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Abstract:

In this paper we study one of the sixteen classatmost Hermitian manifold, which is
the almost Kahler manifold. We found its structwguation and the components of its
Reimannian curvture tensor and then we provedahatlmost Kahler manifold is parakahler
manifold (of clas$z,) if and only if it is Kahler manifold.
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Introduction:

Almost Hermitian manifold AH-manifold) is one of the most important subjectshef
differential geometry for the applications of thenthesis of the differential geometrical
structure. Conclusions, which were behind the stofdpH-manifold, were found in many
mathematical and theoretical physics aspects, asclKéhler manifold which is highly
involved for the teaching of differential geometglgebraic geometry , theory of Lie

groups and topology. For that importance, the grobbf classification of
different kinds ofAH-manifold according to its manipulations came te fbof.

First attempts were done by Koto [1611®60, who found a relationship which was
considered as an entry to manifold, and it was atrsonilar to Kéhler manifold. In 1965
Gray [6] found an extreme method to build certaiamples fromAH-manifold and so on,
the studies continued until 1980~hen the most important research appeared by &ra
Hervela [9]. In this research they found an impuairtgay to classifyAH-manifold, they found
the action of unitary groug) (n)) on the space of all tensors of ty(0f, where this action
is irreducible, such that this space decomposethendirect
sum of four irreducible spaces ; thereforbe diven action olJ(n) define invariant
subspaces of the space of tensor of {@).

We have noticed most of the studies & thbject were done by the language of
invariant Koszul [15], but the object will be maosaitable if it is studied by the method of
adjoint G-structure (i.e. the new methodology of exteriornis by Kartan [11]). In this
method the geometrical behaviorsAdf-manifold have not been tested on manifold itdmif,
tested orG-structure space which is linked with this manifol@his method pays attention to
the physical geometrical behaviors of this manifdltien, there was the Russian researcher,
V. F. Kirichinko , who did a big change of this du,when he found two new tensors
,namely, structure and virtual tensors [12], whitlowed the researchers to study different
kinds of AH-manifold . In 1993, Banaru, the Kirichinko’s stuig1] and [2] succeeded
through his Ph.Dthesis to classify th&6 classes oAH-manifold using the two tensors of
Kirichinko which were named the Kirichinko’s tensor

In this study we will consider one okthasic and important class AH-manifold
namely almost Kéahler manifold\K- manifold), by using the Kirichinko’s tensors.
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1- Almost Hermitian manifold

LetM be an 2n- dimensional smooth manifoldC*(M) be algebra of smooth
functions onM, X(M) be Lie algebra of vector fields &. Denote by[to the Riemannian
connection of metric g. Let be the exterior differentiation.

Definition 1.1 [7]
Almost Hermitian structure (in shoAH — structure) onM is a pair of tensors
{ J,g=<.,.> } whereJ is an almost complex structure amgg=<.,.> is a Riemannian

metric, such thak JX,JY >=< X,Y >, X,Y O X (M)

Definition 1.2 [2], [8]
A smooth manifoldM with AH-structure is called an almost Hermitian manifofdH¢
manifold).

Remark:

It is known [3], [4] and [5] that the seiyi of an almost Hermitian structure &h
equivalent to the setting of@& structure in the principle fiber bundle of allmplex frames
of manifold M which containsG- structure, that is the unitary grotj{n), and thisU(n) is
called an adjoinG- structure.

In the space of the adjoi@- structure, the following forms define matricesievh give
components of tensor fieldsandJ:

L) o 8]

where | is a unit matrix of orden .

SinceJ andg are tensors of type (1,1) and (2,0) respectividslgn their components in the
space of the fiber bundle of all complex framess$saequations [6]:

1)dJ'+JJ ch( ija)

2)dg; + gy <+ gikwj = 0 (1.2)

where {w}{wj} are components of mixtures form and Riemanniannection [

respectively,{J},k} , {gij'k} are components of differential covariant of tessbrandg in this

connection respectively.
Since in the Riemannian connection we haige=0 then Og;, =0

Definition 1.3 [13]
Suppose tha¥l is a smooth manifold. The Exterior algebxéxX(M)) denoted by
A(M), which is called Grassman algebra of smooth mahifd| and its elements are

called differential forms.

