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Abstract. 
 In this paper we established some results on fixed point theorems for  multi-valued mappings on 

a complete metric spaces by altering the distance between the points. We extend and generalized some 
well-known results  in [2], [5], [6], [8] and [9]. 
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INTRODUCTION 
Delbosco [1] and Skof [12] have 

established fixed point theorems for self-maps of 
complete metric spaces by altering   the distances 
between the points with the use of map 

:[0, ) [0, )φ ∞ → ∞  satisfying the following 
properties:  

 
(i) φ  is continuous and strictly increasing in 
R+; 
(ii) ( ) 0=tφ  iff ; 0=t  

(iii) ( )t Mtφ ≥ u   for every 0 ,0 >> ut  are 

constants.  

 
Khan  et al. [5] gave the following theorem, 
Theorem K: Let T be a self-map of a complete 
metric space ( )dX ,  and φ  satisfying (i) and (ii). 
Furthermore, Let a, b, c be three decreasing maps 
from R+ into [0,1) such that  
 
  ( ) ( ) ( ) 12 <++ tctbta  

For every 0>t .  
 
Suppose that T satisfies the following condition

:  

    
( )( ) ( )( ) ( )( ) ( )( ) ( )( ) ( )( )

( )( ) ( )( ) ( )( ){ }
( ) , , , , , ,

                                    , min , , ,

I d Tx Ty a d x y d x y b d x y d x Tx d y Ty

c d x y d y Tx d x Ty

φ φ φ φ

φ φ

 ≤ + + 

+
 

Where yx,  in X and yx ≠ . Then T has a unique 
fixed point.  

In this paper we shall establish a common fixed 
point theorem for a pair of multi-valued mappings 

T and S and a single valued mapping which 
satisfies the contractive definition corresponding 
to (I ). 
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2.Basic Preliminaries

   We generally follow the definitions and 
notations used in [3], [10] and [11]. Given a 
metric space (X, d), let (CL(X), H) and (C(X), H) 
denote respectively the hyperspaces of non-empty 
closed and non-empty compact subsets of X, 
wherein H is the Hausdorff metric inducted by d. 
Throughout, d(A, B) will denote the ordinary 
distance between subsets A and B of X and d(x, B) 
will stand for  d(A, B) when A is singleton {x}. 
Further, let Y be an arbitrary non-empty set and 

( , ) { : },C f T u fu Tu= ∈  the collection of 

coincidence points of the maps :f Y X→ and 

: ( .T Y CL X)→  
We shall use the following lemma and definitions.   
 
Lemma 2.1 [6]. Let A, B are two compact subset 
of a metric space, then for all Ax ∈  there exists 

y B∈  such that ( ) ( ), ,d x y H A B≤ .   

 
Definition 2.2 [2]. A map :[0, ) [0,1)ψ ∞ →  will 

be said to have property (p) if for every ,0>t  

there exists ( ) 0>tn  such that  

 
 ( ) ( )0 ( ) 1.S t t s tη ψ γ≤ − < → ≤ <  

Definition 2.3 [Itoh and Takahashi [ 7 ]. The 
maps : ( )T X CL X→ collection of all closed 

subsets of X  and :f X X→  are IT-commuting 

at a point v X∈  if  fTv Tfv⊂ . 
 
Definition 2.4 [3] Let  : ( )T X CB X→ . The 

map :f X X→ is said to be T-weakly 

commuting at x X∈ if ffx Tfx∈  
 
Here we remark that for hybrid pairs ( , )f T (IT)-
commuting at the coincidence points implies that 
f is T-weakly commuting but the converse is not 

true in general. 
 
Example 2.5[3]Let [1, )X = ∞     with the usual 

metric, Define : , : ( )f X X T X CB X→ →     

by 2fx x=    and [1,2 1]Tx x= +   for all x X∈  
then for all  

, , 4 [1,4 1] , [2,4 2]x X fx Tx ffx x x Tfx fTx x Tfx∈ ∈ = ∈ + = = + ⊄  therefore f  is T − weakly 

commuting but not IT − commuting. 
 

 

3. Our Main Results 

   Theorem 3.1  Let ( ,X d ) be a compact metric 

space, , : ( ), :T S Y CL X f Y X→ →  such that 

TY fY⊂ and SY fY⊂ , : R Rφ + +→ is 
continuous and strictly increasing such that 

( ) 00 =φ  and Let a, b and c be three maps from 

R+ into [0,1) such that ba 2+  satisfies the 
property (P), and,  

( )( ) ( )( ) ( )( ) ( )( ) ( ) ( )( )( )
( )( ) ( ) ( )( )( ){ }

( ) , , , , , ,

                        , min , , , ,

II H Tx Sy a d fx fy d fx fy b d fx fy d fx Tx d fy Sy

c d fx fy d fx Sy d fy Tx

φ φ φ φ

φ φ

 ≤ + +
 

+
 

Then ( , )C f T  and  ( , )C f S  are nonempty.  

