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                  A simple Bayesian approach to repeated measurement model which has only one Within
                      units factor and one between units factor incorporating univariate random effects as well 
as the experimental error term.  is described using Markov Chain Monte Carlo(MCMC). Bayesian 
approach is employed to making inferences on the one- way repeated measurements  model.   

1. Introduction
In the Bayesian approach to inference, all 

unknown quantities contained in a probability 
model for the observed data are treated as 
random variables. Specifically, the fixed but 
unknown parameters are viewed as random 
variables under the Bayesian approach. 
Bayesian techniques based on Markov chain 
Monte Carlo provide what we believe to be the 
most satisfactory approach to fitting complex 
models as well as the direction that model is 
most likely to take in the future 
[3],[4],[5],[6],[8],[10],[11] .

Repeated measurements is a term used to 
describe data in which the response variable 
for each experimental units is observed on 
multiple occasions and possible under different 
experimental conditions . Repeated measures 
data is a common form of multivariate data, 
and linear models with correlated error which 
are widely used in modeling repeated measures 
data. Repeated measures is a common data 
structure with multiple measurements on a 
single unit repeated over time. Multivariate 
linear models with correlated errors have been 
accepted as one of the primary modeling 
methods for repeated measures data [1],[2] 
,[7],[9] .   

In this paper, we consider the linear one-
way repeated measurements model which has 
only one within units factor and one between 
units factor incorporating univariate random 
effects as well as the experimental error term.
Inferences about the parameters of the model 
such as it is estimation and estimation error as 
well as model checking are of interest.

2.Repeated Measurements Model and 
Prior Distribution

Consider the model
 yijk = μ + τj + δi(j) + γk + (τγ)jk + eijk       (1)

Where 

i=1,…., n  is an index for experimental unit 
within group j ,

j=1,…,q  is an index for levels of the between-
units factor (Group) ,

k=1,…,p  is an index for levels of the within-
units factor (Time) ,

yijk is the response measurement at time k for 
unit i within group j,    

µ       is the overall mean ,

τj is the added effect for treatment group j ,

δi(j) is the random effect for due to 
experimental unit i within treatment group j , 
𝛾𝛾𝛾𝛾𝑘𝑘𝑘𝑘 is the added effect for time k ,

(τγ)jk is the added effect for the group j × time 
k interaction ,

eijk is the random error on time k for unit i 
within group j ,

For the parameterization to be of full rank, 
we imposed the following set of conditions

∑ τj=0
q
j=1       ,       ∑ γk=0

p
k=1      ,      

∑ (τγ)jk =0
q
j=1               for each k=1,…,p                       

∑ (τγ)jk =0
p
k=1              for each j=1,…,q 

   And we assumed that the eijk  and δi(j) are indepndent with                                                  
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    eijk      ~   i.i.d    N (0,σe
2) ,       

δi(j)     ~   i.i.d    N �0,σδ
2�                                       (2)                                                 

Sum of squares due to groups, 
subjects(group), time, group*time and 
residuals are then defined respectively as
follows:

SSG = np∑ �y.j. − y…�
2q

j=1 ,                  

 SSU(G) = p∑ ∑ (yij . − y.j.)
2q

j=1
n
i=1

SStime = nq∑ �y..k − y…�
2p

k=1 ,
    
 SSG×time

= n∑ ∑ (y.jk − y.j. − y..k +p
k=1

q
j=1

y…)2

SSE = ∑ ∑ ∑ (yijk − y�.jk − y�ij . + y�.j.)2p
k=1

q
j=1

n
i=1

Where

y… =
∑ ∑ ∑ yijk

p
k =1

q
j=1

n
i=1

nqp
   is the overall mean.

y.j.  =
∑ ∑ yijk

p
k =1

n
i=1

np
   is the mean for group j

    

yij . =
∑ yijk

p
k =1

p
  is the mean for the ith  subject

 in group j.

y..k =
∑ ∑ yijk

q
j=1

n
i=1

nq
   is the mean for time k.

y.jk =
∑ yijk

n
i=1

n
 is the mean for group j at 

time k.
Table1:ANOVA table for one-way Repeated 

measures model

EE((MMSS))MMSSSSSSdd..ff
SSoouurrccee ooff

vvaarriiaattiioonn

np
(q − 1)

