making k — oo gives
limp—.oo H(Ayn, M) < aH (M, Ayy),
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and so
limy, oo Ay, = M.

SupposeSY or BY is a complete subspace &f, then there exists a point € Y such that
t = Su. To show thatSu € Au, we suppose otherwise and use the condition (vi) to have
d(Au, Bx,) < H(Au, Bz,) < max{d(Su,Tz,), a[d(Su, Au)+d(Tx,, Bx,)], a[d(Tx,, Au)+
d(Su, Bz,)]}.
Making n — oo implies
H(Au, M) < ad(Au,Su) < aH(Au, M), a contradiction. Consequentty(S, A) is non-
empty.

SinceAY C TY, there exists a point € Y such thatSu = Tv € Au. So by (vi),

d(Tv, Bv) = d(Su, Bv) < H(Au, Bv)
< max{d(Su,Tv), ald(Su, Au) + d(Tv, Bv)|, a[d(Tv, Au) + d(Su, Bv)]}.

Sod(Tv, Bv) < d(Tw, Bv), andC(T, B) is nonempty.

Further, Su = SSu and the (IT)-commutativity ofA and S atu € C(A,S) imply that
Su € SAu C ASu. SoSu is a common fixed point off and.S. The proof of (Il) is similar.
Now (lll) is immediate. Analogous argument establishes the theorem wiher 7Y is a
complete subspace of.

In view of the above proof, we have other versions of Thedrem 3.2.

Theorem 3.3. Theorem§ 3]2 with M(x, y) replaced By (z,y), where
(vi)) M (2, y) = maz{d(Sz, Ty), a[d(Sz, Az)+d(Ty, By)]/2, [d(Ty, Az)+d(Sz, By)]/2}, 1 <
a < 2.

Theorem 3.4.LetA, B : X — CL(X)andS,T : X — X be such that (iv) holds with = X.
Further, assume

(viii) one of the pairgS, A) or (T, B) is noncompatible;

(ix) pairs (S, A) and (T, B) are R-weakly commuting;

ThenC(S, A) andC(T, B) are nonempty. Further

(la) A andS have a common fixed poift: provided thatSSu = Su.

(lla) B andT have a common fixed poifiy provided thatl'T'v = T'.

(Iha) A, B, S andT have a common fixed point provided that (la) and (lla) are true.

Now we derive some corollaries with slightly different versions. The following result is an
improvement of Pant and Pant[15], Th. 2.3 (see also [16]).

Corollary 3.5. Let A, B, S,T : X — X such that(S, A) and (T, B) are pointwise R-weakly
commuting selfmaps of a metric space, d) satisfying the conditions (iv), (viii), (ix) and the
following:

(X) d(Az, By) < L(z,y) whenL(z,y) > 0, whereL(x,y) = maz{d(Sz,Ty), a[d(Sz, Az) +
d(Ty, By)]/2,[d(Ty, Az) + d(Sz, By)]/2},1 < a < 2. If the range of one of the maps is a
complete subspace af thenC (S, A) andC (T, B) are nonempty. Further,

(Ib) A and.S have a common fixed point provided tblatind .S commute at. € C(S, A);

(Ilb) B andT have a common fixed point provided tliatand 7" commute av € C(T, B).

(b)) A, B, S andT have a common fixed point provided that (Ib) and (lIb) are true.

The following resultis a considerable improvement and extension of Aamri and El Moutawakil’s
result [1], Theorem 1.
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Corollary 3.6. LetA, S : Y — X be self-maps of a metric spat&, d) such that

(xi) AY C SY;

(xii) the pair (S, A) satisfies the (EA)-property;

(xiii) d(Ax, Ay) < f(z,y) whenf(z,y) > 0, where

f(z,y) = {d(Sz, Sy), [d(Sx, Ax) + d(Sy, Ay)]/2, [d(Sy, Az) + d(Sz, Ay)]/2}. If the range
of AY or SY is a complete subspace &fthenC/(S, A) is nonempty. Furtherd and S have a
common fixed point provided that they are weakly compatible.

Remark 3.1. If S =T in Theorem$ 3]2[- 3]4 and Corolldgry B.5, then the conclusion regarding
the coincidence part is a slightly improved and consequehtl andS(= 7') have a common
coincidence. Further, our results are good variants and generalizations of several results from
Jungck [7], Nadler, Jr.[[10], Smithson [24], Tan and Minh![25] and others. Finally, we may
conclude that our results are obtained effectively under tight minimal conditions and are not
subject to further simplification.
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