Further, if ,Y X z= is a coincidence point of 

,f T and S  and fz is a fixed point of f then 

(i) fz is also a fixed point of T (resp S) 

provided f  is T-weakly commuting 

at z (resp f is S -weakly commuting 
at z ),  
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(ii) fz is a common fixed point of T and 

S provided  f is T-weakly 

commuting at z and f is S -weakly 
commuting at z . 

 
Proof. Pick 0 .x Y∈  Construct two sequences  

{ }nx Y⊂  and { }ny X⊂  in the following 

manner. Since 0x Y∈  andTY fY⊂ , there exists 

a point 1x Y∈ such that  

 1 =   1 oy f x   Tx . ∈ Since SY fY⊂ , 

in view of the remark following Lemma 2.1, we 
can choose 1x Y∈∈∈∈   such that 2 2 1y fx Sx= ∈= ∈= ∈= ∈  

and  
 ( ) ( )1 2 1 2 0 1( , ) , ,d y y d fx fx H Tx Sx= ≤

 

So by using ( II )  

( )( ) ( )( )
( )( ) ( )( ) ( )( ) ( )( ) ( )( )
( )( ) ( ) ( )( ){ }
( )( ) ( )( ) ( )( ) ( )

1 2 0 1

0 1 0 1 0 1 0 0 1 1

0 1 0 1 1 0

0 1 0 1 0 1 0 1

, ,

                   , , , , ,

                    , min , , ( ,

                   , , , ,

d fx fx H Tx Sx

a d fx fx d fx fx b d fx fx d fx Tx d fx Sx

c d fx fx d fx Sx d fx Tx

a d fx fx d fx fx b d fx fx d fx fx

φ φ

φ φ φ

φ φ

φ φ

≤

 ≤ + + 

+

≤ + ( )( )
( )( ) ( )( ) ( )( ){ }
( )( ) ( )( ) ( )( ) ( ) ( )( )

1 2

0 1 0 2 1 1

0 1 0 1 0 1 0 1 1 2

( ,

                 , min , , ,

                , , , , ( , ,

d fx fx

c d fx fx d fx fx d fx fx

a d fx fx d fx fx b d fx fx d fx fx d fx fx

φ

φ φ

φ φ φ

 + 

+

 ≤ + + 

 

Hence ( )( ) ( )( ) ( )( )1 2 0 1 0 1, , ,d fx fx q d fx fx d fx fxφ φ≤  where  

  ( )( ) ( )( ) ( )( )
( )( )

0 1 0 1
0 1

0 1

, ,
,

1 ,

a d fx fx b d fx fx
q d fx fx

b d fx fx

+
=

−
  

By induction there exists nx  such that  

 2 1 2 , 0,1, 2,......n nfx Tx n+ ∈ =  

 2 2 2 1, 0,1, 2,....n nfx Sx n+ +∈ =  and  

( )( ) ( )( ) ( ) ( ) ( )1 1 1 1, , ( , ) ( , )  *n n n n n n n nd fx fx q d fx fx d fx fx d fx fxφ φ φ+ − − −≤ < . 

 

Put ( )1, ,n n nt d fx fx +=  then we have 

( ) ( ),1−< nn tt φφ  but φ is increasing, so { }nt  is 

decreasing, hence ttLim n
n

=   exists. Now we 

show 0=t , suppose that 0>t , then since q 
satisfies the property (P)  
 ( ) 0>∃ tη  such that 

( ) ( ) ( ) 10 <≤⇒<−≤ tsqtts γη , but ttn ≥  

and ,  ttLim n
n

=  so there exists no such that  

 ( )0 0 ,nn n t t n t≥ ⇒ ≤ − <  

 

Consequently ( ) ( ) 1.nq t tγ≤ <  from the 

inequality ( )*  we deduce that  
 
 ( ) ( ) ( )1 0       ,n nt t t n nφ γ φ −≤ ∀ ≥  

Hence when ∞→n  we obtain  

 ( ) ( ) ( ) ( ) ,t t t tφ γ φ φ≤ <  

this is a contradiction, so ( )1 , 0,n n
n

Lim d fx fx + =  

since, X is compact, so { }nfx  has a convergent 

subsequence which we denote by { },kfx  Let 
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k
k

fx Lim fx= , we have to show that fx  is a coincidence point of T and S. By condition ( II ).  