� τj
2 + pσδ2 + σe

2

q

j=1

SSG

q − 1SSGq − 1Group

pσδ2 + σe
2SSU(G)

q(n − 1)
SSU(G)q(n− 1)

Unit 

(Group)

nq
(p − 1)

� γk
2 + σe

2

p

k=1

SStime

p − 1SStimep − 1Time

n
(p − 1)(q − 1)

��(τγ)jk
2

p

k=1

q

j=1

+ σe
2

SSG×time

(q − 1)(p − 1)SSG×time(q − 1)(p − 1)
Group*Tim

e

σe
2SSE

q(p − 1)(n− 1)SSEq(p − 1)(n− 1)Residual

We assume that the prior distribution on one-
way repeated measurements model coefficients 
as following                          

μ ~ N�0, σμ2�            ,      τj  ~ N(0, στ2) ,      
γk  ~ N�0, σγ2�              ,     (τγ)jk ~ N(0, σ(τγ)

2 )
σδ2 ~ IG(αδ, βδ) , σe

2 ~ IG(αe , βe) (3)

3.Posterior Calculation
The likelihood function for the model (1) 

can derive as follows  
L�y�μ, τj , δij , γk , (τγ)jk , σδ2, σe

2� ∝

∏ ∏ ∏ 1

�2πσe
2

p
k=1   q

j=1
n
i=1  exp �

−(yijk −μ−τj−δij−γk−(τγ)jk )2

2σe
2 �

→ L�y�μ, τj , δi(j), γk, (τγ)jk ,σδ2, σe
2� ∝

�2π(σe
2)�−

nqp
2 ×

  exp �
−∑ ∑ ∑ (yijk −μ−τj−δi(j)−γk−(τγ)jk )2p

k =1
q
j=1

n
i=1

2σe
2 � 

since 

∑ ∑ ∑ (yijk − μ− τj − δi(j) − γk −
p
k=1

q
j=1

n
i=1

(τγ)jk )2 = ∑ ∑ ∑ [yijk + yi.k − yi.k +p
k=1

q
j=1

n
i=1

y..k − y..k + yij . − yij . + yi.. − yi.. − μ− τj −
δi(j) − γk − (τγ)jk ]2

= ∑ ∑ ∑ �(yijk − μ)2 + (yi.k − τj)2 +p
k=1

q
j=1

n
i=1

(y..k − δi(j))2 + (yij . − γk)2 + (yi.. − (τγ)jk )2 −
(yi.k + y..k + yij . + yi..)2� . Then

L�y�μ, τj , δi(j), γk, (τγ)jk , σδ2, σe
2� ∝

�2π(σe
2)�−

nqp
2 exp⁡[−

∑ ∑ ∑ �yijk −μ�
p
k =1

q
j=1

n
i=1

2

2�σe
2�

−

∑ ∑ ∑ �yi .k−τj�
p
k =1

q
j=1

n
i=1

2

2�σe
2�

−
∑ ∑ ∑ �y..k−δi(j)�

p
k =1

q
j=1

n
i=1

2

2�σe
2�

−
∑ ∑ ∑ �yij .−γk�

p
k =1

q
j=1

n
i=1

2

2�σe
2�

−
∑ ∑ ∑ (yi..−(τγ)jk )p

k =1
q
j=1

n
i=1

2

2(σe
2)

+
∑ ∑ ∑ (yi .k +y..k +yij .+yi..)

p
k =1

q
j=1

n
i=1

2

2(σe
2)

]              (4)                                     

Then we have the posterior density of one-
way repeated measurements model coefficients 
and the variances  (σe

2) and (σδ2) as follows 

π1�μ�τj , δi(j), γk , (τγ)jk , σδ2, σe
2� ∝

L�y�μ, τj , δi(j), γk, (τγ)jk , σδ2, σe
2� π0(μ),

where π0 and π1 represents prior and posterior 
density respectively, then

The posterior of 𝜇𝜇𝜇𝜇 is μ|τj , δi(j), γk , (τγ)jk , σδ2, σe
2
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π1�μ�τj , δi(j), γk , (τγ)jk , σδ2, σe
2� ∝