Theorem 1.1 [13]
Suppose tha¥l is smooth manifold, then there exist a unif#enear mapping: with

the following propertiesd : A(M) — A(M)
1. d(A (M ))?/\Hl('\/')

2. df(X)=x(f)foco(m),xOx(m)
3. d’=d.d=0.
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4. d@Aw)=danw +(-1) aAda, g OA, (M), @, OAM)
Where d is called an operator of exterior differentiation.
Remark:
Assume that the values of indi¢g& are in the range 1 ®n and the values of indices
a,b,cin the range 1 to. Leta=a+n.
In the G- structure space, the first and second groupdrottsre equation of Riemannian
connection are given as the following:

1- dw = o O
2-dw' =w! Aw" 1 R A
i k 9 Kl

The first group can be written by [13]:
do? = «f 0o + B« D, + B**w, Dw,

(1.3)
dw, =-of O, +BSw, 0o + B, o Oaf
abc \/__1 a _ _1 a
where B** = - g 7 Bawe =5 Iy
Ba*;:__ “_]‘J? : Bab‘::;lJ:é
2 b,c 2 ’

The bracket [ ] refers to the alternative.
The tensorsB**,B,,. and B® ,B,S are called Kirihenko's tensors and are denoted by

(KS) and KV) respectively [2].

2- Almost Kahler manifold

Definition 2.1 [1]

Let M?" be an almost Hermitian manifold wikH-structure{J,g = <*, >} and let O
be a Riemannian connection of the megidAH-structure is called almost Kahler structure
(AK-structure) if the fundamental form Q (X,Y)= < X, JY> is closed.

That meanslQ=0 < d(w,Aw*)=0

Theorem 2.1
The total group of structure equation of almostrhigan manifold is:

1L do*=wiNa +B™ A,
2. dw, =-w’ N, +B,, o Nof
3 dwl=wiAw +BC o Nw, +BL, o’ N’ +(AS +2B*"B,,,) & Aw,
4 - dB® = Bab&: o + B w, + gbe w3 + gadc wg + B2 WS
Where B** and B, are KS) tensors of type3,0) and 0,3) respectively anc{ ag} are the

system of functions in the adjoi@t-structure space which are symmetrized by the lcamer
upper indices.

Proof:
According to the definition 2.1 we hawfd= ©Dd(w,Aw") =0
Then we get:
do,Nw* - w,Ndw® =0 (2.1)
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By using equations (1.3) we get:

~ W NGNS + By NP + By PASFNS

- WAWNS - B N A, - B™™ wAyAw,) =0
According to linearly independent of the basis fenve get:
B;" =B;,=0,B" = Biang =0

Therefore the class of almost Kahler manifold Inesfollowing properties which are
found by Kirichenko [12 ]:

’B:b = B;b = 01 B[abc] = aabc] =O

where B® and B** are KV) and KS) tensors respectively , then the first group hef t
structure equation of almost Kahler manifold in #ugointG-structure space has the forms:
1 de’=wi N +B*™qy Aw,
(22) By
2.dw, = - Aw, + B, WPNSf
differentiation (2.2:1) we get:
d’ w0’ =dwi N’ -w2 Nda + dB™ w, A w,
+B*°d (w, A w,)

According to theorem 1.1 and using relations (2@)get:
O=dw N’ - N(w? N +B* " ay Aw,) +dB™ oy, A w,

+B* (daw, Aw, + wNdw,)
then we obtain:
(dwd -wiNw -2B*"B., . A" )N +
(dBabc _ Babd wg _ Bdbc w; _ Badc wg)/\a)nl\a)c =0
Denote byA w? =dw? - wi A wS -2B*" B, 4, w, N\
A Babc - dBabc _ Bdbc ws _ Badc wg _ Babd w(ij And
then we can write the equation (2.3) as the folimform:

AWl N +AB™ A N\ w,=0 (2.4)

The 2-form Aw? can be written by the basis @fform space:
{a)ba/\a);’, wj/\w",wj/\a)c,af/\wb,af/\wn,wa/\wn}
and the 1-form AB®* can be written by the basis dtform space:
{a)ba, o ,a)a}
Then we can writeAw? and AB** as the linear combination of the last two kinfibases
such that:

a — adf
Aw, = A,

(2.3)

ad
cf

WENWI+AS WA + A WS Nw, + A, o N’
+ AN, + A W, N w,
ABabc: Babc? wdf + Babcd wd + Bab((:jwd

then equation (2.3) will be the following form:
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2 WS AW N + A w N N + A wE Nw, o +