 

( )( ) ( )( )
( )( ) ( )( ) ( )( ) ( )( ) ( )( )
( )( ) ( )( ) ( )( ){ }
( )( ) ( )( ) ( )( )

( )( )

1

1

1

, ,

          , , , , ,

          , min , , ,

1
, , ,

2

, ,

k k

k k k k k

k k k

k k k

k k

d fx Sx H Tx Sx

a d fx fx d fx fx b d fx fx d fx Tx d fx Sx

c d fx fx d fx Sx d fx Tx

d fx fx d fx fx d fx Sx

d fx fx

φ φ

φ φ φ

φ φ

φ φ φ

φ

+

+

+

≤

 ≤ + + 

+

 < + + 

+

 

therefore taking ∞→k , we have  

 ( )( ) ( )( )1
, , ,

2
d fx Sx d fx Sxφ φ≤  hence 

( )( ), 0,d fx Sxφ =  

Consequently ( ), 0,d fx Sx =  and fx Sx∈ .  

Similarly, we can show that fx Tx∈ .  
 
Hence ( , )C f T and ( , )C f S are non-empty. 

Further, fz ffz= and  f is T-weakly commuting 

at  ( , )z C f T∈  which implies that fz Tfz∈ . So 

fz is common fixed point of f that T . The proof 

of fz   is common fixed point of f and S is 
similar. Now (ii) is immediate. 
 
Corollary 3.2 [9]. Theorem 3.1 with S T= , and 
f = identity map.  

Theorem 3.3:  Let T  and S be self-maps of a 
complete metric space ( X ,d )  and φ satisfying 

(i) and (ii). Furthermore, let a, b and c  be three 

functions from (0, ∞) into [0, 1) such that a 2b+  
and a c+  have both property (P). Suppose that T  
and S  satisfy the following condition.  

( )( ) ( )( ) ( )( )
( )( ) ( )( ) ( )( )
( )( ) ( )( ) ( )( ){ }

( ) , , ,

, , ,  

, min , , , .

III d Tx Sy a d x y d x y

b d x y d x Tx d y Sy

c d x y d y Tx d x Sy

φ φ

φ φ

φ φ

≤

 + + 

+

 

Where yx,  in X  and yx ≠ . Then  
T and S have a unique fixed point.  
 

 
Proof: Let xo be some point in X. We define  
  2 1 2 , 0,  1,  2, ...,n nx Tx n+ = =  

  2 2 2 1, 0,1,2,...,n nx Sx n+ += =  

We put ( )1: ,n n nt d x x +=  for all integer n. 

without loss of generality; we may assume that 
0>nt  for all integer n.  

Then by using (III)  
 

( ) ( )( )
( )( ) ( )( ) ( )( ) ( )( ) ( )( )

( )( ) ( )( ) ( )( ){ }

1

1 1 1 1 1

1 1 1

,

    , , , , ,

    , min , , ,

n n n

n n n n n n n n n n

n n n n n n

t d Tx Sx

a d x x d x x b d x x d x Tx d x Sx

c d x x d x Tx d x Sx

φ φ

φ φ φ

φ φ

−

− − − − −

− − −

=

 ≤ + + 

+

 

So  

 ( ) ( ) ( ) ( ) ( ) ( )1 1 1 1 .n n n n n nt a t t b t t tφ φ φ φ− − − −≤ + +    

 
Hence we obtain :  

 ( ) ( ) ( ) ( ) ( )1 1 1 . *n n n nt q t t tφ φ φ− − −≤ <  
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Where  ( ) ( ) ( )
( )1

11
1 1 −

−−
− −

+
=

n

nn
n tb

tbta
tq  

 
Since φ is increasing, { }nt  is decreasing sequence.  

 
Let  ,ttLim n

n
=  assume that t >0. Since q satisfies the property (P), then for ( )tts η<−≤0  we have 

( ) ( ) 1,q s tγ≤ <  but ttLimtt n
n

n =≥   , , so there exists n0 such that ( )0 0 nn n t t tη≥ ⇒ ≤ − < ,  

Consequently ( ) ( ) 1.nq t tγ≤ <  From equality (*), we deduce that ( ) ( ) ( )1n nt t tφ γ φ −≤  ,0nn ≥∀  

hence when ∞→n  we obtain  

 ( ) ( ) ( ) ( ),t t t tφ γ φ φ≤ <  

This is a contraction, consequently t = 0,  i.e.  
 ( )1, 0.n n

n
lim d x x + =  

If { }nx  is not Cauchy sequence there exists ,0>ε  and two sequences 

{ } ( ){ } ( ) ( ) ( )( ) , , ,m k n k n k m k m k> → ∞  as ∞→k  such that  

 ( ) ( )( ),n k m kd x x ε>   while
  ( ) ( )( )1,n k m kd x x ε− ≤ .  