 �2π(σe
2)�−

nqp
2 exp⁡[−

∑ ∑ ∑ �yijk −μ�
p
k =1

q
j=1

n
i=1

2

2�σe
2�

−

∑ ∑ ∑ �yi .k−τj�
p
k =1

q
j=1

n
i=1

2

2�σe
2�

–
∑ ∑ ∑ �y..k−δi(j)�

p
k =1

q
j=1

n
i=1

2

2�σe
2�

−  
∑ ∑ ∑ �yij .−γk�

p
k =1

q
j=1

n
i=1

2

2�σe
2�

−
∑ ∑ ∑ (yi..−(τγ)jk )p

k =1
q
j=1

n
i=1

2

2(σe
2)

+
∑ ∑ ∑ �yi .k +y..k +yij .+yi..�

p
k =1

q
j=1

n
i=1

2

2�σe
2�

] × (2πσμ2)−
1
2

 exp⁡�−μ
2

2σμ2
�

=  �2π(σe
2)�−

nqp
2 (2πσμ2)−

1
2 exp �− 1

2
μ2 �nqp

σe
2 +

1
σμ2
� + μ�

∑ ∑ ∑ yijk
p
k =1

q
j=1

n
i=1

σe
2 ��

= exp �− 1
2
�μ2 − 2μ

∑ ∑ ∑ y ijk
p
k =1

q
j=1

n
i=1

σe2
nqp
σe2

+ 1
σμ2

�×

�nqp
σe

2 + 1
σμ2
��

= exp

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡
−1

2

⎝

⎜
⎛
μ−

∑ ∑ ∑ y ijk
p
k =1

q
j=1

n
i=1

σe2
nqp
σe2

+ 1
σμ2

⎠

⎟
⎞

2

1
nqp
σe2

+ 1
σμ2

⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎤

∴ μ|τj , δi(j), γk , (τγ)jk ,σδ2,σe
2~N �

∑ ∑ ∑ y ijk
p
k=1

q
j=1

n
i=1

σe2
nqp
σe2

+ 1
σμ2

, 1
nqp
σe2

+ 1
σμ2
�  (5)

By the same way we can find the posterior 
of the other parameters is 

 τj|μ, δi(j), γk , (τγ)jk ,σδ2,σe
2 ~ N �

∑ ∑ y i .k
p
k=1

n
i=1

σe2
np
σe2

+ 1
στ2

, 1
np
σe2

+ 1
στ2
�          (6)

γk  |μ, τj  , δi(j), (τγ)jk ,σδ2,σe
2 ~ N �

∑ ∑ y ij .
q
j=1

n
i=1

σe2
nq
σe2

+ 1
σγ2

, 1
nq
σe2

+ 1
σγ2
� (7)

(τγ)jk  |μ, τj  , δi(j), γk ,σδ2,σe
2 ~ N �

∑ y i ..
n
i=1
σe2

n
σe2

+ 1
στγ2

, 1
n
σe2

+ 1
στγ2
�       (8)

δi(j) |μ, τj  , γk , (τγ)jk ,σδ2,σe
2 ~ N �

∑ y ..k
p
k=1
σe2

p
σe2

+ 1
σδ

2
, 1

p
σe2

+ 1
σδ

2
�      (9)

σδ2|μ, τj , δi(j), γk , (τγ)jk ,σe
2 ~ IG[αδ, βδ].                   (10)

σe
2|μ, τj , δi(j), γ

k
, (τγ)jk ,σδ2 ~ IG �αe + nqp

2
, βe + RSS

2
� (11)

Where

RSS=∑ ∑ ∑ �(yijk − μ)2 +p
k=1

q
j=1

n
i=1

(yi.k − τj )2 + (y..k − δi(j))2 + (yij . − γk)2 +
(yi.. − (τγ)jk )2 − (yi.k + y..k + yij . + yi..)2�

4. Model checking and Bayes factors
We would like to choose between a Bayesian 

mixed repeated measurements model and its 
fixed counterpart by the criterion of the Bayes 
factor for tow hypotheses : 

