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Abstract.

In this paper we established some results on fixed point theorems for multi-valued mappings on
a complete metric spaces by altering the distance between the points. We extend and generalized some

well-known results in[2], [5], [6], [8] and [9].
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INTRODUCTION

Delbosco [1] and Skof [12] have
established fixed point theorems for self-maps of
complete metric spaces by altering the distances
between the points with the use of map

@:[0,00) - [0,0) satisfying the following

properties:

0] ¢ is continuous and strictly increasing in
R*:

iy @t)=0ifft=

(i)  @(t)=Mt" for every t>0,u>0 are
constants.

(1) qp(d (Tx ,Ty)) <

Khan et al. [5] gave the following theorem,
Theorem K: Let T be a sdf-map of a complete

metric space (X,d) and ¢ satisfying (i) and (ii).
Furthermore, Let a, b, ¢ be three decreasing maps
from R" into [0,1) such that

a(t) + 2b(t) +

For every t > 0.

clt)<1

Suppose that T satisfies the following condition

a(d (x,y))e(d (x,y))+b(d (x,y))[ ¢(d (x.Tx)) +¢(d (v.Ty))]

+c(d (x,y))minf{g(d (y.Tx)).¢(d (x,Ty))}

Where X,y inX and X# Y. Then T hasaunique
fixed point.

In this paper we shall establish a common fixed
point theorem for a pair of multi-valued mappings
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T and S and a single valued mapping which
satisfies the contractive definition corresponding
to(l).
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2.Basic Preliminaries

We genealy follow the definitions and
notations used in [3], [10] and [11]. Given a
metric space (X, d), let (CL(X), H) and (C(X), H)
denote respectively the hyperspaces of non-empty
closed and non-empty compact subsets of X,
wherein H is the Hausdorff metric inducted by d.
Throughout, d(A, B) will denote the ordinary
distance between subsets A and B of X and d(x, B)
will stand for d(A, B) when A is singleton {x}.
Further, let Y be an arbitrary non-empty set and
C(f, T)={u: full Tu}, the collection of
coincidence points of the maps f :Y - X and
T:Y = CL(X).

We shall use the following lemma and definitions.

Lemma 2.1[6]. Let A, B are two compact subset
of a metric space, then for all X[ A there exists

yOB suchthat d(x,y)<H (A B).

Definition 2.2 [2]. A map ¢ :[0,00) — [0,D) will
be said to have property (p) if for every t >0,
there exists n(t) > 0 such that

0<S-t<n(t) - ¢(s)< pt) <1

Definition 2.3 [Itoh and Takahashi [ 7 ]. The
maps T:X — CL(X)collection of al closed

subsetsof X and f : X - X arelT-commuting
atapoint vi1 X if fTvOTiv.

Definition 2.4 [3] Le¢ T:X - CB(X). The
map f:X - Xis sad to be T-weakly
commuting at X[ X if fixOTfx

Here we remark that for hybrid pairs (f,T) (IT)-
commuting at the coincidence points implies that

f is T-weakly commuting but the converse is not
truein general.

Example 2.5[3Let X =[1,00) withtheusual
metric, Define f: X - X, T: X - CB(X)
by fx=2x and Tx=[12x+1] foral xOX
then for all

xO X, txOTx, fix =4x0[L 4x+1] =T, fTx=[2,4x+ 2] O TiX therefore f is T —weakly

commuting but not |'T — commuting.

3. Our Main Results

Theorem 3.1 Let ( X,d) be a compact metric
space, T,S:Y - CL(X),f:Y - X such that

TY O fY and SYofy,p:R" - R'is
continuous and strictly increasing such that

(1) ¢(H (T« sy))<a(d( fy))p(d(fx ) +
+c(d( fx, fy))min{{p(d(fx, Y).@

Then C(f,T) and C(f,S) are nonempty.

Further, if Y =X, zis a coincidence point of
f,Tand S and fzisafixed point of f then

38

{p(O) =0 and Let a b and c be three maps from

R" into [0,1) such that a+2b satisfies the
property (P), and,

b(d (x, fy))[ ¢(d ( B.Tx)+¢(d(fy,S)))]

(d(1y. 7))},

(i) fzis adso a fixed point of T (resp )
provided f is T-weakly commuting
at Z(resp fis S-weakly commuting
az),
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(ii) fzis a common fixed point of T and
Sprovided fis  T-weakly
commuting at Zand fis S-weakly
commutingat Z.