 
Then we have  

 
( ) ( )( ) ( ) ( )( ) ( ) ( )( )

( )

1 1, , ,

                                    ,

k n k m k n k n k n k m k

n k

d d x x d x x d x x

t

ε

ε
− −< = ≤ +

≤ +
 

since { }nt  converge to 0, ε→kd . Furthermore, by triangular inequality, it follows that  

( )( ) ( ) ( ) 1 ( ) 1 ( ) ( ),k n k m k n k m k k n k m kd t t d x x d t t+ +− − ≤ ≤ + +  

and therefore the sequence ( ){ }( ) 1 ( ) 1,n k m kd x x+ +  converges to  .ε  

 
From (III), we also deduce.  

( ) ( )
( ) ( )

( )( ) ( ) ( )
( )( ) ( )( ) ( )( ){ }

( ) 1 ( ) 1 ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

( , ( ,

       ( , ( ,

       , ( , ( ,

      , min , , ,

n k m k n k m k

n k m k n k m k

n k m k n k n k m k m k

n k m k m k n k n k m k

d x x d Tx Sx

a d x x d x x

b d x x d x Tx d x Sx

c d x x d x Tx d x Sx

φ φ

φ

φ φ

φ φ

+ + =

≤

 + + 

+

 

                        

( ) ( ) ( ) ( )( )
( ) ( ) ( )

( ) ( )

( )      1

k k k n k m k

k k n k

a d d b d t t

c d d t

φ φ φ

φ

 ≤ + +
 

+ +
 

 Since ,  k kd dε> → ∈ and ca +  have property (P), there exists an integer ko such that  

                     ( ) ( ) ( ) ( )0 1o k k kk k d n a d c dε ε γ ε≥ → ≤ − < ⇒ + ≤ <                     (2) 

From (1) and (2) we have  
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( ) ( ) ( ) ( )( )( ) 1 ( ) 1 ( ) ( ) ( )( , ) ,n k m k k n k n k m kd x x d t t Tφ γ ε φ φ φ+ + ≤ + + +  

For all ,ok k≥  

as ,∞→k  we obtain  

 ( ) ( ) ( ) ( )φ ε γ ε φ ε φ ε≤ < .  

this is a contradiction. Hence { }nx  is a Cauchy sequence in a complete metric space, then there exists a 

point z  in X  such that nx z→  as ∞→n .  

Now we shall show that zSz = . 
 
From (III), we have  

( )( ) ( )
( ) ( )( )

( )( ) ( )( ) ( )
( )( ) ( )( ){ } ( )

1

1 1

1 1 1

1 1 1

, ,

                 , ( ,

                , , ( ,

                 , min ( ( , ), , . 3

n n

n n

n n n

n n n

d x Sz Tx Sz

a d x z d x z

b d x z d x Tx d z Sz

c d x z d x Sz d z Tx

φ φ

φ

φ φ

φ φ

−

− −

− − −

− − −

=

≤

 + + 

+

 

  Using 
2

1<b  and letting ∞→n    in (3),  

 

We have ( )( ), 0d z Szφ = and therefore ( ) 0, =Szzd ,       i.e. Sz=z 

             Similarly, it can be shown that zTz = . Hence  S  and T have a common fixed point z  in X . 
We claim that z is the unique common fixed point of T  and S . For this, we suppose that ( )zww ≠  is 

another fixed point of S  and T . Then  

 

( )( ) ( )( )
( )( ) ( )( )
( )( ) ( )( ) ( )( )
( )( ) ( )( ) ( )( ){ }

d z , w d Tz , Sw

a d z , w d z , w

b d z , w d z , Tz d w , Sw

c d z , w min d z , Sw , d w , Tz

φ φ

φ

φ φ

φ φ

=

≤

 + + 

+

 

 ( )( )wzd ,φ<  
This is a contradiction. Hence w = z  
 

Corollary 3.4 [8]. Let T  and S be self-maps on a 
complete metric space ( X ,d )and φ satisfying 
the condition (i) and (ii). Furthermore, let a, b and 
c be three decreasing maps from R+  into [0,1) 
such that  

   ( ) ( ) ( ) 12 <++ tctbta  

For every t 0> . 

          Suppose that T  and S satisfy condition 
(III). Then T  and S  have a unique fixed point in 
X .  
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العراق - البصرة  -جامعة البصرة  –كلية العلوم  –قسم الرياضيات   

 

:الملخص  

في هذا البحث حصلنا على بعض النتائج حول مبرهنات النقاط الثابتة للدوال الاحادية ومتعددة القيم في الفضـاء المتـري             

 ].9[و ] 8[, ]6[,] 5[,] 2[لقد تم توسيع وتعميم بعض النتائج المعروفة في . بواسطة تغيير المسافات بين النقاط 
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