�
𝐻𝐻𝐻𝐻0:  yijk = μ + τj + γk + (τγ)jk + eijk  

 versus
𝐻𝐻𝐻𝐻1:  yijk = μ + τj + δi(j) + γk + (τγ)jk

+eijk  ⎭
⎬

⎫
(12)

We compute the Bayes factor, 𝐵𝐵𝐵𝐵01 , of  𝐻𝐻𝐻𝐻𝑜𝑜𝑜𝑜
relative to 𝐻𝐻𝐻𝐻1 for testing problem (12) as 
following  

𝐵𝐵𝐵𝐵01�yijk � =  
m�yijk �𝐻𝐻𝐻𝐻𝑜𝑜𝑜𝑜�

m�yijk �𝐻𝐻𝐻𝐻1�
 ,                               (13)

where m(yijk |𝐻𝐻𝐻𝐻𝑖𝑖𝑖𝑖) is the predictive (marginal) 
density of 𝑦𝑦𝑦𝑦𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑘𝑘𝑘𝑘 under model 𝐻𝐻𝐻𝐻𝑖𝑖𝑖𝑖 , 𝑖𝑖𝑖𝑖 =  0, 1.
We have
m�yijk �𝐻𝐻𝐻𝐻𝑜𝑜𝑜𝑜� =  1

(2𝜋𝜋𝜋𝜋�𝜎𝜎𝜎𝜎𝜇𝜇𝜇𝜇2+𝜎𝜎𝜎𝜎𝜏𝜏𝜏𝜏2+𝜎𝜎𝜎𝜎𝛾𝛾𝛾𝛾2+𝜎𝜎𝜎𝜎(𝜏𝜏𝜏𝜏𝛾𝛾𝛾𝛾 )
2 +𝜎𝜎𝜎𝜎𝑒𝑒𝑒𝑒2�)

1
2

𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 �
−∑ ∑ ∑ 𝑦𝑦𝑦𝑦𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑘𝑘𝑘𝑘

2𝑒𝑒𝑒𝑒
𝑘𝑘𝑘𝑘=1

𝑞𝑞𝑞𝑞
𝑖𝑖𝑖𝑖=1

𝑛𝑛𝑛𝑛
𝑖𝑖𝑖𝑖=1

2(𝜎𝜎𝜎𝜎𝜇𝜇𝜇𝜇2+𝜎𝜎𝜎𝜎𝜏𝜏𝜏𝜏2+𝜎𝜎𝜎𝜎𝛾𝛾𝛾𝛾2+𝜎𝜎𝜎𝜎(𝜏𝜏𝜏𝜏𝛾𝛾𝛾𝛾 )
2 +𝜎𝜎𝜎𝜎𝑒𝑒𝑒𝑒2)

� ,

and
m�yijk �𝐻𝐻𝐻𝐻1� = 1

(2𝜋𝜋𝜋𝜋�𝜎𝜎𝜎𝜎𝜇𝜇𝜇𝜇2+𝜎𝜎𝜎𝜎𝜏𝜏𝜏𝜏2+𝜎𝜎𝜎𝜎𝛿𝛿𝛿𝛿
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5.Example (The storage experiment)
In this section, we illustrate the effectiveness 

of the our methodology. We have choosing the 
data set which an experiment was conducted 
during winter season 2008-2009 in one of 
unhted plastic house which belong to tomato 
development project in Basrah / Agriculture 
directorate of Basrah (Khor Al – zubiar) in 
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order to investigate the effect of calcium on 
growth and yield of cultivars of cucumber 
(Sayff) and the storage temperature on storage 
capability and quality. The field experiment 
included 84 variable treatments which were the 
interaction of three factors of three storage 
temperatures, which were room temperature, 
5𝐶𝐶𝐶𝐶°and 12 𝐶𝐶𝐶𝐶° and two concentration of 
calcium chloride 0, 1, 2, 3 % and three storage 
period 0 , 10 , 15 , 20 , 25 , 30 day. After 
harvest, the fruit was treated with CaCl2 .
2H2O for five minute, then it was stored in 
three temperatures. Then the chemical changes 
characteristics of the fruit was reviewed during 
the storage at 5 days periods. the design of the 
experiment was done according to the model 
(1). Table (2) below show the results for the 
analysis of variance for model, from this table 
we can see that the calculated F-values is 
greater than the tabulated F-values at 0.05 
level significant that is means there is 
significant effect for calcium chloride on 
storage capability for cucumber fruits under 
different temperatures. The values of 
parameters (μ, τj , δi(j), γk , (τγ)jk , σδ2, σe

2) for the 
model (1) based on ANOVA table shown in 
table (3).