cg cf
Ay NSNS +HA S NN+ N Ny, Ao +
B w) Ay N, +B* o ANy N +B™ g, Ay A, =0
Since these bases are linearly independent, we get:
ol 0 =0, b/c/f] =0, Ax =0, Al =0, Ay =0
A{;ﬂcd - ledc, B?bcd =0, Ba[bcd] -0
This implies
Awi=Ag WA + Ay o N + Ay o Ao, + A o, AN,
ABabc - ngc wd + Babcd wd
By the same way, by differentiation (2.2: 2) we get
=0, Aacd = B:gcd » Batbeay =0, ngch=01
A =0 A% =-2(8 B+ 5B,
ThenAw? =B w, A w, +B>, o A + A2 . \ o
and Aw? =B, o N’ +B2  w N w, + AS o N w,
But we haveAw? =dw? - w2 A w -2B*"B,,, o' A w,
andAw? =dw? + w? Aw: -2B" "B, _, o A,
Then we get:
dwl=wiNw+B* gNw, +Bl o’ N’ +(AS+2B*"B,, ) Aw,

dw? =—wdNwd+BX* oA w, +(A% +2B*"B, ) @’ Aw, - B

and also we havaB,,.=B

a

acd
d d
bed w + Babc
— d
ABabc - dbabc + Bdbc wa + Badc wb + Babd wc
Therefore, we obtain:
_ d d d
dB Babcd o + Babc Bdbc C‘) -B adc Wy ~ Babd W,
and by the same way we obtain:
dBabc - Bac?c Cc)d + Babcd wd + Bdbc wg + Badca)g + Babd wg

Definition 2.2: [5]

WA

(2.5)

(2.6)

2.7)

(2.8)

(2.9)

The components of the curvature tensorR®ieanannian connection satisfy the following

identities:
1. Rkl = _lek
2. % R:d =0

(ikl)

3. R =Ry
4. Ry = Ry;
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Theorem 2.2

The components of Riemannian curvature tensor wibst Kahler manifold in the
adjointG- structure space are:

1. R:,=2B%, 2.R% =4B%"B,,-A°-2B*"B,,

3. R, =AY +2B*"B,, ~4B“"B,, 4.R%, =2B3
5. R =-2B, 6.R% =A% +2B"" B, ~4B,,, B*"
7. R =4B™B,,-AY-2B""B,, 8.R,=-B"}
9. R =4B"™B,, 10. R, = - 2B§™

11. R:. =2B%" 12R2. = -4B/9%

13, Ry = 4By 14. R:, =2B_¢

15 R, =-2B,5 16R%, =4B"' B,

Proof:

Consider the second group of the structure equatioconnection in Riemannian
manifold:

dw! =a, Aw! +2 R,y f A o
2 ]

In the adjointG-structure space we haver; = w®=-

V-1 .. a al

:_T(JB’h o' +32:@,); B =0
:2_\/2_1 Jhtab] @, :\/__]_Jh [ab] @, :\/?'Jab,hc%
= 2 Bhab %
Then we get:
w ab :2 Bhab a)h ’
b h (2.10)
wa :wab ZZBhab w
And WAwW! = WAW]
WA = wNw)

= 4B“"B,,, &' A\w, =2B“"WA2B,

Then we can compute the components of Riemannian curvatuoe itetise adjoinG-
structure space:
1. Leti=a,j= b, then

dwjzwf/\wk‘ﬁ%Rjkl W\
—_ a/\ Cc a/\ ¢ 1 a C/\ d 1Ra /\ Ra /\ d
=W NW, rwW N\Wy +5Rbcdw w +§ bfﬁwc W, + Ry N\w

a l a l a C
RY, AW = B R, WA S R .’ A,
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=1 R%, WA +% R, w. A’

By using equation (2.10) we get:

dwl=wiAwi+4B“"B,,, ' \w, +% R:, &' N +R: o' Aw, +% R wA\w,
On the other hand in theorem 2.2 we have:

dwl=wiNw+(AS+2B*"B, )" Aw, +B, o Ao +BX* w, A\ w,

By comparring these equations we get:

a. Rui=2Bnq b. Ry, =4 Be" Baon ~ Ava -2B*" Brid

c. R =AY+2B*"B, -4B*“"B,, d. R =2B}"

~

2. Leti =4, j=b
thendw? = wi Aw + wi Aw! +% R WA + % RE.wAw, + R .o A,
butda)g1 =dw? ,then byusing (2.10) we get:
1 4 5 1 4

b _ cbh . d a C d a d a
dw, =4B,,,B™" /\a)c+§ R, WAW +R, o N, + ER%& w. N\ w,
By comparring this equation with equation (2.7) get:

—wPANwS +BX g\ w, +(AS+2B™"B, ) o Aw, - B, N =

=4B,, B®" o’ /\wc+%Rscd W N +RE W' N, +:—2LR§O& w, \w,

Then we get:
a. R® =-2B, b. R =A¥+2B"" B, ,~4B,,B""
c. R.=4B™B,,~AY-2B""B,, d. R}, =-B™}
3. Leti=a, j =b then:
dow? = wd Awf +wi Now? +% R WA + %Rgaaa)cAwd +R. WA, butdw? = dw®
then by using (2.10) we get:
dwab:wfl\ZBtha)h+%R§Cd W N\ o +%R§aci W, Ny +RE o N,
On the other hand we havwe® = 2B*°«, , then by using the exterior differentiation

we get:
dw® =2dB*° A @, +2B*° Adaw,

=2B"™ w’ AN, +2B™ w2 Aw, +2B“" w;} N w,

+2B0 8 A, +2B19%09) 4y A, - 2890 oof Ay +2B%PB et A

Then, by comparring the bases we get:
a. R® =4B"B,, b. R} =-2Bf®

a _ dab a _ _aplcabd]
c. R: = 28" d.R:. =-4B
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By the same way ifi =a, j =b, and by using (2.10), thedw,, is the conjugate of
dw® and we can finddw,, by differentiation of w,, = 2B, «f , then we get:
dw,, =2dB_ A&’ + 2B_ AdoSf
= 2B, ., WA\’ + 2B, wi\w, + 2B wi\w,
+2&£%A%+2%WMMA%—2&#ﬁAd
+ ZBcabBCbhwd/\a%
By comparring the bases from the two equations &te g
a R = 4By P R =2 By
c. R.=-2B,¢ d. R:.=4B" B,

3- Almost kahler manifold of class R,

Definition 3.1 [14]
The Riemannian curvature tenBofor M is 4-covariant tensor:

R: Tp(M) x To(M) X To(M) X To(M) = R which defined by:

R(X1, X2, X3, X4) = g (R(Xe, Xa) X, X4).

X;OT,(M),i=1...4 and satisfies the following properties:

1. RO X, Xa, Xa) == R 0%, Xq, Xa, X4)

2' R(K!XZ!)%! )<4) =- R (>§. H XZ! X4! )%)
3' R()ﬁaXZa)QSa )<4) +R (Xl ) >(3! x4! XZ) + R(Xl,X4,X2, )%) = O
4' R(K!XZ!)%! )<4) = R ()<2 H Xl! x4! )%)

WhereX; OT, (M) 0Oi =1...4

A. Gray [9] defined three special classeg\6F manifolds, which are defined by the
following:
1. ClassR if <R(X,Y)Z, W>=<R (JXJY)Z W>
2. ClassR, if <R(X,Y) ZW>=<RIJX,JY ZW> + <R(IX,Y) IZW>

+ R(IX,Y) ZIW>

3.Class R, if <R(X,Y)Z, W>=<R (IJX,JY) JZ, JW >0 X,Y,ZLOX(M).
A. Gray [8] proved that for randoAH-manifold, the relation among them is
ROROR; .

The manifold of classR is called parakKahler manifold [17 ]. The manifolticlassR,
has been studied by the narR&-manifold [18].

The main result in this section is to find the cbind by which the almost Kéhler
manifold is paraKahler manifold (The manifold ofast R ). We need the following
propositions:

Proposition 3.1 [10]

An almost Hermition manifold is the manifold of staR, if and only if in the adjoint
G-structure space we haw, =R, ;=R =0.
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Proposition 3.2 [2]

Let M be arandomAH-manfiold, thenAH-structure {J,g =<., >} is:
1. Almost Kéhler structure if and only if B2 =B¢, =0, B**=R,,,=0

2. Kahler structure if and only if B*®=B¢,=0,B**=B,,.=0.

Theorem 3.1
Almost Kahler manifoldM is paraKahler manifold if and onliyl is K&éhler manifold.

Pr oof:

Suppose thaMM is an arbitrary almost Hermitian manifold.
By the proposition (3.1) we have an almost Hermitieanifold is paraKahler
manifold if and only if in the adjoirB-structure space we have:

Ribea = Rivea =Ry =0
Suppose now thaM is almost Kahler manifold, then by the theorei2)2ve get:
4B"™‘B, . = 0. This meansB"“B, , = 0.

By folding this equation bya and ¢ we get:
B"’B,,, =0

and folding the last equation bip and d we get:
B"**Bhap = 0

According to the complex conjugate we obtained:
h%%b‘ Bhab|2 =0 = B,,=0

Then by the proposition (3.2) we get tha#l is Kahler manifold.
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