Proof. PickX, Y. Construct two segquences
{x}0OY and {y}OX in the following

manner. Since X, LY andTY O fY, there exists
apoint X, LY such that

yi= fxq O Txy. SinceSY O fY,
in view of the remark following Lemma 2.1, we
can choose X; Y  such that y, = fx, 0SX;
and

d(y,. Y,) =d(fx, fx,) < H (Tx,, S¢)

Soby using (11 )
o(d (1, ) < o(H (T, X))
<a(d(fx, fx))o(d (B, ) +b(d (B, ) ol (. Tx,)) + ol (1, %)) ]
+c(d( fx,, fxl))mln{w fx0 S(1 p(d(fx, Txo))}
ol ). ) e ) e ) o )]
(d(fx0 fxl) m{w fx0 fx,)), o(d( fx, fxl))}
<a(d( fx, fx) )¢(o|(fx0 fx )+ ( fx0 ix,))[ @(d (%, x) +@(d(fx, fx,))],
Hence ¢(d ( fx, fx,)) < a(d( ;. fx))@(d( fx,, fx)) where
a(d (fxo fx)) +b(d (. x))
a0 Be)) == B, )
By induction there exists X, such that
%0 OTX,,,N=0,12,......
%, 0%,.,.,n=0,12,.... and

o(d (fx,.fx,..)) <a(d (fx,

then we have

Put  t,=d(fx, fX..),
(p(tn)<(p(tn_1), but ¢ is increasing, so {tn} is
decreasing, hence Limt, =t exists. Now we
show t =0, suppose that t>0, then since q
satisfies the property (P)

D/](t) >0 such that
O<s-t<nt)=q(s)< pMt) <1, but t, >t
and Lim t, =t, sothere exists n,such that

n

nzn,=0<t, ~t<n(t),
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_1afxn))§0( d(fxn—l’fxn) )<§0( d(fxn—l’fxn) ) (*)

Consequently ¢ (t,)<y(t)<1. from the
ineguality (*) we deduce that
o(t.)sv(t)e(t,) Onzn,

Hencewhen n — oo weobtain
y(t) oft) <ef(t),

thisis a contradiction, so Limd ( fx,, fx,,,) =

g(t) <

since, X is compact, so {fx,} has a convergent
subsequence which we denote by {fx,}, Let

39
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fx = Lim fx., we have to show that fx is a coincidence point of T and S. By condition (11 ).

o(d (e, )) < ¢(H (Tx, )
sa( (ka,fx)) ¢( (ka,fx))+b(d(ka,fX))[w(d(ka,TXk))+¢(d(fX’S<))]

+c(d (X, fx)) min{ (d ( ka,S<)),¢(d ( fx,Txk))}

d( fx,, fx)) +%[ (%, ) +@(d (%, 5X)) ]
( (D6 ™).
thereforetaking k — oo, we have of fz is common fixed point of f and Sis
{p(d(fx, S())S%{p(d(fX,S()), hence similar. Now (ii) isimmediate.
qo(d ( X, S()) -0, Coro.llary. 3.2 [9]. Theorem 3.1 with S=T , and
f = identity map.
Consequently d ( fx, ) =0, and fx[OX.
Similarly, we can show that fxTX. Theorem 3.3: Let T and S be self-maps of a
complete metric space ( X,d) and ¢ satisfying
Hence C(f,T)and C(f,S) arenon-empty. (i) and (ii). Furthermore, let @, b and ¢ bethree

functions from (0, «) into [0, 1) such that a+2b
Further, fz= ffzand f is T-weakly commuting and a+c have both property (P). Supposethat T
a zOC(f,T) which implies that fz[OTfz. So  and S satisfy the following condition.

fzis common fixed point of f that T . The proof

() ¢(d(Tx, sy))<a(d(x, y))e(d(x.y))
+b(d (x, y))[o(d (x, Tx)) +¢(d (v, sv))]
+c(d (x, y))min{(p(d (v.Tx)). ¢(d (x, &/))}

Where X,y in X and X# Y. Then Xopss =Xoney N=012,...,

T and Shave a unique fixed point. We put t : :d(xn, Xn+l) for al integer n.

without loss of generality; we may assume that
t, >0 for all integer n.
Then by using (111)

Proof: Let x, be some point in X. We define
Xony =TX,,, N=0,1 2, ...,

olt,) = {p(d (™0r SX, ))

o(t,) < a(ty1) @lto1) *+ bt 2ltor) + 0t,)]
Hence weobtain :

o(t,) <d(te.) oltes) <oltos)- (%)

40
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t )+
Where q(tn—l):%
n-1

Since gisincreasing, {tn} is decreasing sequence.