Table2:ANOVA table for one-way Repeated 
measures model

F-TestE(MS)MSSSd.f
Source of 

variation

𝐹𝐹𝐹𝐹𝑐𝑐𝑐𝑐 = 𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝐺𝐺𝐺𝐺
𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑈𝑈𝑈𝑈 (𝐺𝐺𝐺𝐺)

= 8.9498*

𝐹𝐹𝐹𝐹𝑡𝑡𝑡𝑡(2,9,0.05)=4.26

4.6372.99375.98742Group

1.6430.33453.01029
Unit 

(Group)

𝐹𝐹𝐹𝐹𝑐𝑐𝑐𝑐
 𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑇𝑇𝑇𝑇
𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝐸𝐸𝐸𝐸

 = 9.1618* 

 

𝐹𝐹𝐹𝐹𝑡𝑡𝑡𝑡(6,34,0.05)=2.36
2.5562.304213.8256Time

𝐹𝐹𝐹𝐹𝑐𝑐𝑐𝑐 = 𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝐺𝐺𝐺𝐺×𝑇𝑇𝑇𝑇
𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝐸𝐸𝐸𝐸

= 3.0549*

𝐹𝐹𝐹𝐹𝑡𝑡𝑡𝑡(12,34,0.05)=2.031.0190.76839.219612
Group*

Time

0.2520.25158.551834
Residual

 40.59463Total

Table(3) estimation values for parameters 
(𝛍𝛍𝛍𝛍, 𝛕𝛕𝛕𝛕𝐣𝐣𝐣𝐣,𝛅𝛅𝛅𝛅𝐢𝐢𝐢𝐢(𝐣𝐣𝐣𝐣),𝛄𝛄𝛄𝛄𝐤𝐤𝐤𝐤, (𝛕𝛕𝛕𝛕𝛄𝛄𝛄𝛄)𝐣𝐣𝐣𝐣𝐤𝐤𝐤𝐤,𝛔𝛔𝛔𝛔𝛅𝛅𝛅𝛅𝟐𝟐𝟐𝟐,𝛔𝛔𝛔𝛔𝐞𝐞𝐞𝐞𝟐𝟐𝟐𝟐) by ANOVA 

table
𝛍𝛍𝛍𝛍� 𝛕𝛕𝛕𝛕𝐣𝐣𝐣𝐣� 𝛅𝛅𝛅𝛅𝐢𝐢𝐢𝐢(𝐣𝐣𝐣𝐣)� 𝛄𝛄𝛄𝛄𝐤𝐤𝐤𝐤� (𝛕𝛕𝛕𝛕𝛄𝛄𝛄𝛄)𝐣𝐣𝐣𝐣𝐤𝐤𝐤𝐤� 𝛔𝛔𝛔𝛔𝛅𝛅𝛅𝛅𝟐𝟐𝟐𝟐� 𝛔𝛔𝛔𝛔𝐞𝐞𝐞𝐞𝟐𝟐𝟐𝟐�

4.162 8.117 36.836 25.726 62.423 0.199 0.252

We next applied our methodology (Bayesian 
method) to the storage experiment data.
Figure(1) represent the posterior density of 
coefficients for the model (1). Figure (2) 
shows the number for iterations of the Gibbs 
sampler which used in this study, which was 

5000 iterations for this data, while figure (3) 
shows density estimates based on 5000
iterations of σe

2 and σδ2.Table(4) presents the 
values of the parameters(μ, τj , δi(j), γk, (τγ)jk ,
σδ2, σe

2) based on Bayesian method. From 
table(3) and table(4), we can see that the 
values of parameters obtained in both ANOVA 
and Gibbs sampling are nearly alike and 
encouraging.
Table(4)estimation values for parameters(𝛍𝛍𝛍𝛍

, 𝛕𝛕𝛕𝛕𝐣𝐣𝐣𝐣,𝛅𝛅𝛅𝛅𝐢𝐢𝐢𝐢(𝐣𝐣𝐣𝐣),𝛄𝛄𝛄𝛄𝐤𝐤𝐤𝐤, (𝛕𝛕𝛕𝛕𝛄𝛄𝛄𝛄)𝐣𝐣𝐣𝐣𝐤𝐤𝐤𝐤,𝛔𝛔𝛔𝛔𝛅𝛅𝛅𝛅𝟐𝟐𝟐𝟐,𝛔𝛔𝛔𝛔𝐞𝐞𝐞𝐞𝟐𝟐𝟐𝟐) by Bayesian 
method

𝛍𝛍𝛍𝛍� 𝛕𝛕𝛕𝛕𝐣𝐣𝐣𝐣� 𝛅𝛅𝛅𝛅𝐢𝐢𝐢𝐢(𝐣𝐣𝐣𝐣)� 𝛄𝛄𝛄𝛄𝐤𝐤𝐤𝐤� (𝛕𝛕𝛕𝛕𝛄𝛄𝛄𝛄)𝐣𝐣𝐣𝐣𝐤𝐤𝐤𝐤� 𝛔𝛔𝛔𝛔𝛅𝛅𝛅𝛅𝟐𝟐𝟐𝟐� 𝛔𝛔𝛔𝛔𝐞𝐞𝐞𝐞𝟐𝟐𝟐𝟐�

4.158 9.494 37.23 26.37 62.72 0.1994 0.231

The model checking approach based on
Bayes factor which its value was 
𝐵𝐵𝐵𝐵01�yijk � = 1.5854 × 10−5 that is mean the 
Bayes factor favors 𝐻𝐻𝐻𝐻1 with strong evidence 
for the storage experiment data.

Figure (1) the posterior density of one-way 
repeated measurements model coefficients

(𝛍𝛍𝛍𝛍, 𝛕𝛕𝛕𝛕𝐣𝐣𝐣𝐣,𝛅𝛅𝛅𝛅𝐢𝐢𝐢𝐢(𝐣𝐣𝐣𝐣),𝛄𝛄𝛄𝛄𝐤𝐤𝐤𝐤, (𝛕𝛕𝛕𝛕𝛄𝛄𝛄𝛄)𝐣𝐣𝐣𝐣𝐤𝐤𝐤𝐤)

Figure (2) shows 5000 iterations       Figure (3) shows density 
of estimates the Gibbs sampler for     based  on 5000 iterations

the this data                                                 of 𝝈𝝈𝝈𝝈𝒆𝒆𝒆𝒆𝟐𝟐𝟐𝟐 and 𝝈𝝈𝝈𝝈𝜹𝜹𝜹𝜹𝟐𝟐𝟐𝟐

4 
 

order to investigate the effect of calcium on 
growth and yield of cultivars of cucumber 
(Sayff) and the storage temperature on storage 
capability and quality. The field experiment 
included 84 variable treatments which were the 
interaction of three factors of three storage 
temperatures, which were room temperature, 
5𝐶𝐶𝐶𝐶°and 12 𝐶𝐶𝐶𝐶° and two concentration of 
calcium chloride 0, 1, 2, 3 % and three storage 
period 0 , 10 , 15 , 20 , 25 , 30 day. After 
harvest, the fruit was treated with CaCl2 .
2H2O for five minute, then it was stored in 
three temperatures. Then the chemical changes 
characteristics of the fruit was reviewed during 
the storage at 5 days periods. the design of the 
experiment was done according to the model 
(1). Table (2) below show the results for the 
analysis of variance for model, from this table 
we can see that the calculated F-values is 
greater than the tabulated F-values at 0.05 
level significant that is means there is 
significant effect for calcium chloride on 
storage capability for cucumber fruits under 
different temperatures. The values of 
parameters (μ, τj , δi(j), γk , (τγ)jk , σδ2, σe

2) for the 
model (1) based on ANOVA table shown in 
table (3).