Let Limt, =t, assume that t >0. Since q satisfies the property (P), then for 0< s—t </7(t) we have
n
q(s)<y(t) <1 butt,>t, Limt, =t, sothereexistsnosuchthat n = n, = 0< t, -t <7(t),
n

Consequently q(t,) < y(t) <1. From equality (*), we deduce that ¢(t,) < y(t)e(t,.) On=n,,
hencewhen n — oo weobtain

ot) < v(t)e(t) <golt).
Thisis a contraction, consequentlyt =0, i.e
I|md(x X ) = 0.

If {xn} is not Cauchy sequence there exists &£>0, and two sequences
{m@)} {n(k)}, n(k)>m(k), m(k) - o ask - o suchthat
d(xn(k), xm(k)) > & while d(xn(k)_l, xm(k))s,s.

Then we have
£ <dy =d (X, Xng) £ (a0 o) + 9 (Koo Xngo)
<t,u) * &
since {tn} convergeto 0, d, — &. Furthermore, by triangular inequality, it follows that
e oo ~tmgo S 9 (Xagemr Xmgoen) S G * tagy o

and therefore the sequence {d (x convergesto &.

n(k)+1? Xm(k)+l)}

From (111), we also deduce.

W(d (X (ks Xm(k)+l) = @ d (X, ). SXm(k))
d(xn(k) m(k)) (d(xn(k) m(k))

o

<a(
+ ( Xnkyr Xmk) [ d(xn(k) Txn(k))+ w(d(xm(k) Sxm(k))]
+c( mln{ ( m(k)’TXn(k)))’ w(d (Xn(k)’ Sxm(k)))}

[w(tn(k) + (p(tm(k))ﬂ

Xnw)r Xmk) )
<a(d,)e(d,) +b(d,)

+C(dk)¢(dk + n(k)) (1)
Sinced, > &, d, - Oand a+c haveproperty (P), there exists an integer k, such that
kzk, - 0<d, —e<n(e) = a(d,) +c(d,) < y(e) <1 2)
From (1) and (2) we have
4
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Co(d (Xn(k)+l’ Xm(k)+1)) S V(5)¢(dk lg t 40( n(k)) + 40( m(k)))’
Foral k 2k,
as k — oo, weobtain

o(e) < y(e) o(e) < ole).
this is a contradiction. Hence {Xn} is a Cauchy sequence in a complete metric space, then there exists a

point Z in X suchthat X, — Z asn - .
Now we shall show that Sz = z.

From (111), we have

4”(d(xn152)) 1% 4 52)
<a(d (x,1.2) ¢(d (x4, 2))
+b(d (X1, 2))[ (d (X010, TXo1)) + #(d (2, S2)
+c(d (X, 2))min {qa(d(x 1. S2), ¢(d (z,Txn_l))}. (3)

Using b<% andletting n — o in(3),

Wehave ¢( d(z, Sz)) = Oand therefore d(z,S2) =0,  i.e Sz=z

Similarly, it can be shown that Tz = z. Hence S and T have a common fixed point Z in X .
We claim that z is the unique common fixed point of T and S. For this, we suppose that W(W?f z) is
another fixed point of S and T . Then

o(d(z.w)) = ¢(d (Tz, Sw))
<a(d(z,w)) ¢(d (z,w))
+b(d(z,w))[¢(d(z,T2))+ ¢(d (w, Sw))]

+c( d(z,w))min{ w( d(z, S\N)),w(d (W,TZ))}

<gld(z,w))

Thisis a contradiction. Hence w = z at)+2b(t)+cft) <1
Corollary 3.4 [8]. Let T and S be self-maps on a For every 1>0.
complete metric space ( X,d)and ¢ satisfying Suppose that T and Ssatisfy condition
the condition (i) and (ii). Furthermore, let a, b and (I1). Then T and S have a unique fixed point in
¢ be three decreasing maps from R into [0,1) X.
such that
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