Table2:ANOVA table for one-way Repeated 
measures model

F-TestE(MS)MSSSd.f
Source of 

variation

𝐹𝐹𝐹𝐹𝑐𝑐𝑐𝑐 = 𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝐺𝐺𝐺𝐺
𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑈𝑈𝑈𝑈 (𝐺𝐺𝐺𝐺)

= 8.9498*

𝐹𝐹𝐹𝐹𝑡𝑡𝑡𝑡(2,9,0.05)=4.26

4.6372.99375.98742Group

1.6430.33453.01029
Unit 

(Group)

𝐹𝐹𝐹𝐹𝑐𝑐𝑐𝑐
 𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑇𝑇𝑇𝑇
𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝐸𝐸𝐸𝐸

 = 9.1618* 

 

𝐹𝐹𝐹𝐹𝑡𝑡𝑡𝑡(6,34,0.05)=2.36
2.5562.304213.8256Time

𝐹𝐹𝐹𝐹𝑐𝑐𝑐𝑐 = 𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝐺𝐺𝐺𝐺×𝑇𝑇𝑇𝑇
𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝐸𝐸𝐸𝐸

= 3.0549*

𝐹𝐹𝐹𝐹𝑡𝑡𝑡𝑡(12,34,0.05)=2.031.0190.76839.219612
Group*

Time

0.2520.25158.551834
Residual

 40.59463Total

Table(3) estimation values for parameters 
(𝛍𝛍𝛍𝛍, 𝛕𝛕𝛕𝛕𝐣𝐣𝐣𝐣,𝛅𝛅𝛅𝛅𝐢𝐢𝐢𝐢(𝐣𝐣𝐣𝐣),𝛄𝛄𝛄𝛄𝐤𝐤𝐤𝐤, (𝛕𝛕𝛕𝛕𝛄𝛄𝛄𝛄)𝐣𝐣𝐣𝐣𝐤𝐤𝐤𝐤,𝛔𝛔𝛔𝛔𝛅𝛅𝛅𝛅𝟐𝟐𝟐𝟐,𝛔𝛔𝛔𝛔𝐞𝐞𝐞𝐞𝟐𝟐𝟐𝟐) by ANOVA 

table
𝛍𝛍𝛍𝛍� 𝛕𝛕𝛕𝛕𝐣𝐣𝐣𝐣� 𝛅𝛅𝛅𝛅𝐢𝐢𝐢𝐢(𝐣𝐣𝐣𝐣)� 𝛄𝛄𝛄𝛄𝐤𝐤𝐤𝐤� (𝛕𝛕𝛕𝛕𝛄𝛄𝛄𝛄)𝐣𝐣𝐣𝐣𝐤𝐤𝐤𝐤� 𝛔𝛔𝛔𝛔𝛅𝛅𝛅𝛅𝟐𝟐𝟐𝟐� 𝛔𝛔𝛔𝛔𝐞𝐞𝐞𝐞𝟐𝟐𝟐𝟐�

4.162 8.117 36.836 25.726 62.423 0.199 0.252

We next applied our methodology (Bayesian 
method) to the storage experiment data.
Figure(1) represent the posterior density of 
coefficients for the model (1). Figure (2) 
shows the number for iterations of the Gibbs 
sampler which used in this study, which was 

5000 iterations for this data, while figure (3) 
shows density estimates based on 5000
iterations of σe

2 and σδ2.Table(4) presents the 
values of the parameters(μ, τj , δi(j), γk, (τγ)jk ,
σδ2, σe

2) based on Bayesian method. From 
table(3) and table(4), we can see that the 
values of parameters obtained in both ANOVA 
and Gibbs sampling are nearly alike and 
encouraging.
Table(4)estimation values for parameters(𝛍𝛍𝛍𝛍

, 𝛕𝛕𝛕𝛕𝐣𝐣𝐣𝐣,𝛅𝛅𝛅𝛅𝐢𝐢𝐢𝐢(𝐣𝐣𝐣𝐣),𝛄𝛄𝛄𝛄𝐤𝐤𝐤𝐤, (𝛕𝛕𝛕𝛕𝛄𝛄𝛄𝛄)𝐣𝐣𝐣𝐣𝐤𝐤𝐤𝐤,𝛔𝛔𝛔𝛔𝛅𝛅𝛅𝛅𝟐𝟐𝟐𝟐,𝛔𝛔𝛔𝛔𝐞𝐞𝐞𝐞𝟐𝟐𝟐𝟐) by Bayesian 
method

𝛍𝛍𝛍𝛍� 𝛕𝛕𝛕𝛕𝐣𝐣𝐣𝐣� 𝛅𝛅𝛅𝛅𝐢𝐢𝐢𝐢(𝐣𝐣𝐣𝐣)� 𝛄𝛄𝛄𝛄𝐤𝐤𝐤𝐤� (𝛕𝛕𝛕𝛕𝛄𝛄𝛄𝛄)𝐣𝐣𝐣𝐣𝐤𝐤𝐤𝐤� 𝛔𝛔𝛔𝛔𝛅𝛅𝛅𝛅𝟐𝟐𝟐𝟐� 𝛔𝛔𝛔𝛔𝐞𝐞𝐞𝐞𝟐𝟐𝟐𝟐�

4.158 9.494 37.23 26.37 62.72 0.1994 0.231

The model checking approach based on
Bayes factor which its value was 
𝐵𝐵𝐵𝐵01�yijk � = 1.5854 × 10−5 that is mean the 
Bayes factor favors 𝐻𝐻𝐻𝐻1 with strong evidence 
for the storage experiment data.

Figure (1) the posterior density of one-way 
repeated measurements model coefficients

(𝛍𝛍𝛍𝛍, 𝛕𝛕𝛕𝛕𝐣𝐣𝐣𝐣,𝛅𝛅𝛅𝛅𝐢𝐢𝐢𝐢(𝐣𝐣𝐣𝐣),𝛄𝛄𝛄𝛄𝐤𝐤𝐤𝐤, (𝛕𝛕𝛕𝛕𝛄𝛄𝛄𝛄)𝐣𝐣𝐣𝐣𝐤𝐤𝐤𝐤)

Figure (2) shows 5000 iterations       Figure (3) shows density 
of estimates the Gibbs sampler for     based  on 5000 iterations

the this data                                                 of 𝝈𝝈𝝈𝝈𝒆𝒆𝒆𝒆𝟐𝟐𝟐𝟐 and 𝝈𝝈𝝈𝝈𝜹𝜹𝜹𝜹𝟐𝟐𝟐𝟐
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6.Conclusions
1-The posterior density of  𝜇𝜇𝜇𝜇 is

μ|τj , δi(j), γk , (τγ)jk , σδ2,σe
2 ~ N �
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2- The posterior density of τj  is

τj|μ, δi(j), γk, (τγ)jk , σδ2, σe
2 ~ N �
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3- The posterior density of γk is

γk  |μ, τj  , δi(j), (τγ)jk , σδ2, σe
2 ~ N �
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q
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4- The posterior density of (τγ)jk is

(τγ)jk  |μ, τj  , δi(j), γk , σδ2, σe
2 ~ N �

∑ y i..
n
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5- The posterior density of  δi(j) is 

δi(j) |μ, τj  , γk , (τγ)jk , σδ2, σe
2 ~ N �
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6- The posterior density of σδ2 is 
σδ2|μ, τj , δi(j), γk, (τγ)jk ,σe

2 ~ IG[αδ, βδ] .

7- The posterior density of  σe
2 is  

σe
2|μ, τj , δi(j), γ

k
, (τγ)jk ,σδ2 ~IG �αe + nqp

2
, βe +

RSS
2
�.

8- The Bayes factor for checking the Bayesian 
repeated measurements model is 
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9- There is significant effect for calcium 
chloride on storage capability for cucumber 
fruits under different temperatures.
10- The values of parameters obtained in both 
ANOVA and Gibbs sampling are nearly alike 
and encouraging.
11- The Bayes factor favors 𝐻𝐻𝐻𝐻1 with strong 
evidence for the storage experiment data that is 
mean the correct model is mixed one-way 
repeated measurements model . 

                           


